Statistical mechanics of systems of
heterogeneous Iinteracting agents

Theory (some key points) : simplest Minority Game
1) phase transition
2) role of “market impactO
3) optimal vs suboptimal solutions
4) phase structure
5) some more complicated but important things
research problems, general framework
Recent directions (connection with A. Pagnani® talks) (maybe)
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strict theory

these systems are out of equilibrium
(microscopic dynamics violates detailed balance)
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» no Hamiltonian H, study dynamics

(dynamical generating functionals
a.k.a. path integrals)



dynamical generating funcionals?
[Martin-Siggia-Rose 073, De Dominicis O78]

equation of motion for ¢(t) = {¢;i(t)}
ex. Ui(t+ D! U(t) =" A (0)]! 1+ hy(t)
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Problem : compute
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But the information process is Markovian...
Prob{path} =P[! (0)] W[ (t)! ! (t+1)]
t>0
W[l ()! ! (t+1)]= ! (equation of motion )
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Luckily some important things can be understood without path integrals



some game theory for the MG

N (odd) deductive agents, two possible actions (no information,
no strategies), minority rule for payoffs

(NI 1

Optimal state : < E doa (Nash eq.)
—3- do!a

Fluctuations: o2 = (@2 —(@&)) = (1- (&)?)

for thisNasheq. =1°=1

Another Nasheq.: Prob{a; = +1} = /2 | 142=N

Nnash ! €Y, 1 >0



MG with inductive players
Prob{a;(t) = a} x ¥ = a=+1

Ut+1)! U@t)=!TADIN , At)= a(t),! >0
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U(t+ 1! U(t)="!TA(t)/N
New variable : y(t) = U;(t)! U;(0)
NP 1" yit+1)# yt) =#!Kanh[y(t) + U(0)]|%

Fixed point : y° such that (tanh[y’ 4+ U(0)])o = 0

Fluctuations: 12 = (1! "a#) = N[1! "tanh?[y* + U(0)J#]

1

o?IN = O(1)

Fluctuations decrease with
the spread of I.c.Q

Linear stability : fixed point stable for T' < T'c = 2N/ o
I'> I'c : new solution with o%/N? = O(1)

Lesson is : the larger the spread of i.c.® (heterogeneity), the
smaller are the fluctuations and the more stable is the fixed point,
but fluctuations are horrible



. 1 1S In here
so why canOt they get to Nash? l

Ut+1)! U@t =!TADIN , At)= a(t),! >0

remove self-interaction
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minima :

l=0! m=0 =12=N
=1 : Hisharmonic ! m;=+1

I 12=1(odd N) <



Market impact : basic idea

Agent with S strategies watching a MG wants to evaluate
how good his trading strategies are
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Reducing the effects of market impact

Vg I "Ug(t+ 1) # Ug(t)$= ! "+ 1# f

v

I
Uigt+ D! Uig(t) = ! Tafg” A(®) + —"g.5.(0

compare with the route choice game model :
b (n) = argmax Uig(n)

1! 1
Uig(n+ 1) = Uzg(n)l D qf'LquM(n) + E(ll !g,gi(n))“ig(n)

P,
ig(n)" ="



= _9 fluctuations are drastically
reduced also when the
Information is biased
“pessimisticallyO




Note

cfr the role of Onsager reaction in spin glasses



Stat mech
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Agents behave stochastically for ! < 1




phase structure
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Agents behave deterministically for I = 1



research problems P{A(t) > A} Gaussian for small n but...

1)

Compute critical indices

(dynamical RG?)

t 1000

P.(A)
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Critical line




research problems

2)

Order parameter
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How does the game self-organize around the critical point?



research problems

3)

MG with vector-valued information
u! {1,....,P}" u={y,....h}, ! {1,...,P}

fast/slow signals, strategies coupled to information streams



research problems

4)
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Microscopic mechanism for the buildup of cross-correlations
between stocks : diversification enhances correlations (?!)
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