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1. Experimental details [Sauer, Molec. Sys. Biol. 06]
2. Timescales (chemical vs genetic vs cellular vs experimental ...)
3. Stationary state? Growth

MS/NMR

30m/2h

C13 patterns

model-based fit





fluxes

?

e. coli



degree of reaction (in/out, Poisson)

degree of reagent (in/out, power law)

bipartite graph

 N reactions (balls), P reagents (squares)

stoichiometry

{

A = {aµ
i } output

B = {bµ
i } input

i

µ





Flux-balance analysis

u = {uµ}P
µ=1

(mass balance)S ν = u

ν = {0 ≤ νi ≤ νmax}
N
i=1

Find s.t.

MC sampling unfeasible (E. coli)

stoichiometric matrix (P by N)S

net cellular uptake

ν = {νi}
N
i=1

flux vector
iµ

+ maximization of biomass yield
+ maximization of ATP yield
+ minimization of total flux
+ minimization of glc consumption
+ ...





Max biomass
Evolution drives selection 
towards maximal biomass 

yield

Max ATP
Evolution drives selection 

towards maximal energetic 
efficiency

Min total flux
Evolution drives selection 

towards maximal enzymatic 
efficiency

Min glc 
consumption

Evolution drives selection 
towards optimal usage of 

substrate

max

νbiomass

νglc

max

νATP

νglc

min

N∑

i=1

ν
2

i

min
νglc

ν0
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[PNAS 99 15112 (2002)]



[PNAS 99 15112 (2002)]

before KO

after KO



γ ! 1.5 γ ! 1.5

γ ! 2 γ ! 1



[Braunstein et al, BMC Bioinfo. 08]
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b
µ
i Si(t) O
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∑

i∈µ
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µ
i Si(t)

C
µ(t) ≥ 0I

µ(t + 1) = O
µ(t) − C

µ(t)

Problem : which                     are optimal?{S(t)}t≥0

Von Neumann’s recipe : focus on paths such that

Si(t) = siρ
t

Iµ(t + 1) = ρIµ(t)
}

→ maximize ρ
Cµ(t) = cµρt



C(t) = O(t) − ρI(t) ≥ 0 ⇒ c = (A − ρB)s ≥ 0

s = {si ≥ 0}N
i=1

1) compute ρ! ; 2) look at P (s) etc.

maximize ρ subject to cµ ≡
∑

i∈µ

si(a
µ
i − ρbµ

i ) ≥ 0 ∀µ

Optimal metabolic networks :

c = {cµ ≥ 0}P
i=1constraints

variables



C(t) = O(t) − ρI(t) ≥ 0 ⇒ c = (A − ρB)s ≥ 0

s = {si ≥ 0}N
i=1

1) compute ρ! ; 2) look at P (s) etc.

maximize ρ subject to cµ ≡
∑

i∈µ

si(a
µ
i − ρbµ

i ) ≥ 0 ∀µ

Optimal metabolic networks :

c = {cµ ≥ 0}P
i=1constraints

variables

Note : FBA results recovered if 

{

ρ
! = 1 and

c = 0

{

FBA : (A − B)ν = 0

VN : (A − ρB)s ≥ 0
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{

FBA : (A − B)ν = 0

VN : (A − ρB)s ≥ 0
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rank of Ξ(ρ) = A − ρB

→VN

↑FBA

{

FBA : (A − B)ν = 0

VN : (A − ρB)s ≥ 0
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individual fluxes

note: low glucose uptake



“shape” of solution space

frozen
variables

“free”
variables

q
(i)
αβ =

2siαsiβ

s2
iα + s2

iβ

(α, β = solutions)



conserved pools of metabolites : groups G of reagents such that

∑

µ∈G

(aµ
i − bµ

i ) = 0 ⇒

{

ρ! ≤ 1

cµ = 0 ∀µ ∈ G



Theory : model on a 
locally tree-like graph
(~Gardner problem)

q(cµ∈i) !=
∏

µ∈i

q
µ(cµ)

q[i](c
µ∈i) =

∏

µ∈i

q
µ
[i](c

µ)

BUT removing i

i

[De M, Martelli, Monasson, JSTAT 2007]
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frozen variables
(all fluxes)

frozen
variables

free
variables

real vs random networks



are frozen fluxes topologically relevant?
e. coli’s central metabolism

frozen

free
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are frozen fluxes relevant?
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