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Nuclear Hamiltonian
Model: non-relativistic nucleons interacting with an effective
nucleon-nucleon force (NN) and three-nucleon interaction (TNI).
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vij NN (Argonne AV8’) fitted on scattering data. Sum of operators:
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+ short-range correlations (spin/isospin independent).



Quantum Monte Carlo

Evolution of Schrodinger equation in imaginary time t:

Ψ(t) = e−(H−ET )tΨ(0)

In the limit of t →∞ it approaches to the lowest energy eigenstate (not
orthogonal to Ψ(0)).

Propagation performed by

ψ(R, t) = 〈R|ψ(t)〉 =

∫
dR ′G (R,R ′, t)ψ(R ′, 0)

For a given microscopic Hamiltonian, this method solves the ground–state
within a systematic uncertainty of 1–2% in a non-perturbative way.

GFMC: spin/isospin states included in the variational wavefunction.

AFDMC: spin/isospin states are sampled.



Light nuclei spectrum computed with GFMC
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Three-body force in neutron matter

Tsang et al., arXiv:1204.0466



Neutron matter

Assumptions:

• The two-nucleon interaction reproduces well (elastic) pp and np
scattering data up to high energies (Elab ∼ 600MeV) in all channels.

• The three-neutron force (T = 3/2) very weak in light nuclei, while
T = 1/2 is the dominant part (but zero in neutron matter).
Difficult to study in light nuclei.

• In neutron matter the short-range repulsive part of three-body force
is the dominant term.



Symmetry energy
Nuclear matter EOS:

E (ρ, x) = ESNM(ρ) + E (2)
sym(ρ)(1− 2x)2 + · · · , ρ = ρn + ρp , x =

ρp
ρ

0
ρ

0
 = 0.16 fm

-3

E
0
 = -16 MeV

symmetric nuclear matter
pure neutron matter

Nuclear saturation

Symmetry energy



Neutron matter

We consider different forms of three-neutron interaction by only requiring
a particular value of Esym at saturation.
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Neutron matter and symmetry energy
We then try to change the neutron matter energy at saturation:
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Neutron matter and symmetry energy

From the EOS, we can fit the symmetry energy around ρ0 using

Esym(ρ) = Esym +
L

3

ρ− 0.16

0.16
+ · · ·

30 31 32 33 34 35 36
E

sym
 (MeV)

30

35

40

45

50

55

60

65

70

L
 (

M
e

V
)

Very weak dependence to the model of 3N force for a given Esym.



Neutron star structure
EOS used to solve the TOV equations.
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Accurate measurement of Esym would put a constraint to the radius of
neutron stars, OR observation of M and R would constrain Esym!

M = 1.97Msolar recently observed – Nature (2010).



Neutron stars

Observations of the mass-radius relation of neutron stars are becoming
available:
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Neutron star matter model

Neutron star matter model:

• ρ < ρt , ρt = 0.28 . . . 0.48 fm−3

EPNM = a

(
ρ

ρ0

)α
+ b

(
ρ

ρ0

)β
Esym = a + b + 16 , L = 3(aα + bβ)

Note:

a and α sensitive to the 2-neutron force.
b (and β) is strongly related to 3-neutron force.

• ρ > ρt ,

Polytropes or Polytrope+Quark matter (Alford et al.)



Neutron star matter model
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New constraints to 3-neutron force (to combine with NN)!!



Neutron stars: symmetry energy
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Neutron drops

Now let’s study inhomogeneous neutron matter.

We confine neutrons by adding an external potential:

H = − ~2

2m

A∑
i=1

∇2
i +

∑
i<j

vij +
∑

i<j<k

Vijk +
∑
i

Vext(ri )

Vext is a Wood-Saxon or Harmonic well:

VWS = − V0

1 + exp[(r − R)/a]

VHO =
1

2
mω2r2

=⇒ different geometries and densities.



Neutron drops, harmonic oscillator well

External well: harmonic oscillator with ~ω=5, 10 MeV.
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Neutron drops, harmonic oscillator well

Fixing Skyrme force:
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Neutron drops, adjusted Skyrme force
Note: bulk term of Skyrme fit neutron matter.

We add the missing repulsion by adjusting the gradient term Gd [∇ρn]2,
the pairing and spin-orbit terms.
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Neutron drops, adjusted Skyrme force

Neutrons in the Wood-Saxon well are also better reproduced by the
adjusted SLY4.
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Neutron drops: radii
Correction to radii using the adjusted-SLY4.
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Neutron drops: radial density
Neutron radial density:
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Gradient term

Where is the gradient term important?

Just few examples:

• Medium large neutron-rich nuclei

• Phases in the crust of neutron stars

• Isospin-asymmetry energy of nuclear matter



Conclusions

• Effect of three–neutron forces to high-density neutron matter; the
systematic uncertainty due to 3N is relatively small.

• Esym strongly constrain L. Weak dependence to the model of 3N.

• Uncertainty of the radius of neutron stars mainly due Esym rather
than 3N.

• Neutron star observations becoming competitive with terrestrial
experiments.

• Skyrme can be better constrained by ab-initio calculations.

Thanks for the attention


