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Laser	  
•  1953-‐1955:	  Charles	  H.	  Townes,	  Nikolay	  Basov,	  Aleksandr	  Prokhorov:	  

Microwave	  Amplifica0on	  by	  S0mulated	  Emission	  of	  Radia0on	  –	  MASER.	  
They	  implemented	  con0nuous	  output,	  gain	  media	  with	  mul0energy	  level	  
atoms,	  op0cal	  pumping	  for	  popula0on	  inversion.	  

Nobel	  Prize	  in	  Physics	  1964,	  "for	  fundamental	  work	  in	  the	  field	  of	  quantum	  
electronics,	  which	  has	  led	  to	  the	  construc0on	  of	  oscillators	  and	  amplifiers	  
based	  on	  the	  maser–laser	  principle”	  
	  
•  1958:	  Infrared	  and	  Op=cal	  Masers,	  Arthur	  L.	  Schawlow	  and	  Charles	  H.	  

Townes	  
Op0cal	  Maser	  =	  Laser	   	   	  Gordon	  Gould	  (1957,	  1959).	  He	  also	  invented	  	  

	   	   	   	   	   	   	  Xaser,	  Uaser,	  …,	  Raser….	  	  
	  
•  Laser	  can	  be	  single	  mode	  or	  mul3mode,	  con0nuous	  wave	  (laser	  pointer)	  

or	  pulsed	  (“ps”,	  “fs”),	  …	  



Laser	  
	  

Two	  essen0al	  components	  
-‐  Cavity	   	   	   	   	   	   	  Coherent	  feedback	  
-‐  Gain	  medium 	   	   	   	  Amplifica0on	  by	  
	   	   	   	   	   	   	   	   	  S0mulated	  Emission	  



Ultrafast	  mul0mode	  laser	  

-‐  Cavity	   	   	   	   	   	   	  Coherent	  feedback	  
-‐  Gain	  medium 	   	   	   	  Amplifica0on	  by	  S.E.	  
-‐  Saturable	  absorber 	   	  Passive	  mode-‐locking	  
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Ultrafast	  mul0mode	  laser	  

In	  the	  lasing	  regime,	  the	  phases	  of	  the	  
amplified	  modes	  acquire	  a	  	  ~	  linear	  
rela0onship	  to	  the	  frequencies:	  

Mode	  locking/Phase	  locking	  
takes	  place	  above	  the	  lasing	  op0cal	  power	  threshold.	  

It	  is	  triggered	  by	  a	  non-‐linear	  frequency	  matching	  condi0on	  	  
occurring	  in	  the	  saturable	  absorber:	  

Notes on the derivation of the RL Hamiltonian

Luca Leuzzi⇤

IPCF-CNR, UOS Kerberos Roma, Piazzale A. Moro 2, I-00185, Roma, Italy

Notes for the derivation of the RL Hamiltonian with di↵erent approaches: (i) optical cycle average
of the electromangetic energy; (ii) Quantum field theory for open optical cavities; (iii) multiscale
expansion for small nonlinear polarization; (iv) comparison with Haus master equation.

The complex amplitude model. — For a closed cavity, localized modes form a complete set and the electro-magnetic
field E(r, t) can be expanded in terms of normal modes En(r) with time-dependent complex amplitudes an(t)[1]. In
open cavities a continuous spectrum of radiation modes is also present. The contributions of radiative and localized
modes can be separated by a suitable projection onto two orthogonal subspaces [2, 3]. This leads to an e↵ective
theory on the subspace of localized modes in which they exchange a linear o↵-diagonal e↵ective damping coupling.
Radiation losses and gain are accounted for by additional linear terms (diagonal when the net gain is homogeneous),
and the presence of a thermal bath is represented by the fluctuations due to the spontaneous emission. Nonlinear
couplings arise from gain saturation and from the optical Kerr e↵ect. At equilibrium with the pump mechanism, the
complex amplitudes an(t) are linked by a constraint given by the total optical intensity pumped into the system

EP = ✏N =
NX

m=1

|am|2

where N is the number of modes and ✏ the average energy per mode. The general Hamiltonian, derived by di↵erent
approaches [1, 4, 5], reads
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where J~np = Jn1...np and the second sum ranges over all distinct 4-ples for which the so-called ML condition holds:
!n1 � !n2 + !n3 � !n4 = 0. The coupling coe�cient J~n4 represents the spatial overlap of the electromagnetic fields
modulated by non-linear �(3)({!}; r) susceptibility:
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medium randomness and cavity leakage:
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The linear diagonal terms of J~n2 depend on gain and loss profiles for the passive modes. A possible non-uniform
distribution of the gain - and the related inhomogeneous linear susceptibility �(1)(r) - yields the spatial overlap of
localized eigenmodes, i. e., J inh, Eq. (3). Besides, in the open cavity scenario, the linear o↵-diagonal coupling terms
also account for the presence of a continuous spectrum, and they correspond to the e↵ective damping contribution
J rad obtained integrating out radiation modes [2, 3]. Taking the purely nonlinear interaction of a discrete set of modes
corresponds to the strong cavity limit, J rad = 0, with homogeneous gain (because of orthogonality of {En}’s it is
J inh = 0). Only linear diagonal terms remain in this limit.

We build a mean-field theory in which the system is fully connected, that is, the network of interacting modes is a
complete graph. This amounts to adopt a narrow bandwidth approximation for the gain profile in which !n ' !

0

, for

⇤
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Complex Langevin dynamics
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mode - locking
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k=1

�
I↵k � Īk
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The	  saturable	  absorber	  induces	  self-‐star0ng	  synchronous	  oscilla0ons	  
of	  modes	  in	  the	  cavity:	  mode-‐locking	  -‐>	  fast	  pulses	  

ALL	  STANDARD	  SO	  FAR	  	  

HA	  Haus,	  	  
Mode-‐Locking	  	  
of	  Lasers,	  IEEE	  
	  J.	  Quantum	  	  
Electron.,	  2000	  
	  



Random	  laser	  
A	  Laser	  with	  nonresonant	  scaFerer,	  	  
Ambartsumyan,	  Basov,	  Kryukov,	  Lethokov	  	  (1966)	  
“Scamerer-‐mirror”,	  strong	  mode	  interac0on	  due	  to	  scamering	  in	  
different	  direc0ons:	  there	  is	  coherent	  feedback	  but	  not	  on	  a	  
narrow	  frequency	  interval	  -‐>	  “nonresonant”.	  

ACTIVE	  MEDIUM	  
SCATTERER	  



Random	  laser	  
Genera=on	  of	  Light	  by	  a	  ScaFering	  Medium	  with	  Nega=ve	  Resonance	  Absorp=on,	  
Letokhov	  (1968)	  

Photonic	  
	  bomb	  

	  

When	  photon	  path	  
length	  is	  larger	  than	  
amplifica0on	  length:	  
photon	  mul0plica0on	  

26	  years	  of	  silence….	  



Random	  laser	  

Photonic	  
	  bomb	  

	  

Laser	  ac=on	  in	  strongly	  scaFering	  media	  
Lawandy	  et	  al.	  1994	  
A	  mul0ple	  scamering	  medium	  (i.e.,	  a	  set	  

of	  stochas=c	  resonators)	  	  
leads	  to	  a	  mul0mode	  random	  laser	  

(non-‐resonant)	  

26	  years	  of	  silence….	  

Hui	  Cao	  et.	  al	  1998	  
Resonant	  RL	  ZnO	  powder	  



Random	  laser	  

•  Cavity-‐less	  s0mulated	  amplified	  emission:	  aqer	  mul0ple	  scamering	  photons	  return	  
to	  a	  coherence	  region	  visited	  before	  -‐>	  stochas0c	  resonator.	  

•  The	  frequency	  of	  a	  lasing	  mode	  is	  determined	  by	  the	  interference	  with	  
backscamered	  photons.	  

•  Mul0mode	  lasing:	  many	  localized	  modes	  are	  established.	  Is	  there	  mode-‐locking?	  

PUMPING	  
LASER	  BEAM	  

-‐>	  OPTICAL	  POWER	  

OPTICALLY	  ACTIVE	  
MEDIUM	  -‐>	  GAIN	  

SCATTERERS	  -‐>	  FEEDBACK	  



Random	  laserS	  
Many	  kinds	  of	  :	  TiO2	  or	  ZnO	  powder,	  TiO2	  or	  ZnO+Rhodamine-‐methanol	  solu0on,	  
DDO-‐PPV	  film,	  porous	  GaP,	  oligomer	  T5OCx,…	  
	  

Grouped	  in	  	  
	  

•  strongly	  and	  weakly	  scamering	  (Mujumdar	  et	  al.	  2004,	  Fallert	  2009)	  
-‐  S.ly	  Scat:	  kl	  ≤1.	  Modes	  are	  strongly	  localized	  in	  space	  -‐	  linear	  extension	  

O(1	  μm).	  Small	  spa0al	  overlap	  among	  different	  modes.	  	  
-‐  W.ly	  Scat:	  kl	  >>	  1.	  Modes	  extension	  can	  be	  as	  large	  as	  the	  sample,	  strong	  

leaks	  at	  the	  boundary.	  Large	  spa0al	  overlap	  among	  modes.	  
	  

•  resonant	  and	  non-‐resonant	  feedback	  (Cao	  2002)	  
	  -‐	  	  	  	  Resonant:	  modes	  frequencies	  are	  well	  resolved	  in	  spectra, 	  	  	  	   	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  linewidth	  γ	  <<	  δν.	  High	  finesse,	  high	  Q-‐factor.	  
	  -‐	  	  	  	  Non-‐resonant:	  modes	  frequencies	  are	  strongly	  overlapping,	  γ	  ≈	  δν.	  
	  	  	  	  	  	  Low	  f,	  low	  Q.	  

	  



Random	  laserS	  

•  One	  might	  group	  them	  also	  according	  to	  their	  
spectral	  reproducibility	  under	  iden0cal	  
experimental	  condi0ons	  (sample	  structure,	  
pumping):	  shot-‐to-‐shot	  
– Fairly	  reproducible	  spectra	  (small	  fluctua0ons	  
between	  spectra	  in	  different	  experiments,	  but	  
same	  peaks)	  

– Always	  different	  spectra	  (large	  fluctua0ons	  in	  
intensity,	  different	  peaks	  ac0vated)	  

Mode-‐locking	  RL’s?	  



Mode-‐Locking	  Random	  Laser	  
Direc0onal	  pumping	  protocol	  enabling	  the	  
selec0on	  of	  the	  number	  of	  ac0vated	  modes:	  
modes	  oscillates	  synchronously,	  also	  in	  
absence	  of	  a	  saturable	  absorber	  (and	  of	  a	  
cavity!).	  	  
As	  modes	  interact	  (i.e.,	  spa0ally	  overlap)	  	  
their	  emissions	  are	  correlated:	  mode-‐locked.	  
As	  number	  modes	  increase:	  resonant	  to	  
(apparently)	  non-‐resonant	  RL	  spectra.	  	  
In	  a	  “non-‐resonant”	  RL	  so	  many	  resonances	  
are	  there	  making	  the	  spectrum	  smooth	  and	  
apparently	  spike-‐less.	  	  
Small	  fluctua0ons	  are	  strongly	  correlated.	  	  

M.	  LeoneO,	  C.	  Con=,	  C.	  Lopez,	  2011	  

TiO2	  in	  rhodamine	  sol.	  



Random	  laser	  

•  Basic	  ques0ons:	  
– What	  are	  the	  lasing	  modes?	  
– How	  do	  modes	  interact?	  
– How	  is	  the	  laser	  pulse?	  How	  coherent	  is	  a	  random	  
laser?	  

– Use?	  Control?	  Applica0ons?	  Security?	  Health?	  
Environment?	  	  



Modeling	  mul0mode	  lasing	  with	  
sta0s0cal	  mechanics	  

Electromagne0c	  field	  dynamics	  mapping	  onto	  
stochas0c	  dynamics:	  
iden0fica0on	  of	  a	  (classical)	  Hamiltonian	  and	  of	  
a	  “thermal”	  reservoire.	  
Different	  ways	  (somewhat	  complementary)	  to	  derive	  the	  Hamiltonian	  
-‐  Comparing	  to	  a	  generalized	  Master	  equa0on	  +	  stochas0c	  noise	  (Gordon-‐Fisher	  

2002)	  and	  adding	  disorder	  
-‐  Deriving	  a	  quantum	  theory	  of	  localized	  and	  radia0ve	  modes	  and	  degrading	  the	  

stochas0c	  Langevin	  equa0on	  from	  operators	  to	  complex	  numbers	  (Hackenbroich-‐
Viviescas,	  2003)	  

-‐  Solving	  classical	  Maxwell	  equa0ons	  in	  presence	  of	  nonlinear	  polariza0on,	  long	  
0me	  perturba0on	  (Angelani	  et	  al.,	  	  2006)	  

-‐  Compu3ng	  classical	  electromagne3c	  energy	  averaged	  over	  short	  3mes	  (Con3-‐
Leuzzi,	  2011)	  



Fast	  and	  slow	  0me-‐scales	  
Each	  approach	  involves	  separa0on	  of	  0me-‐scales	  
•  Time-‐width	  of	  the	  light	  pulse.	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	   	   	  	  

Its	  Fourier	  transform	  yields	  the	  contribu0on	  to	  the	  intensity	  spectra	  due	  to	  a	  single	  emission.	  The	  shortest	  the	  
pulse,	  the	  more	  the	  frequencies,	  i.e.	  the	  wider	  the	  free	  spectral	  range	  Δν	  of	  the	  gain	  profile.	  

•  Time	  interval	  between	  two	  pulses.	  
•  Round-‐trip	  0me:	  the	  0me	  a	  light	  pulse	  employs	  to	  
perform	  an	  op0cal	  cycle	  in	  the	  cavity.	  



Light	  in	  a	  dielectric	  (open)	  cavity	  
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-

linearity ↵
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,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J
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The degree of disorder of a given system with coupling
parameter scales J, J
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is, then, defined as RJ = J/J

0

.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J
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/kBT = ✏

p
�J

0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.

To summarize, the parameters of interest are:
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HAMILTONIAN DERIVATION I

Electromagnetic energy

E =

Z
E⇤(r, t) ·D(r, t) dV (7)

Electric displacement field

D(r) = ✏
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Linear optical susceptibility
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Refractive index profile and relative permittivity

n

2(r) = ✏r(r) for real and complex (12)

Maxwell equations

r ^H = @tD (13)

r ^E = �µ

0

@tH (14)

In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
X

n

En(r)e
�ı!nt + c.c. (15)

H(r, t) =
X

n

Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P
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! 0, a(t) ! const.

E(r, t) =
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The amplitudes an(t) evolve over timescales much longer
than !
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n , for frequencies in the gain-band.
The nonlinear polarization as well can be expanded in

normal modes with complex coe�cients [14]
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
tudes:

E(t) ! H = h
Z

E⇤(r, t) ·D(r, t) dV i
fast
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This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
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Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np
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source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J

0

/kBT = ✏

p
�J

0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.

To summarize, the parameters of interest are:
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Maxwell equations

r ^H = @tD (13)
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In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
X

n

En(r)e
�ı!nt + c.c. (15)

H(r, t) =
X

n

Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P
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! 0, a(t) ! const.

E(r, t) =
X

n

an(t)En(r)e
�ı!nt + c.c. (17)
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an(t)Hn(r)e
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The amplitudes an(t) evolve over timescales much longer
than !

�1

n , for frequencies in the gain-band.
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
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fast
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-
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,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J

0

, J , for the ordered and dis-
ordered component, respectively:

J

(4)

0

= ↵

0

J

0

; ↵

0

=


J(2)
0

J(4)
0

+ 1

��1

; J

0

= J

(2)

0

+ J

(4)

0

(5)

J

4

= ↵J ; ↵ =
h
J2
J4

+ 1
i�1

; J = J

2

+ J

4

(6)

The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J
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.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J
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/kBT = ✏
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0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.
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In a linear dielectric resonator, in absence of nonlinear
polarization P
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superposition of normal modes of frequencies {!n} and
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En(r)e
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an(t)Hn(r)e
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The amplitudes an(t) evolve over timescales much longer
than !
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n , for frequencies in the gain-band.
The nonlinear polarization as well can be expanded in

normal modes with complex coe�cients [14]
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where
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
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E
em

(t) ! H = h
Z

E⇤(r, t) ·D(r, t) dV i
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-

linearity ↵

0

,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J
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, J , for the ordered and dis-
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The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J

0

.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J

0

/kBT = ✏

p
�J

0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.

To summarize, the parameters of interest are:

Optical power per mode ✏

Heat-bath thermal energy kBT = 1/�

Cumulative coupling average J
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Electric displacement field
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2(r) = ✏r(r) for real and complex (12)

Maxwell equations

r ^H = @tD (13)

r ^E = �µ

0

@tH (14)

In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
X

n

En(r)e
�ı!nt + c.c. (15)

H(r, t) =
X

n

Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P

nl

! 0, a(t) ! const.

E(r, t) =
X

n

an(t)En(r)e
�ı!nt + c.c. (17)

H(r, t) =
X
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an(t)Hn(r)e
�ı!nt + c.c. (18)

The amplitudes an(t) evolve over timescales much longer
than !
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n , for frequencies in the gain-band.
The nonlinear polarization as well can be expanded in

normal modes with complex coe�cients [14]
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
tudes:
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-
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The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J

0

.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J

0
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0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J
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is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.
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In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
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En(r)e
�ı!nt + c.c. (15)

H(r, t) =
X

n

Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
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fast
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-
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,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J
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, J , for the ordered and dis-
ordered component, respectively:

J

(4)

0

= ↵

0

J

0

; ↵

0

=


J(2)
0

J(4)
0

+ 1

��1

; J

0

= J

(2)

0

+ J

(4)

0

(5)

J

4

= ↵J ; ↵ =
h
J2
J4

+ 1
i�1

; J = J

2

+ J

4

(6)

The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J

0

.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏
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0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J
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is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.
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Maxwell equations

r ^H = @tD (13)

r ^E = �µ

0
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In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
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En(r)e
�ı!nt + c.c. (15)

H(r, t) =
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Hn(r)e
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In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P
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The amplitudes an(t) evolve over timescales much longer
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
tudes:
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fast
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
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This amounts, e. g., to neglect the e↵ect of group veloc-
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in the nonlinear term, but does not change the general-
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in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-

linearity ↵
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,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J
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, J , for the ordered and dis-
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The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J

0

.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J

0

/kBT = ✏

p
�J

0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.

To summarize, the parameters of interest are:
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-

linearity ↵
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,↵ - varying in the interval [0, 1] - and suitable
interaction energy scales J
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, J , for the ordered and dis-
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The degree of disorder of a given system with coupling
parameter scales J, J

0

is, then, defined as RJ = J/J
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.
The average energy per mode ✏ is related to the so-

called pumping rate P induced by the pumping laser
source in the RL, or proportional to the optical power
in the cavity for the standard laser. In the present work
it is defined as P ⌘ ✏

p
J
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/kBT = ✏

p
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0

where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J

0

is a material dependent parameter function
of the angular frequency !

0

of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.

To summarize, the parameters of interest are:

Optical power per mode ✏

Heat-bath thermal energy kBT = 1/�

Cumulative coupling average J
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Cumulative mean square disp. J = J
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2(r) = ✏r(r) for real and complex (12)

Maxwell equations

r ^H = @tD (13)

r ^E = �µ
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@tH (14)

In a linear dielectric resonator, in absence of P
nl

, Maxwell
equations are solved by superposition of normal modes of
frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
X
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En(r)e
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H(r, t) =
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Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization the so-
lution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly
varying in time. For P
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an(t)En(r)e
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H(r, t) =
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an(t)Hn(r)e
�ı!nt + c.c. (18)

The amplitudes an(t) evolve over timescales much longer
than !

�1

n , for frequencies in the gain-band.
The nonlinear polarization as well can be expanded in

normal modes with complex coe�cients [14]
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where
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Integrating out fast times we define the Hamiltonian
for the dynamics of the slowly varying complex ampli-
tudes:

E
em

(t) ! H = h
Z

E⇤(r, t) ·D(r, t) dV i
fast
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with p = 2, 4. To simplify the computation and its pre-
sentation we will take real-valued interaction couplings.
This amounts, e. g., to neglect the e↵ect of group veloc-
ity in the diagonal linear part and the Kerr lens e↵ect
in the nonlinear term, but does not change the general-
ity of the qualitative picture. This is the most general
Hamiltonian model for laser systems that one can con-
sider. Indeed, also adding further non-linear terms (J~np

with p = 3, 5, 6, . . .) does not alter the qualitative behav-
ior at the transition from continuous wave to (standard
or random) lasing regimes.
The external parameters — In order to yield a com-
prehensive description, we introduce the degrees of non-
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in the cavity for the standard laser. In the present work
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where T is
the heat-bath temperature. It encodes the experimental
evidence that decreasing temperature [15] or increasing
the total power [16] yields qualitatively similar behaviors.
The factor J
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is a material dependent parameter function
of the angular frequency !
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of the peak of the average
spectrum, cf. Eq. (1), and it is volume independent.
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polarization P
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If we are in a close cavity with regular mirrors the average h. . .i
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can be defined as the average over an optical
cycle, i.e., over a roundtrip time TR:
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and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J rad

~n2
arises. It consists in separating localized modes

inside the stimulated region and radiative modes by means of projections onto two separate spaces complementary to
each other and completing the whole space. It is then possible to devise a complete basis for all the modes divided
in localized eigenmodes uk(r), with discrete frequencies !k, and radiative eigenmodes vA(!, r) whose frequencies are
distributed on a continuum. The inner modes satisfy the von Neumann boundary condition
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whereas the outer modes satisfy the Dirichlet boundary conditions
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cycle, i.e., over a roundtrip time TR:

heı(!n�!m)ti
opt.cyc. =

1

TR

Z TR

0

dt eı(!n�!m)t =
1

TR

Z TR

0

dt e
2⇡
TR

ı(n�m)t = 0 ; n 6= m

and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J rad

~n2
arises. It consists in separating localized modes

inside the stimulated region and radiative modes by means of projections onto two separate spaces complementary to
each other and completing the whole space. It is then possible to devise a complete basis for all the modes divided
in localized eigenmodes uk(r), with discrete frequencies !k, and radiative eigenmodes vA(!, r) whose frequencies are
distributed on a continuum. The inner modes satisfy the von Neumann boundary condition

n̂ ^ [r^ uk]S = 0 (22)

whereas the outer modes satisfy the Dirichlet boundary conditions

n̂ ^ vA(!)
���
S
= 0 (23)

In a so-called input-output quantum field theory a Hamiltonian can be written in term of creation-annihilation
operators for both inner (ak) and outer (bA) modes:

H
open

=
X

n

a†nan +
X

A

Z
d! b†A(!)bA(!) +

X

n

X

A

Z
d!

⇥WnA a†n bA(!) + h.c.
⇤

(24)

J rad

~n2
= ⇡

X

A

Wn1AW†
An2

(25)

WkA(!) ⌘ c2

2
p
!k!

Z

boundary

dS u⇤
k(r) · {n̂ ^ [r^ vA(!, r)]} (26)
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Averaging over fast times only a↵ects the non-diagonal linear term and yields

H =
X

n

|an(t)|2
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+
X
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(3)

↵���(!j ,!k,!l!n; r) dV

If we are in a close cavity with regular mirrors the average h. . .i
fast

can be defined as the average over an optical
cycle, i.e., over a roundtrip time TR:

heı(!n�!m)ti
opt.cyc. =

1

TR

Z TR

0

dt e

ı(!n�!m)t =
1

TR

Z TR

0

dt e

2⇡
TR

ı(n�m)t = 0 ; n 6= m

and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J

rad

~n2
arises.

J

rad

~n2
= ⇡

X

g

Wn1gW†
g n2

(21)

Wn g ⌘ (22)

Defining

Jn ⌘ ✏
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Z
E

↵1
n (r)�(1)

~↵2
(r)E↵2

n (r)

�
dV

J

inh

~n2
⌘ ✏

0

heı(!n1�!n2 )ti
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Z
E

↵1
n1

(r)�(1)

~↵2
(r)E↵2

n2
(r) dV

J~n4 ⌘
Z

E↵1
n1

(r)E↵2
n2

(r)E↵3
n3

(r)E↵4
n4

(r) �(3)

~↵4
({!~n4}; r) dV

Naming J~n2 = J

inh

~n2
+ J

rad

~n2
we eventually have the Hamiltonian

H = �
X

n

Jn|an|2 �
X

n1,n2

Jn1n2an1a
⇤
n2

�
X

!n1�!n2+!n3�!n4=0

J~n4an1a
⇤
n2
an3a

⇤
n4

+ c.c.
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CLOSED	  CAVITY:	  in	  a	  closed	  cavity	  with	  regular	  mirrors,	  
in	  which	  each	  light	  pulse	  takes	  a	  round0p	  0me	  TR	  to	  
complete	  an	  “op0cal	  cycle”	  between	  two	  mirros	  

We	  are	  back	  to	  the	  mode-‐locking	  standard	  laser:	  
	  no	  off-‐diagonal	  linear	  interac0on.	  

	  OPEN	  CAVITY:	  
(i)  Mirror	  cavi0es	  with	  leakages:	  there	  will	  be	  radia0ve	  modes,	  whose	  

frequencies	  	  take	  values	  over	  a	  con0nuous	  dominion,	  thus	  the	  integral	  
above	  can	  be	  a	  non-‐zero	  complex	  number.	  	  

(ii)  Mirror-‐less	  lasers	  in	  random	  media,	  with	  inhomogeneous	  op0cal	  
suscep0bility	  profiles:	  also	  the	  discrete	  lasing	  frequencies	  will	  not	  be	  
all	  equispaced.	  Furthermore,	  	  the	  “op0cal	  cycle”	  and	  the	  “roundtrip	  
0me”	  	  are	  not	  defined.	  Their	  random	  analogues	  	  depend	  on	  the	  
scamerers	  structure.	  	  

Linear	  non-‐diagonal	  contribu0on	  to	  the	  Hamiltonian.	  	  



Eigenmodes	  basis	  in	  open	  cavity	  

What	  is	  a	  complete	  basis	  in	  an	  open	  system?	  

OPEN	  CAVITY:	  
(i)  Mirror	  cavi0es	  with	  leakages:	  there	  will	  be	  radia0ve	  modes,	  whose	  

frequencies	  	  take	  values	  over	  a	  con0nuous	  dominion,	  thus	  the	  integral	  above	  
can	  be	  a	  non-‐zero	  complex	  number.	  	  

(ii)  Mirror-‐less	  lasers	  in	  random	  media,	  with	  inhomogeneous	  op0cal	  
suscep0bility	  profiles:	  also	  the	  discrete	  lasing	  frequencies	  will	  not	  be	  all	  
equispaced.	  Furthermore,	  	  the	  “op0cal	  cycle”	  and	  the	  “roundtrip	  0me”	  	  are	  
not	  defined.	  Their	  random	  analogues	  	  depend	  on	  the	  scamerers	  structure.	  	  
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Linear optical susceptibility

D(r) = ✏
0

[1 + �(1)(r)]E(r) + P
nl

(r) (9)

= ✏
0

E(r) + P
lin

(r) + P
nl

(r) (10)

= ✏
0

n2(r)E(r) + P
nl

(r) (11)

Refractive index profile and relative permittivity

n2(r) = ✏r(r) for real and complex (12)

Maxwell equations

r ^H = @tD (13)

r ^E = �µ
0

@tH (14)

In a linear dielectric resonator, in absence of nonlinear polarization P
nl

= 0, Maxwell equations are solved by super-
position of normal modes of frequencies {!n} and eigenvectors {E(r),H(r)}:

E(r, t) =
X

n

En(r)e
�ı!nt + c.c. (15)

H(r, t) =
X

n

Hn(r)e
�ı!nt + c.c. (16)

In presence of a small nonlinear polarization P
nl

& 0 the solution can still be written as a superposition of normal
modes with complex amplitude coe�cients an(t), slowly varying in time. For P

nl

! 0, a(t) ! const.

E(r, t) =
X

n

an(t)En(r)e
�ı!nt + c.c. (17)

H(r, t) =
X

n

an(t)Hn(r)e
�ı!nt + c.c. (18)

The amplitudes an(t) evolve over timescales much longer than !�1

n , for frequencies in the gain-band.
The nonlinear polarization as well can be expanded in normal modes with complex coe�cients [14]

P
nl

(r, t) =
X

n

pn(r, t)e
�ı!nt (19)

where

p�n(r, t) =
X

!j�!k+!l=!n

�
(3)

↵���(!j ,!k,!l,!j � !k + !l; r) E
↵
j (r)E

�
k (r)E

�
l (r) aj(t)a

⇤
k(t)al(t)

↵,�, �, � = x, y, z

Integrating out fast times we define the Hamiltonian for the dynamics of the slowly varying complex amplitudes:

E
em

(t) ! H = h
Z

E⇤(r, t) ·D(r, t) dV i
fast

E
em

(t) = ✏
0

Z
E⇤(r, t) ·E(r, t) dV + ✏

0

Z
E↵⇤(r, t)�(1)

↵�(r)E
�(r, t) dV +

Z
E⇤(r, t) · P

nl

(r, t) dV (20)

In terms of normal modes superposition it reads

E
em

(t) = ✏
0

X

n

|an(t)|2
Z

E2

n(r) dV + ✏
0

X

nm

a⇤n(t)am(t)eı(!n�!m)t

Z
E↵

n (r)�
(1)

↵�(r)E
�
m(r) dV

+
X

!j�!k+!l�!n=0

aj(t)a
⇤
k(t)al(t)a

⇤
n(t)e

ı(!j�!k+!l�!n)t

Z
E↵

j (r)E
�
k (r)E

�
l (r)E

�
n(r)�

(3)

↵���(!j ,!k,!l,!n; r) dV

Fox-‐Li	  modes,	  quasi-‐bound	  states,	  constant	  flux	  modes,	  ….	  
Strong	  Interac=ons	  in	  Mul=mode	  Random	  Lasers	  
Hakan	  E.	  Türeci,	  Li	  Ge,	  Stefan	  Romer,	  A.	  Douglas	  Stone	  2008	  
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Averaging over fast times only a↵ects the non-diagonal linear term and yields

H =
X

n

|an(t)|2

1 +

Z
E

↵
n (r)�

(1)

↵�(r)E
�
n(r)

�
dV +

X

n 6=m

a

⇤
n(t)am(t)heı(!n�!m)ti

fast

Z
E

↵
n (r)�

(1)

↵�(r)E
�
m(r) dV

+
X

!j�!k+!l�!n=0

aj(t)a
⇤
k(t)al(t)a

⇤
n(t)

Z
E↵

j (r)E
�
k (r)E

�
l (r)E

�
n(r) �

(3)

↵���(!j ,!k,!l!n; r) dV

If we are in a close cavity with regular mirrors the average h. . .i
fast

can be defined as the average over an optical
cycle, i.e., over a roundtrip time TR:

heı(!n�!m)ti
opt.cyc. =

1

TR

Z TR

0

dt e

ı(!n�!m)t =
1

TR

Z TR

0

dt e

2⇡
TR

ı(n�m)t = 0 ; n 6= m

and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J

rad

~n2
arises. It consists in separating localized modes

inside the stimulated region and radiative modes by means of projections onto two separate spaces complementary to
each other and completing the whole space. It is then possible to devise a complete basis for all the modes divided
in localized eigenmodes uk(r), with discrete frequencies !k, and radiative eigenmodes vA(!, r) whose frequencies are
distributed on a continuum. The inner modes satisfy the von Neumann boundary condition

n̂ ^ [r^ uk]S = 0 (21)

whereas the outer modes satisfy the Dirichlet boundary conditions

n̂ ^ vA(!)
���
S
= 0 (22)

J

rad

~n2
= ⇡

X

A

Wn1AW†
An2

(23)

WkA(!) ⌘ c

2

2
p
!k!

Z

boundary

dS u⇤
k(r) · {n̂ ^ [r^ vA(!, r)]} (24)

Defining

Jn ⌘ ✏

0


1 +

Z
E

↵1
n (r)�(1)

~↵2
(r)E↵2

n (r)

�
dV

J

inh

~n2
⌘ ✏

0

heı(!n1�!n2 )ti
fast

Z
E

↵1
n1

(r)�(1)

~↵2
(r)E↵2

n2
(r) dV

J~n4 ⌘
Z

E↵1
n1

(r)E↵2
n2

(r)E↵3
n3

(r)E↵4
n4

(r) �(3)

~↵4
({!~n4}; r) dV

Naming J~n2 = J

inh

~n2
+ J

rad

~n2
we eventually have the Hamiltonian

H = �
X

n

Jn|an|2 �
X

n1,n2

Jn1n2an1a
⇤
n2

�
X

!n1�!n2+!n3�!n4=0

J~n4an1a
⇤
n2
an3a

⇤
n4

+ c.c.

[1] C. Conti and L. Leuzzi, Phys. Rev. B 83, 134204 (2011).
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Averaging over fast times only a↵ects the non-diagonal linear term and yields

H =
X

n

|an(t)|2
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↵�(r)E
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n(r)

�
dV +
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n 6=m
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+
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⇤
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⇤
n(t)
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j (r)E
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k (r)E
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(3)

↵���(!j ,!k,!l!n; r) dV

If we are in a close cavity with regular mirrors the average h. . .i
fast

can be defined as the average over an optical
cycle, i.e., over a roundtrip time TR:

heı(!n�!m)ti
opt.cyc. =

1

TR

Z TR

0

dt e

ı(!n�!m)t =
1

TR

Z TR

0

dt e

2⇡
TR

ı(n�m)t = 0 ; n 6= m

and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J

rad

~n2
arises. It consists in separating localized modes

inside the stimulated region and radiative modes by means of projections onto two separate spaces complementary to
each other and completing the whole space. It is then possible to devise a complete basis for all the modes divided
in localized eigenmodes uk(r), with discrete frequencies !k, and radiative eigenmodes vA(!, r) whose frequencies are
distributed on a continuum. The inner modes satisfy the von Neumann boundary condition

n̂ ^ [r^ uk]S = 0 (21)

whereas the outer modes satisfy the Dirichlet boundary conditions

n̂ ^ vA(!)
���
S
= 0 (22)

J

rad

~n2
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X

A

Wn1AW†
An2

(23)

WkA(!) ⌘ c
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2
p
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Z

boundary

dS u⇤
k(r) · {n̂ ^ [r^ vA(!, r)]} (24)

Defining
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Naming J~n2 = J

inh
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rad
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we eventually have the Hamiltonian

H = �
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[1] C. Conti and L. Leuzzi, Phys. Rev. B 83, 134204 (2011).

OPEN	  CAVITY	  :	  “Input-‐output”	  quantum	  field	  theory	  
Viviescas	  and	  Hackenbroich	  2003	  	  
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Averaging over fast times only a↵ects the non-diagonal linear term and yields
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If we are in a close cavity with regular mirrors the average h. . .i
fast

can be defined as the average over an optical
cycle, i.e., over a roundtrip time TR:

heı(!n�!m)ti
opt.cyc. =

1

TR

Z TR

0

dt e

ı(!n�!m)t =
1

TR

Z TR

0

dt e

2⇡
TR

ı(n�m)t = 0 ; n 6= m

and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
and Viviescas [3] and degrading from operators to complex numbers the so obtained Langevin equation [2]. From this
approach a further damping linear non-diagonal coupling �n1n2 = J

rad

~n2
arises. It consists in separating localized modes

inside the stimulated region and radiative modes by means of projections onto two separate spaces complementary to
each other and completing the whole space. It is then possible to devise a complete basis for all the modes divided
in localized eigenmodes uk(r), with discrete frequencies !k, and radiative eigenmodes vA(!, r) whose frequencies are
distributed on a continuum. The inner modes satisfy the von Neumann boundary condition
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take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
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Separa0on	  of	  localized/inner	  modes	  inside	  the	  s0mulated	  region	  and	  	  
	   	  	  	  	  	  	  	  	  radia0ve/outer	  modes	  	  

By	  projec0on	  onto	  two	  complementary	  	  subspaces,	  comple0ng	  the	  whole	  space.	  	  

A	  Hamiltonian	  can	  be	  wrimen	  in	  term	  of	  crea0on-‐annihila0on	  operators	  for	  both	  inner	  	  
and	  outer	  	  modes	  

Complete	  basis	  divided	  in	  	  
localized	  eigenmodes	  	  with	  discrete	  frequencies	  
radia0ve	  eigenmodes	  whose	  frequencies	  are	  distributed	  on	  a	  con0nuum	  	  
In	  terms	  of	  crea0on-‐annihila0on	  operators	  for	  inner	  (a)	  and	  outer	  (b)	  modes:	  	  

Eventually	  for	  the	  internal	  modes	  one	  obtains	  an	  effec0ve	  non-‐diagonal	  interac0on	  	  
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If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies

take values over a continuous dominion, thus the integral above can be a non-zero complex number. More glaringly,
in random media, with inhomogeneous optical susceptibility profiles, also the discrete lasing frequencies will not be
all equispaced. Furthermore, (ii) the “optical cycle” and the “roundtrip time” TR are delicate concepts in absence of
a cavity; they depend on the scatterers structure and on the dimensions of the disorder-induced stochastic resonators
where modes amplify. In these cases, there will be a non-zero non-diagonal contribution to the Hamiltonian.

This is better understood by studying the quantum field theory for open optical cavities as done by Hackenbroich
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and we are back to the mode-locking standard laser.
If, instead, the cavity is open, as in cavities with leakages and (i) there will be radiative modes, whose frequencies
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ȧn = (gm � `m + ıDm)an + (� � ı�)
X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (29)
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Īk ⌘ 1

NR

NRX

↵=1

I↵k

5

Defining

Jn ⌘ ✏
0


1 +

Z
E↵1

n (r)�(1)

~↵2
(r)E↵2

n (r)

�
dV

J inh

n1 6=n2
⌘ ✏

0

heı(!n1�!n2 )ti
fast

Z
E↵1

n1
(r)�(1)

~↵2
(r)E↵2

n2
(r) dV

J~n4 ⌘
Z

E↵1
n1

(r)E↵2
n2

(r)E↵3
n3

(r)E↵4
n4

(r) �(3)

~↵4
({!~n4}; r) dV

Naming J~n2 = J inh

~n2
+ J rad

~n2
we eventually have the Hamiltonian

H = �
X

n1,n2

Jn1n2an1a
⇤
n2

�
X

!n1�!n2+!n3�!n4=0

J~n4an1a
⇤
n2
an3a

⇤
n4

+ c.c.

Complex Langevin dynamics
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�
2
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Langevin	  equa0on	  	  
for	  light-‐mode	  complex	  amplitudes	  

The	  dynamics	  of	  the	  amplified	  localized	  modes	  created	  by	  
s0mulated	  emission	  in	  presence	  of	  spontaneuous	  emission	  is	  
given	  by	  the	  Langevin	  equa0on	  

N:B.:	  the	  more	  the	  cavity	  is	  open	  the	  less	  accurate	  is	  the	  diagonal	  
approxima0on	  for	  the	  noise	  
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k=1

�
I↵k � Īk

�
2

' N �
I↵k � Īk
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Standard	  Mode-‐Locking	  Laser	  	  
The	  completely	  closed	  and	  ordered	  limit:	  
Haus	  standard	  ML	  laser	  master	  equa0on	  
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Physical	  meaning	  of	  the	  coupling	  parameters	  by	  comparison	  

In	  the	  strong	  cavity	  limit	  with	  space-‐homogeneous	  gain	  (linear	  suscep0bility)	  	  
we	  compare	  with	  our	  Hamiltonian:	  



Laser	  sta0onary	  regime	  
and	  equilibrium	  stat.	  mech.	  

Lasers	  are	  not	  at	  equilibrium:	  energy	  is	  pumped	  to	  mantain	  the	  popula0on	  inversion	  
and	  the	  s0mulated	  emission	  and	  in	  open	  cavi0es	  energy	  is	  lost	  by	  radia0on.	  

As	  the	  op0cal	  power	  pumped	  into	  the	  system	  is	  kept	  strictly	  constant	  

The	  so	  obtained	  sta0onary	  system	  can	  be	  considered	  as	  in	  equilibrium	  with	  an	  effec0ve	  
“heat-‐bath”	  at	  “temperature”	  

Notes on the derivation of the RL Hamiltonian

Luca Leuzzi⇤

IPCF-CNR, UOS Kerberos Roma, Piazzale A. Moro 2, I-00185, Roma, Italy

Notes for the derivation of the RL Hamiltonian with di↵erent approaches: (i) optical cycle average
of the electromangetic energy; (ii) Quantum field theory for open optical cavities; (iii) multiscale
expansion for small nonlinear polarization; (iv) comparison with Haus master equation.

The complex amplitude model. — For a closed cavity, localized modes form a complete set and the electro-magnetic
field E(r, t) can be expanded in terms of normal modes En(r) with time-dependent complex amplitudes an(t)[1]. In
open cavities a continuous spectrum of radiation modes is also present. The contributions of radiative and localized
modes can be separated by a suitable projection onto two orthogonal subspaces [2, 3]. This leads to an e↵ective
theory on the subspace of localized modes in which they exchange a linear o↵-diagonal e↵ective damping coupling.
Radiation losses and gain are accounted for by additional linear terms (diagonal when the net gain is homogeneous),
and the presence of a thermal bath is represented by the fluctuations due to the spontaneous emission. Nonlinear
couplings arise from gain saturation and from the optical Kerr e↵ect. At equilibrium with the pump mechanism, the
complex amplitudes an(t) are linked by a constraint given by the total optical intensity pumped into the system

EP = ✏N =
NX

m=1

|am|2

where N is the number of modes and ✏ the average energy per mode. The general Hamiltonian, derived by di↵erent
approaches [1, 4, 5], reads

H = �<
"
1

2

1,NX

n1,n2

J~n2an1a
⇤
n2

+
1

4!

nk=1,NX

!n1 + !n3

= !n2 + !n4

J~n4an1a
⇤
n2
an3a

⇤
n4

#

where J~np = Jn1...np and the second sum ranges over all distinct 4-ples for which the so-called ML condition holds:
!n1 � !n2 + !n3 � !n4 = 0. The coupling coe�cient J~n4 represents the spatial overlap of the electromagnetic fields
modulated by non-linear �(3)({!}; r) susceptibility:

J~n4 =
ı

2

4Y

j=1

p
!nj

Z

V
d3r �

(3)

~↵4
({!~n4}; r) (1)

⇥ E↵1
n1

(r)E↵2
n2

(r)E↵3
n3

(r)E↵4
n4

(r)

with ↵j = x, y, z, and ~n
4

= {n
1

, n
2

, n
3

, n
4

}. The linear coe�cient J~n2 yields di↵erent contributions depending on
medium randomness and cavity leakage:

J~n2 = Jn1�n1n2 + J rad

~n2
+ J inh

~n2
(2)

J inh

~n2
=

ı

2

p
!n1!n2

Z

V
d3r �

(1)

~↵2
(r) E↵1

n1
(r)E↵2

n2
(r) (3)

The linear diagonal terms of J~n2 depend on gain and loss profiles for the passive modes. A possible non-uniform
distribution of the gain - and the related inhomogeneous linear susceptibility �(1)(r) - yields the spatial overlap of
localized eigenmodes, i. e., J inh, Eq. (3). Besides, in the open cavity scenario, the linear o↵-diagonal coupling terms
also account for the presence of a continuous spectrum, and they correspond to the e↵ective damping contribution
J rad obtained integrating out radiation modes [2, 3]. Taking the purely nonlinear interaction of a discrete set of modes
corresponds to the strong cavity limit, J rad = 0, with homogeneous gain (because of orthogonality of {En}’s it is
J inh = 0). Only linear diagonal terms remain in this limit.

We build a mean-field theory in which the system is fully connected, that is, the network of interacting modes is a
complete graph. This amounts to adopt a narrow bandwidth approximation for the gain profile in which !n ' !

0

, for

⇤
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PUMPING	  RATE	  

2

each n = 1, . . . , N [18]. This is the case in the so-called dispersive RLs with very low finesse and a sensitive narrowing
of the bandwidth above threshold, in which many modes oscillate in a relative small bandwidth and are so densely
packed in frequency that their linewidths overlap. Consistently with this approximation we take a constant e↵ective
net gain profile in the bandwidth: Jn = g(!n) ' g(!

0

) = g
0

, implying
P

n1,n2
J~n2an1an2 = g

0

EP +
P

n1 6=n2
J~n2an1an2 .

The open cavity model in the narrow bandwidth approximation can be viewed as an extension of the so-called
spherical 2+p model [6–10] yielding a far reacher variety of physical scenarios.

The o↵-diagonal linear terms and the non-linear terms may, in general, be disordered because modes display di↵erent
degree and shape of localizations [11, 12]. The constituents of the integrals in Eq. (1,3) are very di�cult to calculate
from first principles. The only specific form of the non-linear susceptibility has been computed by Lamb [13, 14]
for few-modes standard lasers and no analogue study for RLs has been performed so far, to our knowledge. The
overlap integrals in a disordered system can be regarded as a sum over many random variables. Correspondingly, the
probability distribution of the couplings J~np can be assumed to be Gaussian:

P (J~np) =

s
Np�1

2⇡J2

p

exp

8
<

:�Np�1

2J2

p

"
J~np � J

(p)
0

Np�1

#
2

9
=

; (4)

with p = 2, 4. To simplify the computation and its presentation we will take real-valued interaction couplings. This
amounts, e. g., to neglect the e↵ect of group velocity in the diagonal linear part and the Kerr lens e↵ect in the
nonlinear term, but does not change the generality of the qualitative picture. This is the most general Hamiltonian
model for laser systems that one can consider. Indeed, also adding further non-linear terms (J~np with p = 3, 5, 6, . . .)
does not alter the qualitative behavior at the transition from continuous wave to (standard or random) lasing regimes.
The external parameters — In order to yield a comprehensive description, we introduce the degrees of non-linearity

↵
0

,↵ - varying in the interval [0, 1] - and suitable interaction energy scales J
0

, J , for the ordered and disordered
component, respectively:

J
(4)

0

= ↵
0

J
0

; ↵
0

=


J(2)
0

J(4)
0

+ 1

��1

; J
0

= J
(2)

0

+ J
(4)

0

(5)

J
4

= ↵J ; ↵ =
h
J2
J4

+ 1
i�1

; J = J
2

+ J
4

(6)

The degree of disorder of a given system with coupling parameter scales J, J
0

is, then, defined as RJ = J/J
0

.
The average energy per mode ✏ is related to the so-called pumping rate P induced by the pumping laser source in

the RL, or proportional to the optical power in the cavity for the standard laser. In the present work it is defined as
P ⌘ ✏

p
J
0

/kBT = ✏
p
�J

0

where T is the heat-bath temperature. It encodes the experimental evidence that decreasing
temperature [15] or increasing the total power [16] yields qualitatively similar behaviors. The factor J

0

is a material
dependent parameter function of the angular frequency !

0

of the peak of the average spectrum, cf. Eq. (1), and it is
volume independent.

To summarize, the parameters of interest are:

Optical power per mode ✏
Heat-bath thermal energy kBT = 1/�

Cumulative coupling average J
0

= J
(2)

0

+ J
(4)

0

Cumulative mean square disp. J = J
2

+ J
4

Pumping rate P = ✏
p
�J

0

Disorder degree RJ = J/J
0

Non-linearity degree (ordered) ↵
0

= J
(4)

0

/J
0

Non-linearity degree (disordered) ↵ = J
4

/J .

I. HAMILTONIAN DERIVATION I

Electromagnetic energy

E
em

=

Z
E⇤(r, t) ·D(r, t) dV (7)

Electric displacement field

D(r) = ✏
0

✏r(r)E(r) + P
nl

(r) (8)

No0ce	  that	  in	  Random	  Lasers	  the	  effect	  of	  lowering	  the	  T	  is	  
shown	  to	  be	  experimentally	  equivalent	  to	  raise	  the	  op0cal	  
power.	  	  
D.S.	  Wiersma	  and	  S.	  Cavalieri	  (2002),	  Temperature-‐controlled	  
random	  laser	  ac=on	  in	  liquid	  crystal	  infiltrated	  systems.	  



Mean-‐field	  RL	  replica	  theory	  

NARROWBAND	  APPROXIMATION	  

implies	  

*	  *	  

p=2,4	  

Given	  a	  system	  of	  fixed	  scamerers	  the	  couplings	  are	  quenched	  disordered.	  	  
We	  consider	  them	  as	  Gaussian	  distributed	  

arXiv:1406.7826v1	  
F.	  Antenucci	  et	  al.	  



Mean-‐field	  RL	  replica	  theory	  

A	  bit	  of	  parameter	  defini0ons	  	  

“nonlinearity”	  or	  “closeness”	  
degrees	  

Degree	  of	  randomness	  

Pumping	  rate	  

arXiv:1406.7826v1	  
F.	  Antenucci	  et	  al.	  



Mean-‐field	  RL	  replica	  theory:	  thermodynamic	  
phases,	  order	  parameters,	  phase	  diagrams	  	  

Order	  parameters	  
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ȧn = (gm � `m + ıDm)an + (� � ı�)
X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (28)
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ȧn = (gm � `m + ıDm)an + (� � ı�)
X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (28)
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Glassy	  light	  phase	  

SML:	  Standard	  Mode	  Locking	  laser	  
CW:	  Con0nuous	  Wave	  regime	  
PLW:	  Phase-‐Locked	  Wave	  regime	  
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The	  GLASSY	  LIGHT	  phase	  above	  the	  pumping	  threshold	  
depends	  on	  the	  degree	  of	  openness	  of	  the	  cavity.	  	  
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If	  α	  is	  larger,	  the	  nonlinear	  contribu0on	  dominates,	  
The	  transi0on	  is	  discon3nuous	  in	  the	  order	  parameters	  and	  
there	  is	  also	  a	  dynamic	  transi0on.	  The	  glassy	  light	  phase	  is	  
characterized	  by	  a	  stable	  1-‐step	  RSB	  solu0on.	  
	  
If	  α	  is	  smaller,	  the	  linear	  contribu0on	  dominates,	  
The	  transi0on	  is	  con3nuous	  in	  the	  order	  parameters.	  The	  
glassy	  light	  phase	  is	  characterized	  by	  an	  ∞	  -‐step	  RSB	  solu0on.	  
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Mean-‐field	  to	  real	  world	  contact	  

•  Realis0c	  standard	  ML	  laser	  as	  a	  sta0s0cal	  
mechanical	  problem:	  gain	  with	  finite	  
bandwidth	  

•  Standard	  ML	  <-‐>	  RL?	  Is	  it	  feasible	  in	  real	  
photonic	  systems	  to	  tune	  the	  degree	  of	  
disorder?	  	  	  

•  Threshold	  and	  nature	  of	  RL	  as	  a	  glassy	  light	  
phase:	  can	  they	  be	  experimentally	  detected?	  



Standard	  ML	  (ordered	  limit)	  
We	  can	  go	  beyond	  narrow-‐band	  (and	  mean-‐field)	  approxima0on	  and	  
study	  mode-‐locking	  systems	  with	  non-‐trivial	  gain	  profile	  by	  means	  of	  
Monte	  Carlo	  simula0ons.	  
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amplitudes an(t) is given by the Hamiltonian

H = �
NX

k=1

gk|ak|2 � J

MLX

~k4

ak1a
⇤
k2
ak3a

⇤
k4

(2)

where gk = g(⌫k) is the net gain profile, J is the self-
amplitude modulation (SAM) coe�cient and the ML sum

runs over all quadruplets ~k4 in a given mode-locked net-
work where each mode has a frequency ⌫k and the fre-
quency locking condition (FLC) holds:

⌫k1 � ⌫k2 + ⌫k3 � ⌫k4  �⌫ . (3)

Here �⌫ is the single mode line-width. The above condi-
tion also implies that in the non-linear term of Eq. (2)
three non-equivalent orderings of the quadruplets con-
tribute to the sum, each one consisting of eight equiva-
lent indeces permutations [20]. The Hamiltonian used in
this work is symmetrized with respect to these orderings.

The total optical energy stored in the system is E =
N✏ =

PN
k=1 |ak|2 and it is kept fixed by external power

pumping. Eq. (2) is a direct generalization of the Hamil-
tonian studied in Ref. [3] and can be seen as the or-
dered limit of the random laser theory analyzed in Refs.
[7, 11, 12]. The physical meaning of the coe�cients comes
from the equivalence of the Hamiltonian dynamical equa-
tion with the Haus master equation [1]. From the point
of view of statistical mechanics the driven optical system
composed by the cavity, the amplifying medium and the
optical power pumped into the system can be described
by Eq. (2), considering it as the Hamiltonian of a sys-
tem at equilibrium with an e↵ective thermal bath. The
role of the inverse temperature is played by the pumping
rate squared defined as P2 = �J✏2, where � = 1/kbT is
the inverse true heat bath temperature, on which spon-
taneous emission depends. It is usually represented as
white noise in a Langevin dynamics [3–5, 7, 11, 12].

Mode coupling network — Besides the Hamiltonian,
the interaction network and the frequency distribution
of the passive modes determine the properties of the sys-
tem. In the following we will undergo the analysis of
networks with a varying degree of connectivity. This will
be expressed as number of quadruplets Nq vs. number of
modes N . We will study both the FLC induced dilution
and a topological random homogeneuous dilution.

Disregarding FLC corresponds to have all frequencies
in a narrow band, whose spectral free range �⌫ ⌧ �⌫.
We, thus, are in the limit of low finesse f = �⌫/�⌫. We
will discuss data for Nq = O(N t), t = 1, 2, 3, 4. The
larger Nq, the larger the spatial overlap among modes.
Indeed, the fully connected case Nq = N(N � 1)(N �
2)(N � 3)/24 case corresponds, e.g., to a simple closed
Fabry-Perot-like cavity where all modes are localized in
the same spatial region. More diluted instances corre-
spond to more complicated geometries, including multi-
channels set-ups.

Implementing FLC and taking high-finesse frequency
distributions, such as, e.g., frequency combs, Eq. (3)
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✏.

induces a less trivial kind of dilution in the mode-locked
system. Such dilution is numerically shown to always
decrease Nq of the underlying graph by O(N) [13].
Numerical Simulations and Data Analysis — We have

been performing extensive Monte Carlo simulations of
equilibrium dynamics by means of enhanced algorithms
like exchange Monte Carlo [14] and synchronous, fully
parallel Monte Carlo [15–19] on GPU’s. In the nar-
rowband case system sizes from N = 25 to 500 have
been simulated for random dilutions of Nq = O(N t),
t = 2, 3, 4, and averaged over di↵erent random realiza-
tions of the network [21]. For the frequency comb case
we simulated systems of size N = 100�500 with number
of frequencies Nf = N in each case, and Nq = O(N2)
upon applying the FLC filter. Details of simulation pa-
rameters are reported in Supplemetal Material.
The gain profile g(⌫n) is taken as Gaussian with mean

the central frequency ⌫0 and variable variance �⌫ . We
stress that the initial distribution of frequencies is al-
ways taken uniform, i.e., a comb with Nf teeths at fixed
intervals in ⌫, with line-width �⌫ = 0.
Thermalization — The number of Monte Carlo steps

5

Complex Langevin dynamics

ȧn = �ı
@H
@a⇤n

+ ⌘n(t); h⌘n(t)i = 0; h⌘n(t)⌘m(s)i = 2T �(t� s)�nm ' 2T �(t� s)�nm (26)

mode - locking

�(!) = �
0

+ �0 ! +O(!2) (27)

Haus master equation

ȧn = (gm � `m + ıDm)an + (� � ı�)
X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (28)

ȧn = �ı
@H
@a⇤n

+ ⌘n = ıJnan + ıJ
4

X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (29)

“T
laser

” =
T

✏2
(30)

q↵� =
1

N

X

k

a↵ka
⇤�
k (31)

s↵� =
1

N

X

k

a↵ka
�
k (32)

m↵ =
1

N

X

k

a↵k (33)

q
0

= q
1

q(x) = q
Intensity fluctuation overlap:

Q↵� ⌘ 1

N

NX
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�↵
k�

�
k
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k ⌘ I↵k � ĪkqPN

k=1

�
I↵k � Īk
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Order/disorder:	  glassy	  light	  –	  standard	  ML	  	  
phase	  transi0on	  

•  For	  a	  limited	  amount	  of	  disorder	  the	  standard	  ML	  structure	  holds.	  Up	  to	  a	  
tolerance	  threshold.	  

•  This	  threshold	  has	  never	  been	  detected	  in	  experiments	  so	  far	  since	  
op0cally	  ac0ve	  systems	  (with	  or	  without	  	  cavity)	  display	  a	  fixed	  amount	  of	  
disorder.	  

•  How	  can	  we	  tune	  the	  degree	  of	  disorder	  in	  experiments?	  	  	  	  	  	  	   	   	   	  	  
Taking	  photonic	  crystals	  and	  hammering	  them….?	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
High	  Q	  factor	  but	  very	  expensive!	  



Glassy	  light	  –	  standard	  ML	  	  
phase	  transi0on	  

Else	  using	  granular	  beads…?	  
Granular	  mamer	  is	  unexpensive.	  Start	  with	  an	  array	  of	  
millimetric	  beads	  and	  disorder	  them	  progressively	  by	  tapping.	  
But…	  is	  it	  a	  laser?	  



Granular	  random	  laser	  
Is	  it	  a	  laser?	  
Yes!	  Metallic	  and	  glassy	  beads	  in	  Rhodamine	  B	  both	  
display	  lasing	  as	  the	  pumped	  energy	  is	  high	  enough:	  
granular	  random	  laser	  



Granular	  random	  laser	  (digression)	  
Yes!	  Metallic	  and	  glassy	  beads	  in	  Rhodamine	  B	  both	  display	  lasing	  as	  
the	  pumped	  energy	  is	  high	  enough:	  granular	  random	  laser	  
Shaking	  these	  granular	  lasers	  under	  various	  tapping	  accelera0ons	  and	  
frequencies	  we	  find	  out	  that	  by	  op0cal	  inves0ga0on	  one	  can	  get	  
relevant	  informa0on	  about	  the	  inner	  structure	  of	  the	  granular	  
material	  and	  its	  dynamics.	  Making	  it	  a	  random	  laser	  is	  a	  new	  probing	  
technique	  for	  a	  granular	  system	  …	  unfortunately	  …	  	  



Strong	  disorder:	  glassy	  light	  
In	  real	  systems	  one	  can	  reproduce	  the	  same	  experiment	  
several	  0mes	  on	  exactly	  the	  same	  realiza0on	  of	  disorder	  
and	  under	  the	  same	  “thermodynamic”	  condi0ons,	  i.e.,	  
constant	  heat-‐bath	  temperature	  and	  constant	  energy	  
pumping:	  real	  replicas.	  	  

Each	  shot	  yields	  a	  replicated	  dynamics.	  
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?	  
So	  far,	  we	  do	  not	  have	  access	  
to	  complex	  amplitude	  
configura0ons	  in	  experiments,	  
only	  to	  intensity	  spectra	  
Averaged	  over	  the	  whole	  
dynamics	  
	  



Strong	  disorder:	  glassy	  light	  
Real	  replicas.	  Each	  shot	  yields	  a	  replicated	  dynamics.	  

	  
So	  far,	  we	  do	  not	  have	  access	  to	  complex	  amplitude	  
configura0ons	  in	  experiments,	  only	  to	  intensity	  spectra.	  

In	  some	  random	  lasers	  intensity	  spectra	  vary	  very	  much	  
from	  replica	  to	  replica:	  large	  shot-‐to-‐shot	  fluctua0ons.	  	  
We	  look	  at	  the	  fluctua0ons	  of	  each	  replicated	  spectrum	  
with	  respect	  to	  its	  average	  spectrum	  in	  a	  “func0onalized	  
thiophene	  based	  oligomer	  commonly	  named	  T5COx”	  
and	  compute	  their	  normalized	  overlaps.	  	  
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ȧn = �ı
@H
@a⇤n

+ ⌘n(t); h⌘n(t)i = 0; h⌘n(t)⌘m(s)i = 2T �(t� s)�nm ' 2T �(t� s)�nm (26)

mode - locking

�(!) = �
0

+ �0 ! +O(!2) (27)

Haus master equation
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Glassy	  light:	  
	  intensity	  fluctua0on	  overlap	  

Assuming	  that	  the	  normaliza0on	  fluctua0ons	  are	  
negligible,	  we	  can	  compute	  it	  the	  narrow-‐band	  
mean-‐field	  model:	  	  
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ȧn = (gm � `m + ıDm)an + (� � ı�)
X

!j�!k+!l=!n

aja
⇤
kal + ⌘n (28)
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Q↵� = 8q2↵� m = 0 (36)

h(m) = 4k
2

m+ 16k
4

m3 (37)
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Conclusions	  and	  perspec0ves	  

•  Mean-‐field	  theory	  for	  standard	  and	  random	  
mode-‐locking	  laser	  transi0on	  (new	  phase:	  
“phase-‐locked	  paramagnet”)	  

•  Realis0c	  ML	  laser	  model	  (see	  Poster	  by	  
Antenucci	  and	  Ibañez)	  

•  Granular	  random	  laser:	  a	  probe	  for	  granular	  
structure	  and	  dynamics	  

•  Random	  laser	  as	  a	  glassy	  light	  phase:	  RSB-‐like	  



Stat	  Mech	  Laser	  perspec0ves	  
•  Random	  laser	  beyond	  mean-‐field:	  	  
Monte	  Carlo	  simula0ons	  on	  GPU’s	  for	  non-‐trivial	  gain	  profile,	  open	  
cavity,	  correlated	  and	  uncorrelated	  quenched	  disorder-‐>	  RL	  pulses,	  
phase	  delay,	  dynamics	  of	  spectra,	  direct	  reproduc0on	  of	  
experimentally	  measured	  parameters.	  
•  Probe	  of	  the	  P(Qint	  flu)	  for	  different	  random	  laser	  
compounds	  and	  in	  standard	  mode-‐locking	  laser.	  

•  Quenched	  amplitude	  approxima=on	  (XY	  and	  clock	  
model)	  study	  on	  diluted	  bipar0te	  graphs	  (mode-‐locking	  
vs	  Erdos-‐Renyi	  graphs).	  

•  Inference	  problems	  in	  photonics:	  couplings	  
reconstruc0on	  -‐>	  modes	  localiza0ons	  


