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Motivations

• Better understanding limits of (robust) algorithms in 
performing fundamental tasks in optimization and 
inference


• Minimizing/maximizing a complex function:

• solving any optimization problem

• training a neural network

• inferring via the likelihood


• Sampling a complex probability distribution

• inferring via the posterior

• out of equilibrium glassy physics



Ensembles of random problems

• No worst case analysis

• Typical case analysis -> statistical mechanics

• Ensemble of randomly generated problems depending on 

few key parameters (e.g. mean degree of a random graph)

• Tuning parameters one can


• vary the hardness of random problems

• undergo phase transitions


• Learn from hardest random problems


• Look for a connection between algorithmic complexity 
and phase transitions



Which algorithms?

• Large and sparse random models (no AMP et simila)

• Two classes of algorithms


• Belief Propagation run on a specific graph:  
- exact in some phases  
- Bayes optimal (if properly initialized)  
- not very robust on non-random graphs  

• Monte Carlo based algorithms:  
- (Replicated) Simulated Annealing, Parallel Tempering, … 
- very robust  
 
Their limits are mostly unknown (working in the regime of 
times scaling linearly in the system size)



Monte Carlo based algorithms
• Aim: minimize      

• Run MCMC sampling from

• Send         and try to find the state of lowest energy

• Simulated Annealing (SA) 

• Replicated Simulated Annealing (RSA)


• Parallel Tempering (PT)
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Random Constraint Satisfaction Pb.

• Find a configuration of    variables that satisfies  
constraints, randomly generated


• Examples: random k-SAT, random graph q-coloring, …

• key parameter: the mean degree of the random graph

N
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ααd αc αr αf αs

ααs

SAT/COL UNSAT/UNCOL↵a
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easy hard

:unfrozen clusters    :frozen clusters Krzakala et al. PNAS 2007



phase transitions & algorithms

ααd αc αr αf αs

easy hard sampling uniformly solutions by MC

easy hard BP-based alg. Semerjian, RT JSTAT 2009

easy hard

heuristic smart algorithms: message passing alg. (SID, BSP),

Monte Carlo based, biased random walks (FMS, ASAT)



phase transitions & algorithms

• Key observation: smart algorithms do not sample  
solutions uniformly (they never find frozen solutions)


• Conjectured ultimate algorithmic threshold is 

• Uniform measure over solutions not very useful to 

understand algorithms -> better biasing the measure 
(see Robust ensemble in Zecchina’s talk)

ααd αc αr αf αs

↵f
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Biasing the measure: a first attempt

• Random hypergraph bicoloring / NAE-k-SAT (k=5)

• Uniform measure:                          Gabrié et al. JPA 2017

• Simulated Annealing works until 


• Bias the measure to reduce 
potentially freezing clauses:

Biased landscapes for random constraint satisfaction problems

27https://doi.org/10.1088/1742-5468/ab02de

J. S
tat. M
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αKS(k,ϵ) =
1

k(k − 1)

(
2k−1 − 1− kϵ

1 + (k − 4)ϵ

)2

, (68)

αr(k,ϵ) =
1

k
Γr(k)

2k−1 − 1− kϵ

1− ϵ
. (69)

In addition the black squares in figure 7 signal a discontinuous appearance of a non-
trivial solution of the 1RSB equations at m  =  1 upon increasing α, that we located by 
a numerical resolution of these equations following the methods explained in section 3. 
One can see on these plots that for all values of ϵ there is a critical density of con-
straints, αd(ϵ), such that a non-trivial solution of the 1RSB equations at m  =  1 exist 
if and only if α > αd(ϵ). To make this separation more visible the area on the left of 
αd(ϵ), i.e. the RS phase of the model, has been painted in gray in figure 7. Let us call 
(αopt,ϵopt) the coordinates of the point on the line αd(ϵ) which maximizes the density 
α of constraints, αopt = maxϵ αd(ϵ), that corresponds to an optimal choice of the bias 
parameter. The numerical values of these optimal parameters can be found in table 1 
for k  =  4, 5 and 6. By definition αopt ! αd,u = αd(ϵ = 0), the dynamic transition of the 
usual model, with the uniform measure over the proper bicolorings; the non-trivial 
result here is that the inequality is strict, i.e. that a well chosen value of the biasing 
parameter ϵ is able to turn the clustered uniform measure into an unclustered biased 
one (for α ∈ [αd,u,αopt]).

A further scrutiny of the phase diagrams reveals different scenarios depending on 
the value of k. For k  =  4 the nature of the bifurcation on the line αd(ϵ) changes pre-
cisely at ϵopt: for ϵ > ϵopt the transition is continuous and thus αd coincides with the 
Kesten–Stigum line αKS, while it is discontinuous for ϵ < ϵopt and there is a cusp at the 
optimal point (we shall come back on this point later on). It turns out that for k  =  4, 
ϵopt < 0: this is rather counterintuitive at first sight, as it means that favoring the almost 
violated configurations of variables actually makes the measure less frustrated. This 
peculiarity can be explained by noticing that for k  =  4 the dynamic transition of the 
uniform measure (ϵ = 0) is continuous and that αKS decreases with ϵ. As the dynamic 

Figure 7. Phase diagram for k  =  4, k  =  5 and k  =  6 (from left to right), in the plane 
(ϵ,α), at zero temperature ω0 = 0. The RS phase, painted in gray, is on the left of 
αd(ϵ), the latter corresponds either to a continuous transition with αd(ϵ) = αKS(ϵ) 
(solid line, see (68)) or to a discontinous transition (black squares). The dashed 
horizontal line corresponds to ϵ = 0, the uniform measure, which intersects αd at 
αd,u. The arrow points to the optimal point that maximizes αd. The dotted line is 
the rigidity threshold αr from (69), the dot-dashed line marks the vanishing of the 
RS entropy (see equation (67)).

↵d = 9.465, ↵s = 10.46
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↵alg ⇡ 9.6
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Budzynski et al. JSTAT 2019



Algorithms & random CSP

• Many phase transitions found

• Several hints for the origin of the computational 

complexity: dynamical phase transition, long range 
correlations, frozen variables, glassy metastable states…


• Exact connection between phase transitions and 
algorithmic threshold is lacking (but in few cases)


• Smart algorithms find more easily solutions which are 
more attractive/accessible (one should count basins of 
attractions!)


• Biased measured can be a good solution

• …but the story is still long…



…meanwhile use Parallel Tempering

• Most robust and general purpose optimization algorithm

• Largest Independent Set in d-regular random graph

MONTE CARLO ALGORITHMS ARE VERY EFFECTIVE IN … PHYSICAL REVIEW E 100, 013302 (2019)
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FIG. 1. Convergence time for βMC (with parameter β = 11), βPT (with parameters βmax = 11, "β = 0.4, and Nβ = 20), and µPT
algorithm (with parameters µmax = 6, "µ = 0.2, and Nµ = 20) for N = 5 × 104 and (a) d = 20 and (b) d = 100. The vertical lines show
the theoretical thresholds for comparison.

For what concerns βMC, the optimal value of β maxi-
mizing the probability of reaching an IS, i.e., a zero-energy
configuration, is likely to depend on N . Consequently, the
convergence time will depend on N , since we expect the
Monte Carlo dynamics to slow down when the temperature
is decreased. Nevertheless, we are not going to make this
detailed study because, as shown in Fig. 1, a standard Monte
Carlo run at a single temperature is easily outperformed by
parallel tempering.

The time to find an IS of a given density ρ is clearly
diverging approaching the algorithmic threshold ρalg. In order
to estimate the algorithmic threshold we need to perform an
extrapolation. The best data interpolation is obtained via a
power-law divergence

τ = C
(ρalg − ρ)ν

, (8)

where C, ν, and ρalg are the fitting parameters (specific to each
different algorithm). The best-fitting curves are shown with
solid lines in Fig. 1. The extrapolated algorithmic thresholds
are reported in Table I, while the best-fitting values for the ν
exponent can be found in Table II. Data in Fig. 1 are for size
N = 5 × 104, which is large enough that finite-size effects are
not present in the estimation of ρalg. The dependence of C and
ν on the size will be discussed in Sec. III. We notice that both
versions of PT (in temperature and chemical potential) have
very similar algorithmic thresholds. This suggests that at that

TABLE II. Best-fitting values for ν. The divergence of the con-
vergence time shown in Fig. 1 is fitted via the power law τ =
C(ρalg − ρ )−ν .

d βMC βPT µPT

20 4.2(2) 3.12(4) 3.34(7)
100 4.0(1) 4.2(2) 3.2(1)

density value there is some unavoidable hardness that affects
both versions of PT. Our PT scheduling is not particularly op-
timized on purpose, because we believe that if an unavoidable
algorithmic barrier arises at a certain density value, this should
affect any version of Monte Carlo–based algorithms. The only
parameter that we decide to fix in an (almost) optimal way
is βmin, i.e., the lowest value for the inverse temperature:
Indeed, a too low βmin requires a larger running time without
any performances improvement (too many replicas at high
temperature are useless), while a too large βmin does not allow
the configurations to decorrelate fast enough. We find that
a very good choice for βmin is the inverse temperature such
that the actual density of the larger IS among the K variables
with n= 1 is almost the maximum IS density reached by the
best greedy algorithm. This means that the replica at βmin can
easily travel in the whole configurational space and this is
enough for the PT algorithm to work properly.

Scaling with N for βPT

We have seen that the PT algorithm is able to find solutions
in a region of ρ where other algorithms fail. The next impor-
tant question to answer is how the number of PT iterations
needs to be scaled with N in order to find an IS of density
ρ. The issue is particularly relevant above ρd and approach-
ing ρalg where the convergence time diverges. To analyze
the scaling with N , we implement an optimized choice of
the temperatures in the PT algorithm, whose derivation is
in the Appendix. The optimized temperatures scheduling
requires a number of replicas in a range β ∈ [0,βmax] that
scales as

√
N . However, the replicas in the range β ∈ [0,βmin]

are useless and can be safely ignored without altering PT
performances. In practice, we end up with Nβ ∼ 40 in the
worst case studied (d = 100, N = 105, and ρ = 0.0646).

To study the size dependence of the convergence time, we
run all our βPT simulations with the temperature set defined
in Eq. (A4) with r = ropt, between βmin and βmax. In Fig. 2
we show for d = 100 the results in a wide range of densities

013302-5
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Bayesian inference

• Teacher-student scenario

• the teacher chooses a ground truth    from the prior 

and a probabilistic model to generate the data

• the teacher provides the student with the prior       ,  

the model          and the data

• the student uses Bayes formula to compute the  

posterior probability distribution


• student problem is then sampling or maximizing  
the posterior probability distribution

x⇤
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Pm(y|x⇤)
<latexit sha1_base64="rXCty6VEp9SvZrHf1JCP08dyAmk=">AAACDHicbZC7TsMwFIadcivlFi4bS0SFVBiqBCHBwFCJhbFI9CK1IXJcp7VqO5HtIELIK/AMrDCzIVbegZE3wWkz0MKRLH/6/3N0jn4/okQq2/4ySguLS8sr5dXK2vrG5pa5vdOWYSwQbqGQhqLrQ4kp4biliKK4GwkMmU9xxx9f5n7nDgtJQn6jkgi7DA45CQiCSkueudf0WK3vszTJHvPvPrs9PvLMql23J2X9BaeAKiiq6Znf/UGIYoa5QhRK2XPsSLkpFIogirNKP5Y4gmgMh7inkUOGpZtOrs+sQ60MrCAU+nFlTdTfEylkUibM150MqpGc93LxP68Xq+DcTQmPYoU5mi4KYmqp0MqjsAZEYKRoogEiQfStFhpBAZHSgc1s8VmmM3HmE/gL7ZO6o/n6tNq4KNIpg31wAGrAAWegAa5AE7QAAg/gGbyAV+PJeDPejY9pa8koZnbBTBmfP14Hm6s=</latexit><latexit sha1_base64="rXCty6VEp9SvZrHf1JCP08dyAmk=">AAACDHicbZC7TsMwFIadcivlFi4bS0SFVBiqBCHBwFCJhbFI9CK1IXJcp7VqO5HtIELIK/AMrDCzIVbegZE3wWkz0MKRLH/6/3N0jn4/okQq2/4ySguLS8sr5dXK2vrG5pa5vdOWYSwQbqGQhqLrQ4kp4biliKK4GwkMmU9xxx9f5n7nDgtJQn6jkgi7DA45CQiCSkueudf0WK3vszTJHvPvPrs9PvLMql23J2X9BaeAKiiq6Znf/UGIYoa5QhRK2XPsSLkpFIogirNKP5Y4gmgMh7inkUOGpZtOrs+sQ60MrCAU+nFlTdTfEylkUibM150MqpGc93LxP68Xq+DcTQmPYoU5mi4KYmqp0MqjsAZEYKRoogEiQfStFhpBAZHSgc1s8VmmM3HmE/gL7ZO6o/n6tNq4KNIpg31wAGrAAWegAa5AE7QAAg/gGbyAV+PJeDPejY9pa8koZnbBTBmfP14Hm6s=</latexit><latexit sha1_base64="rXCty6VEp9SvZrHf1JCP08dyAmk=">AAACDHicbZC7TsMwFIadcivlFi4bS0SFVBiqBCHBwFCJhbFI9CK1IXJcp7VqO5HtIELIK/AMrDCzIVbegZE3wWkz0MKRLH/6/3N0jn4/okQq2/4ySguLS8sr5dXK2vrG5pa5vdOWYSwQbqGQhqLrQ4kp4biliKK4GwkMmU9xxx9f5n7nDgtJQn6jkgi7DA45CQiCSkueudf0WK3vszTJHvPvPrs9PvLMql23J2X9BaeAKiiq6Znf/UGIYoa5QhRK2XPsSLkpFIogirNKP5Y4gmgMh7inkUOGpZtOrs+sQ60MrCAU+nFlTdTfEylkUibM150MqpGc93LxP68Xq+DcTQmPYoU5mi4KYmqp0MqjsAZEYKRoogEiQfStFhpBAZHSgc1s8VmmM3HmE/gL7ZO6o/n6tNq4KNIpg31wAGrAAWegAa5AE7QAAg/gGbyAV+PJeDPejY9pa8koZnbBTBmfP14Hm6s=</latexit><latexit sha1_base64="rXCty6VEp9SvZrHf1JCP08dyAmk=">AAACDHicbZC7TsMwFIadcivlFi4bS0SFVBiqBCHBwFCJhbFI9CK1IXJcp7VqO5HtIELIK/AMrDCzIVbegZE3wWkz0MKRLH/6/3N0jn4/okQq2/4ySguLS8sr5dXK2vrG5pa5vdOWYSwQbqGQhqLrQ4kp4biliKK4GwkMmU9xxx9f5n7nDgtJQn6jkgi7DA45CQiCSkueudf0WK3vszTJHvPvPrs9PvLMql23J2X9BaeAKiiq6Znf/UGIYoa5QhRK2XPsSLkpFIogirNKP5Y4gmgMh7inkUOGpZtOrs+sQ60MrCAU+nFlTdTfEylkUibM150MqpGc93LxP68Xq+DcTQmPYoU5mi4KYmqp0MqjsAZEYKRoogEiQfStFhpBAZHSgc1s8VmmM3HmE/gL7ZO6o/n6tNq4KNIpg31wAGrAAWegAa5AE7QAAg/gGbyAV+PJeDPejY9pa8koZnbBTBmfP14Hm6s=</latexit>

Pp(x)
<latexit sha1_base64="kVLl7M6q98uy+nTYbHekc8/1llw=">AAACAXicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdDCImBjGcFcYLOE2clsMmRmdpmZFcOSymew1dpObH0SS9/ESbKFSfxh4OM/53DO/GHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ7rbcfqdIslg9mnNBA4IFkESPYWMtv9JJqNxTZ0+S8V664NXcmtApeDhXI1eiVf7r9mKSCSkM41tr33MQEGVaGEU4npW6qaYLJCA+ob1FiQXWQzU6eoDPr9FEUK/ukQTP370SGhdZjEdpOgc1QL9em5n81PzXRdZAxmaSGSjJfFKUcmRhN/4/6TFFi+NgCJorZWxEZYoWJsSktbAnFxGbiLSewCq2Lmmf5/rJSv8nTKcIJnEIVPLiCOtxBA5pAIIYXeIU359l5dz6cz3lrwclnjmFBztcvr9qXgw==</latexit><latexit sha1_base64="kVLl7M6q98uy+nTYbHekc8/1llw=">AAACAXicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdDCImBjGcFcYLOE2clsMmRmdpmZFcOSymew1dpObH0SS9/ESbKFSfxh4OM/53DO/GHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ7rbcfqdIslg9mnNBA4IFkESPYWMtv9JJqNxTZ0+S8V664NXcmtApeDhXI1eiVf7r9mKSCSkM41tr33MQEGVaGEU4npW6qaYLJCA+ob1FiQXWQzU6eoDPr9FEUK/ukQTP370SGhdZjEdpOgc1QL9em5n81PzXRdZAxmaSGSjJfFKUcmRhN/4/6TFFi+NgCJorZWxEZYoWJsSktbAnFxGbiLSewCq2Lmmf5/rJSv8nTKcIJnEIVPLiCOtxBA5pAIIYXeIU359l5dz6cz3lrwclnjmFBztcvr9qXgw==</latexit><latexit sha1_base64="kVLl7M6q98uy+nTYbHekc8/1llw=">AAACAXicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdDCImBjGcFcYLOE2clsMmRmdpmZFcOSymew1dpObH0SS9/ESbKFSfxh4OM/53DO/GHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ7rbcfqdIslg9mnNBA4IFkESPYWMtv9JJqNxTZ0+S8V664NXcmtApeDhXI1eiVf7r9mKSCSkM41tr33MQEGVaGEU4npW6qaYLJCA+ob1FiQXWQzU6eoDPr9FEUK/ukQTP370SGhdZjEdpOgc1QL9em5n81PzXRdZAxmaSGSjJfFKUcmRhN/4/6TFFi+NgCJorZWxEZYoWJsSktbAnFxGbiLSewCq2Lmmf5/rJSv8nTKcIJnEIVPLiCOtxBA5pAIIYXeIU359l5dz6cz3lrwclnjmFBztcvr9qXgw==</latexit><latexit sha1_base64="kVLl7M6q98uy+nTYbHekc8/1llw=">AAACAXicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdDCImBjGcFcYLOE2clsMmRmdpmZFcOSymew1dpObH0SS9/ESbKFSfxh4OM/53DO/GHCmTau++0U1tY3NreK26Wd3b39g/LhUUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ7rbcfqdIslg9mnNBA4IFkESPYWMtv9JJqNxTZ0+S8V664NXcmtApeDhXI1eiVf7r9mKSCSkM41tr33MQEGVaGEU4npW6qaYLJCA+ob1FiQXWQzU6eoDPr9FEUK/ukQTP370SGhdZjEdpOgc1QL9em5n81PzXRdZAxmaSGSjJfFKUcmRhN/4/6TFFi+NgCJorZWxEZYoWJsSktbAnFxGbiLSewCq2Lmmf5/rJSv8nTKcIJnEIVPLiCOtxBA5pAIIYXeIU359l5dz6cz3lrwclnjmFBztcvr9qXgw==</latexit>

Pm(·|·)
<latexit sha1_base64="xDtqrFm0dzoXahG2ihs+WlqDh08=">AAACCHicbZC7SgNBFIZnvcZ4W7W0GQxCbMKuCFpYBGwsI5gLJMsyOzubDJnLMjMbCDEv4DPYam0ntr6FpW/iZLOFSTwww8f/n8M5/FHKqDae9+2srW9sbm2Xdsq7e/sHh+7RcUvLTGHSxJJJ1YmQJowK0jTUMNJJFUE8YqQdDe9mfntElKZSPJpxSgKO+oImFCNjpdB1GyGv9nAszVP+X4Ruxat5ecFV8AuogKIaofvTiyXOOBEGM6R11/dSE0yQMhQzMi33Mk1ShIeoT7oWBeJEB5P88ik8t0oME6nsEwbm6t+JCeJaj3lkOzkyA73szcT/vG5mkptgQkWaGSLwfFGSMWgknMUAY6oINmxsAWFF7a0QD5BC2NiwFrZEfGoz8ZcTWIXWZc23/HBVqd8W6ZTAKTgDVeCDa1AH96ABmgCDEXgBr+DNeXbenQ/nc9665hQzJ2ChnK9f/qCZ0A==</latexit><latexit sha1_base64="xDtqrFm0dzoXahG2ihs+WlqDh08=">AAACCHicbZC7SgNBFIZnvcZ4W7W0GQxCbMKuCFpYBGwsI5gLJMsyOzubDJnLMjMbCDEv4DPYam0ntr6FpW/iZLOFSTwww8f/n8M5/FHKqDae9+2srW9sbm2Xdsq7e/sHh+7RcUvLTGHSxJJJ1YmQJowK0jTUMNJJFUE8YqQdDe9mfntElKZSPJpxSgKO+oImFCNjpdB1GyGv9nAszVP+X4Ruxat5ecFV8AuogKIaofvTiyXOOBEGM6R11/dSE0yQMhQzMi33Mk1ShIeoT7oWBeJEB5P88ik8t0oME6nsEwbm6t+JCeJaj3lkOzkyA73szcT/vG5mkptgQkWaGSLwfFGSMWgknMUAY6oINmxsAWFF7a0QD5BC2NiwFrZEfGoz8ZcTWIXWZc23/HBVqd8W6ZTAKTgDVeCDa1AH96ABmgCDEXgBr+DNeXbenQ/nc9665hQzJ2ChnK9f/qCZ0A==</latexit><latexit sha1_base64="xDtqrFm0dzoXahG2ihs+WlqDh08=">AAACCHicbZC7SgNBFIZnvcZ4W7W0GQxCbMKuCFpYBGwsI5gLJMsyOzubDJnLMjMbCDEv4DPYam0ntr6FpW/iZLOFSTwww8f/n8M5/FHKqDae9+2srW9sbm2Xdsq7e/sHh+7RcUvLTGHSxJJJ1YmQJowK0jTUMNJJFUE8YqQdDe9mfntElKZSPJpxSgKO+oImFCNjpdB1GyGv9nAszVP+X4Ruxat5ecFV8AuogKIaofvTiyXOOBEGM6R11/dSE0yQMhQzMi33Mk1ShIeoT7oWBeJEB5P88ik8t0oME6nsEwbm6t+JCeJaj3lkOzkyA73szcT/vG5mkptgQkWaGSLwfFGSMWgknMUAY6oINmxsAWFF7a0QD5BC2NiwFrZEfGoz8ZcTWIXWZc23/HBVqd8W6ZTAKTgDVeCDa1AH96ABmgCDEXgBr+DNeXbenQ/nc9665hQzJ2ChnK9f/qCZ0A==</latexit><latexit sha1_base64="xDtqrFm0dzoXahG2ihs+WlqDh08=">AAACCHicbZC7SgNBFIZnvcZ4W7W0GQxCbMKuCFpYBGwsI5gLJMsyOzubDJnLMjMbCDEv4DPYam0ntr6FpW/iZLOFSTwww8f/n8M5/FHKqDae9+2srW9sbm2Xdsq7e/sHh+7RcUvLTGHSxJJJ1YmQJowK0jTUMNJJFUE8YqQdDe9mfntElKZSPJpxSgKO+oImFCNjpdB1GyGv9nAszVP+X4Ruxat5ecFV8AuogKIaofvTiyXOOBEGM6R11/dSE0yQMhQzMi33Mk1ShIeoT7oWBeJEB5P88ik8t0oME6nsEwbm6t+JCeJaj3lkOzkyA73szcT/vG5mkptgQkWaGSLwfFGSMWgknMUAY6oINmxsAWFF7a0QD5BC2NiwFrZEfGoz8ZcTWIXWZc23/HBVqd8W6ZTAKTgDVeCDa1AH96ABmgCDEXgBr+DNeXbenQ/nc9665hQzJ2ChnK9f/qCZ0A==</latexit>

Pp(·)
<latexit sha1_base64="ovVBq7FU1wm/BN/7iumKPwcEJ4U=">AAACAHicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImhhEbCxjGAumCxhdnY2GTI7s8ycFcKSxmew1dpObH0TS9/ESbKFSfxh4OM/53DO/EEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7gTEMMElawIHwTqJZiQOBGsHo9tpvf3EtOFKPsA4YX5MBpJHnBKw1mOjn1R7NFRw3i9X3Jo7E14FL4cKytXol396oaJpzCRQQYzpem4CfkY0cCrYpNRLDUsIHZEB61qUJGbGz2YXT/CZdUIcKW2fBDxz/05kJDZmHAe2MyYwNMu1qflfrZtCdO1nXCYpMEnni6JUYFB4+n0ccs0oiLEFQjW3t2I6JJpQsCEtbAniic3EW05gFVoXNc/y/WWlfpOnU0Qn6BRVkYeuUB3doQZqIookekGv6M15dt6dD+dz3lpw8pljtCDn6xecIpbk</latexit><latexit sha1_base64="ovVBq7FU1wm/BN/7iumKPwcEJ4U=">AAACAHicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImhhEbCxjGAumCxhdnY2GTI7s8ycFcKSxmew1dpObH0TS9/ESbKFSfxh4OM/53DO/EEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7gTEMMElawIHwTqJZiQOBGsHo9tpvf3EtOFKPsA4YX5MBpJHnBKw1mOjn1R7NFRw3i9X3Jo7E14FL4cKytXol396oaJpzCRQQYzpem4CfkY0cCrYpNRLDUsIHZEB61qUJGbGz2YXT/CZdUIcKW2fBDxz/05kJDZmHAe2MyYwNMu1qflfrZtCdO1nXCYpMEnni6JUYFB4+n0ccs0oiLEFQjW3t2I6JJpQsCEtbAniic3EW05gFVoXNc/y/WWlfpOnU0Qn6BRVkYeuUB3doQZqIookekGv6M15dt6dD+dz3lpw8pljtCDn6xecIpbk</latexit><latexit sha1_base64="ovVBq7FU1wm/BN/7iumKPwcEJ4U=">AAACAHicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImhhEbCxjGAumCxhdnY2GTI7s8ycFcKSxmew1dpObH0TS9/ESbKFSfxh4OM/53DO/EEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7gTEMMElawIHwTqJZiQOBGsHo9tpvf3EtOFKPsA4YX5MBpJHnBKw1mOjn1R7NFRw3i9X3Jo7E14FL4cKytXol396oaJpzCRQQYzpem4CfkY0cCrYpNRLDUsIHZEB61qUJGbGz2YXT/CZdUIcKW2fBDxz/05kJDZmHAe2MyYwNMu1qflfrZtCdO1nXCYpMEnni6JUYFB4+n0ccs0oiLEFQjW3t2I6JJpQsCEtbAniic3EW05gFVoXNc/y/WWlfpOnU0Qn6BRVkYeuUB3doQZqIookekGv6M15dt6dD+dz3lpw8pljtCDn6xecIpbk</latexit><latexit sha1_base64="ovVBq7FU1wm/BN/7iumKPwcEJ4U=">AAACAHicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImhhEbCxjGAumCxhdnY2GTI7s8ycFcKSxmew1dpObH0TS9/ESbKFSfxh4OM/53DO/EEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7gTEMMElawIHwTqJZiQOBGsHo9tpvf3EtOFKPsA4YX5MBpJHnBKw1mOjn1R7NFRw3i9X3Jo7E14FL4cKytXol396oaJpzCRQQYzpem4CfkY0cCrYpNRLDUsIHZEB61qUJGbGz2YXT/CZdUIcKW2fBDxz/05kJDZmHAe2MyYwNMu1qflfrZtCdO1nXCYpMEnni6JUYFB4+n0ccs0oiLEFQjW3t2I6JJpQsCEtbAniic3EW05gFVoXNc/y/WWlfpOnU0Qn6BRVkYeuUB3doQZqIookekGv6M15dt6dD+dz3lpw8pljtCDn6xecIpbk</latexit>

y
<latexit sha1_base64="qDpkxmLBektdhNh8/g8lyWDOUgg=">AAAB/HicbZDLSgMxFIbP1Futt6pLN8EiuCozIujCRcGNywr2Au1QMmmmjU0yQ5IRhqE+g1tduxO3votL38RMOwvb+kPg4z/ncE7+IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc3rnSeqNIvkg0lj6gs8kixkBBtrtfuByNLpoFpz6+5MaBW8AmpQqDmo/vSHEUkElYZwrHXPc2PjZ1gZRjidVvqJpjEmEzyiPYsSC6r9bHbtFJ1ZZ4jCSNknDZq5fycyLLRORWA7BTZjvVzLzf9qvcSE137GZJwYKsl8UZhwZCKUfx0NmaLE8NQCJorZWxEZY4WJsQEtbAlEnom3nMAqtC/qnuX7y1rjpkinDCdwCufgwRU04A6a0AICj/ACr/DmPDvvzofzOW8tOcXMMSzI+foFp0KV4g==</latexit><latexit sha1_base64="qDpkxmLBektdhNh8/g8lyWDOUgg=">AAAB/HicbZDLSgMxFIbP1Futt6pLN8EiuCozIujCRcGNywr2Au1QMmmmjU0yQ5IRhqE+g1tduxO3votL38RMOwvb+kPg4z/ncE7+IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc3rnSeqNIvkg0lj6gs8kixkBBtrtfuByNLpoFpz6+5MaBW8AmpQqDmo/vSHEUkElYZwrHXPc2PjZ1gZRjidVvqJpjEmEzyiPYsSC6r9bHbtFJ1ZZ4jCSNknDZq5fycyLLRORWA7BTZjvVzLzf9qvcSE137GZJwYKsl8UZhwZCKUfx0NmaLE8NQCJorZWxEZY4WJsQEtbAlEnom3nMAqtC/qnuX7y1rjpkinDCdwCufgwRU04A6a0AICj/ACr/DmPDvvzofzOW8tOcXMMSzI+foFp0KV4g==</latexit><latexit sha1_base64="qDpkxmLBektdhNh8/g8lyWDOUgg=">AAAB/HicbZDLSgMxFIbP1Futt6pLN8EiuCozIujCRcGNywr2Au1QMmmmjU0yQ5IRhqE+g1tduxO3votL38RMOwvb+kPg4z/ncE7+IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc3rnSeqNIvkg0lj6gs8kixkBBtrtfuByNLpoFpz6+5MaBW8AmpQqDmo/vSHEUkElYZwrHXPc2PjZ1gZRjidVvqJpjEmEzyiPYsSC6r9bHbtFJ1ZZ4jCSNknDZq5fycyLLRORWA7BTZjvVzLzf9qvcSE137GZJwYKsl8UZhwZCKUfx0NmaLE8NQCJorZWxEZY4WJsQEtbAlEnom3nMAqtC/qnuX7y1rjpkinDCdwCufgwRU04A6a0AICj/ACr/DmPDvvzofzOW8tOcXMMSzI+foFp0KV4g==</latexit><latexit sha1_base64="qDpkxmLBektdhNh8/g8lyWDOUgg=">AAAB/HicbZDLSgMxFIbP1Futt6pLN8EiuCozIujCRcGNywr2Au1QMmmmjU0yQ5IRhqE+g1tduxO3votL38RMOwvb+kPg4z/ncE7+IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc3rnSeqNIvkg0lj6gs8kixkBBtrtfuByNLpoFpz6+5MaBW8AmpQqDmo/vSHEUkElYZwrHXPc2PjZ1gZRjidVvqJpjEmEzyiPYsSC6r9bHbtFJ1ZZ4jCSNknDZq5fycyLLRORWA7BTZjvVzLzf9qvcSE137GZJwYKsl8UZhwZCKUfx0NmaLE8NQCJorZWxEZY4WJsQEtbAlEnom3nMAqtC/qnuX7y1rjpkinDCdwCufgwRU04A6a0AICj/ACr/DmPDvvzofzOW8tOcXMMSzI+foFp0KV4g==</latexit>

P (x|y) = Pm(y|x)Pp(x)

Z(y)
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Bayesian inference

• Statistical estimators are given in terms  
of marginal probabilities  
 

•                        minimizes the MSE

•                        maximizes the MO


• Computing marginal probabilities is as hard as  
computing the partition function

µi(xi) =
X

x\xi

P (x|y)
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bxi = argmax µi(xi)
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bxi =
P

xi
xiµi(xi)
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Random sparse Bayesian inference

• Examples: SBM, planted random graph q-coloring, … 
Given the random graph, infer hidden/planted structure 

• Bayes optimality 
-> noise in the data = noise assumed in doing inference  
-> Nishimori condition in statistical physics  
-> replica symmetric free-energy 
-> Belief Propagation (BP) returns the right marginals!  



Phase transitions & BP thresholds
Decelle et al. PRE 2011

TYPOLOGY OF PHASE TRANSITIONS IN BAYESIAN … PHYSICAL REVIEW E 99, 042109 (2019)
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FIG. 1. Two “standard” scenarios with either (a) and (c) a second-order (continuous) transition or (b) and (d) a first-order (discontinuous)
transition for (a) and (b) the Bayes-optimal (a∗, in blue) and algorithmic (aalg, in red) performance and (c) and (d) the fixed points of Eq. (6),
with solid (dashed) lines for stable (unstable) fixed points. In all panels the vertical axis is the accuracy a and the horizontal axis is the
signal-to-noise ratio c. The thresholds csp, cIT, cKS, and calg, as defined in the text, are marked on the horizontal axes.

bifurcation diagram on the optimal and algorithmic accuracies
a∗(c) and aalg(c) are presented in Fig. 1(b); the latter is only
affected by the change of stability of the trivial fixed point at
cKS, above which it jumps to the only stable fixed point which
must thus coincide with the optimal accuracy a∗(c). In the
interval c ∈ [csp, cKS] the two stable fixed points correspond to
two local minima of the free energy f (a, c); their values cross
each other at the information-theoretic phase transition cIT ∈
[csp, cKS], the trivial (nontrivial) fixed point being the global
minimum for c ∈ [csp, cIT] (c ∈ [cIT, cKS]). One concludes in
this case that the undetectable phase (for c < cIT) and the
easy phase (for c > cKS) are separated by a hard phase (for
c ∈ [cIT, cKS]) in which a nontrivial accuracy is information-
theoretically possible [a∗(c) > 0] yet the iterative algorithm
does not provide any correlation with the signal [aalg(c) = 0].

One can easily imagine more and more complicated bi-
furcation diagrams that will be exhibited by free energies
with more and more stationary points; we will content our-
selves with the next possibility, depicted in Fig. 2. As shown
in Figs. 2(c) and 2(d), the branch of the nontrivial stable
fixed point that appears continuously for c > cKS undergoes
a bifurcation at an algorithmic spinodal calg > cKS, while
the high-accuracy branch disappears discontinuously at the
spinodal csp < calg [the spinodal csp can occur after or before
cKS, as shown in Figs. 2(a) and 2(c) and Figs. 2(b) and
2(d), respectively]. The algorithmic accuracy aalg(c) is in
this case vanishing for c < cKS, growing continuously on
the interval [cKS, calg], and jumping discontinuously at calg.
As we assumed here the existence of a single stable fixed

point for c > calg, the algorithmic accuracy coincides then
with a∗(c) (i.e., the jump reaches the optimal value). To
determine the information-theoretic optimal accuracy in the
presence of two stable fixed points of the recursion, one has
to compare the values of the corresponding local minima
of the free energy f (a, c). Let us call cIT the information-
theoretic transition at which these two free energies cross each
other, inducing a discontinuity in the accuracy a∗(c) of the
global minimum of the free energy. Figures 2(a) and 2(c) and
Figs. 2(b) and 2(d) distinguish further two different scenarios.
In Figs. 2(a) and 2(c) one has cIT > cKS and the four regimes
separated by the transitions cKS < cIT < calg will be called,
for increasing values of c, undetectable, easy, hybrid-hard,
and easy; in Figs. 2(b) and 2(d) cIT < cKS and the four phases
separated by cIT < cKS < calg are undetectable, hard, hybrid-
hard, and easy. In this terminology we define an undetectable
phase by the condition a∗(c) = aalg(c) = 0, an easy phase
by a∗(c) = aalg(c) > 0, a hard phase by a∗(c) > aalg(c) = 0,
and an hybrid-hard phase by a∗(c) > aalg(c) > 0. The hybrid
character of this phase arises from the simultaneous easiness
to beat the trivial accuracy of the uninformative estimator
[aalg(c) > 0] and hardness of achieving the optimal accuracy
[a∗(c) > aalg(c)].

Let us make a few remarks on the classification of possible
phase diagrams for inference problems we just presented.

(i) The scenarios described in this section and more gen-
erally in this paper are the simplest ones and they do not by
far cover all possibilities. One can always devise more compli-
cated free energies f (a, c) with more distinct stationary points

042109-5

optimal (Bayes)

easily achievable (BP)

impossible / easy

cIT = cKS = calg
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Quiet planting in random CSP
Krzakala Zdeborova PRL 2009

planted 5-coloring random graphs



phase diagram & algorithmic hardness

2

colors, we thus consider q different distributions:

Ps(ψ) =
∞
∑

k=0

e−cck

k!

1

(q − 1)k

∑

s1...,sk

∫ k
∏

i=1

[

Psi(ψ
i) dψi

]

δ
[

ψ − f({ψi})
]

, (3)

where si are all the possible colors but s, s is taking values
1, . . . , q, and function f(·) was defined in eq. (1). The fixed
point of (3) may depend on the initial conditions. One might
initialize Ps(ψ) randomly, or in the planted solution itself, i.e.,
all the elements in Ps(ψ) are vectors fully oriented in the di-
rection of the color s. The dependence on initial conditions is
a generic sign for the appearance of different Gibbs states.
Before discussing further properties of the planted ensem-

ble let us review briefly those of the purely random ensemble.
The space of solutions in the coloring of random graphs un-
dergoes several transitions as average degree c is increased
[6, 14]: For low enough degree, c < cd, almost all solutions
(proper colorings of the graph) belong to a single Gibbs state
and the problem can be studied using the BP approach. For
c > cd, the space of solutions shatters into exponentially
many different clusters/states, each corresponding to a dif-
ferent Gibbs state. In this case, a technique called one-step
replica symmetry breaking (1RSB) [4, 15] is used to describe
the phase space. To focus on clusters of a given size we intro-
duce the Parisi 1RSB parameterm, clusters are then weighted
by their size to the power of m [14, 16]. For c < cc a typ-
ical solution belongs to a cluster corresponding to the value
m = 1. For c > cc, although exponentially many clusters ex-
ist, a random solution will with high probability belong to one
of the few largest clusters, corresponding to 0 < m < 1, while
them = 1 clusters do not exist anymore; this is called the con-
densed phase [6]. Finally for c > cs the last cluster disappears
and no solutions exist anymore. On top of this geometrical
behavior in the space of solutions, a remarkable phenomenon
appears within the clusters themselves. In some of them a
finite fraction of variables are allowed only one color (a phe-
nomenon call freezing) [14, 17]. To the best of our knowledge,
no existing algorithm is able to find solutions in the frozen
clusters in polynomial time [5, 14, 23], and since in a region
near to the colorability threshold all clusters are frozen this
provides a bound on the algorithmically hard phase.
Coming back to the planted ensemble, notice that eq. (3) is

nothing else but the 1RSB equation for the coloring of purely
random graphs atm = 1 (compare e.g. with eq. (C4) in [14],
or with the equations for the reconstruction on trees [18]). It
is known from [18] that if (3) is initialized in the planted con-
figuration then in the fixed point the distribution Ps is biased
towards color s above the reconstruction threshold, i.e., for
average degree c > cd [18]. The value cd is then a spinodal
point for the existence of a planted Gibbs state containing the
planted configuration. From the equivalence of eq. (3) with
the 1RSB equation at m = 1 for the purely random ensem-
ble it also follows that both the planted and the purely ran-
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FIG. 1: (color online) Phase diagram on the 5-coloring on the planted
ensemble. Bottom: Sketches of the clustering. At an average degree
cd the space of solutions shatters into exponentially many clusters,
the planted cluster being one of them. Beyond cc the planted cluster
contains more solutions than all the others together. At cs the last
non-planted cluster disappears. Top: Total entropy stot with the sub-
dominant part (dashed). The equilibrium complexity Σequilibrium

(logarithm of the number of dominant clusters), the entropy of the
non-planted clusters and critical degrees are taken from [14].

dom ensembles admit the so-called liquid solution where all
ψs = 1/q. A linear stability analysis shows that the liquid so-
lution is locally stable against small perturbations towards the
planted solution for c < cl = (q−1)2 [24]. Above cl the only
stable fixed point of (3) is strongly biased towards the planted
configuration and cl is therefore a spinodal point for the liquid
state. The fact that the liquid solution is stable for c < cl also
means that the properties of the phase space are not affected
by the very existence of the planted state. This leads us to
the important conclusion —- which we call quiet planting—
that in this region the properties of the planted ensemble are
exactly the same as the properties of the purely random en-
semble, up to the existence of the planted state [25].
For completeness let us mention that, just as in the purely

random ensemble [14], the liquid solution in the planted en-
semble decomposes further into 1RSB states for c > cd. Prop-
erties of these states can be obtained by solving the 1RSB
equations. In the planted ensemble, the 1RSB equations have
only one nontrivial solution independent from the planted
configuration [26] and it is identical to the 1RSB solution in
the purely random ensemble. Since the liquid state is identi-
cal in the two ensembles, it is not so surprising than the same
conclusion applies to the glassy phase.
Phase diagram of planted coloring — We now describe

the phase diagram of the planted ensemble (Fig. 1). Up to the
average degree cd almost all solutions belong to one single
large cluster/state of entropy sBP = log q+(c/2) log(1−1/q).
Above cd the space of solutions splits into exponentiallymany
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colors, we thus consider q different distributions:
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∞
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δ
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, (3)

where si are all the possible colors but s, s is taking values
1, . . . , q, and function f(·) was defined in eq. (1). The fixed
point of (3) may depend on the initial conditions. One might
initialize Ps(ψ) randomly, or in the planted solution itself, i.e.,
all the elements in Ps(ψ) are vectors fully oriented in the di-
rection of the color s. The dependence on initial conditions is
a generic sign for the appearance of different Gibbs states.
Before discussing further properties of the planted ensem-

ble let us review briefly those of the purely random ensemble.
The space of solutions in the coloring of random graphs un-
dergoes several transitions as average degree c is increased
[6, 14]: For low enough degree, c < cd, almost all solutions
(proper colorings of the graph) belong to a single Gibbs state
and the problem can be studied using the BP approach. For
c > cd, the space of solutions shatters into exponentially
many different clusters/states, each corresponding to a dif-
ferent Gibbs state. In this case, a technique called one-step
replica symmetry breaking (1RSB) [4, 15] is used to describe
the phase space. To focus on clusters of a given size we intro-
duce the Parisi 1RSB parameterm, clusters are then weighted
by their size to the power of m [14, 16]. For c < cc a typ-
ical solution belongs to a cluster corresponding to the value
m = 1. For c > cc, although exponentially many clusters ex-
ist, a random solution will with high probability belong to one
of the few largest clusters, corresponding to 0 < m < 1, while
them = 1 clusters do not exist anymore; this is called the con-
densed phase [6]. Finally for c > cs the last cluster disappears
and no solutions exist anymore. On top of this geometrical
behavior in the space of solutions, a remarkable phenomenon
appears within the clusters themselves. In some of them a
finite fraction of variables are allowed only one color (a phe-
nomenon call freezing) [14, 17]. To the best of our knowledge,
no existing algorithm is able to find solutions in the frozen
clusters in polynomial time [5, 14, 23], and since in a region
near to the colorability threshold all clusters are frozen this
provides a bound on the algorithmically hard phase.
Coming back to the planted ensemble, notice that eq. (3) is

nothing else but the 1RSB equation for the coloring of purely
random graphs atm = 1 (compare e.g. with eq. (C4) in [14],
or with the equations for the reconstruction on trees [18]). It
is known from [18] that if (3) is initialized in the planted con-
figuration then in the fixed point the distribution Ps is biased
towards color s above the reconstruction threshold, i.e., for
average degree c > cd [18]. The value cd is then a spinodal
point for the existence of a planted Gibbs state containing the
planted configuration. From the equivalence of eq. (3) with
the 1RSB equation at m = 1 for the purely random ensem-
ble it also follows that both the planted and the purely ran-
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means that the properties of the phase space are not affected
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semble, up to the existence of the planted state [25].
For completeness let us mention that, just as in the purely
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equations. In the planted ensemble, the 1RSB equations have
only one nontrivial solution independent from the planted
configuration [26] and it is identical to the 1RSB solution in
the purely random ensemble. Since the liquid state is identi-
cal in the two ensembles, it is not so surprising than the same
conclusion applies to the glassy phase.
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PACS. 05.70.Jk – Critical point phenomena.
PACS. 64.70.Pf – Glass transitions.
PACS. 75.10.Nr – Spin-glass and other random models.

Abstract. – We introduce a finite-connectivity ferromagnetic model with a three-spin interac-
tion which has a crystalline (ferromagnetic) phase as well as a glass phase. The model is not frus-
trated, it has a ferromagnetic equilibrium phase at low temperature which is not reached dynam-
ically in a quench from the high-temperature phase. Instead it shows a glass transition which
can be studied in detail by a one-step replica-symmetry–broken calculation. This spin model
exhibits the main properties of the structural glass transition at a solvable mean-field level.

Over the last decades there has been a growing interest in understanding the structural
glass transition in complex materials. A major theoretical role has been played by mean-field
theories based on fully connected p-spin-glass models [1–3]. In such models, it was possible
to identify a purely dynamical transition which accounts for the off-equilibrium behaviour of
the models, and which is believed to present some analogies to the structural glass transition
in realistic systems [4–7].

Although this analogy is very fruitful, one must keep in mind that the mean-field spin-glass
models which have been considered are rather remote from the structural glasses. Let us men-
tion just the three most obvious differences: they have no crystalline state, their Hamiltonian
has quenched-in disorder, in the form of an extensive number of quenched coupling constants,
and these couplings are of infinite range. A lot of work has already been devoted to cure these
defects, in order to get a much closer analogy between some lattice spin models and structural
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Fig. 1 – Average energy as a function of temperature for the ferromagnetic model with k = 3.
The rightmost vertical lines are the analytic prediction for the ferromagnetic transitions, while the
leftmost vertical arrows are those for the spin-glass transitions. Continuous lines: results of simulated
annealing experiments (cooling rates from 102 to 105 MCS per ∆T = 0.01), where the magnetization
stays zero and the energy converges to the spin-glass threshold energy. Squares: static energy in the
glassy phase. Crosses: the system is initialized fully magnetized and then slowly heated. Data are
indistinguishable from the superimposed analytic curve. Inset: saddle point value for m as a function
of temperature. The line is the fit 1.41T + 0.138T 2 to T < TK data.

Fig. 2 – Continuous (dashed) lines represent the static (dynamic) transition lines for a 3-spin model
with average connectivity 3γ calculated with a variational Ansatz. Upper (lower) lines refer to the
ferromagnetic (spin-glass) transition. Crosses (with errors): estimations of the critical lines from
Monte Carlo simulations. Squares: results of the algorithm which gives the exact 1-RSB solution.
Black dots on the T = 0 axis mark the exact results for the ferromagnetic model.

have found Tc = 0.(5)745 and TK = 0.(5)660, while the configurational entropy at Tc equals
SConf(Tc) = 0.(5)063 and, as it should, vanishes at TK.

A simple analytic approximation to this one-step RSB result can be obtained by a varia-
tional approximation. In replica language, one can use, for instance, an approximate form for
the order parameter c(σ⃗) of the type [16]

c(var)
rsb (σ⃗) =

n/m∏

a=1

∫
Du exp[β∆u

∑am
b=(a−1)m+1 σb]

∫
Du(2 cosh β∆u)m

, (9)

where Du = du exp[−u2/2]/
√

2π. The free-energy density resulting from this Ansatz has to
be optimized with respect to the variational parameters ∆ and m. We find T var

c = 0.752
and T var

K = 0.654, which coincides well with the numerical solution of the exact saddle point
equation.

The temperature Tc is a dynamical temperature where the relaxation times diverges and
the system becomes nonergodic, while the temperature TK is the Kauzmann temperature
where the system has a thermodynamic phase transition (as in many other cases the fact
that Tc is different from TK is made possible by the mean-field nature of the problem [7]).
This spin-glass solution presents all the properties of the discontinuous spin-glasses in which
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T
<latexit sha1_base64="SLHnCyxAtuYZIE/CwqAS9gT2cZA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGFfkEbymY7adduNmF3I5TQX+DFgyJe/Une/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqN5qBUdivuAmSdeDkpQ476oPTVH8YsjVAaJqjWPc9NjJ9RZTgTOCv2U40JZRM6wp6lkkao/Wxx6IxcWmVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP41GXKFzIipJZQpbm8lbEwVZcZmU7QheKsvr5N2teJdV6qNm3KtlsdRgHO4gCvw4BZq8AB1aAEDhGd4hTfn0Xlx3p2PZeuGk8+cwR84nz+wXYza</latexit>

c
<latexit sha1_base64="eJkjkMXruIAWzMttXLDsvNA1xd8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxxmM6Q==</latexit>easyhardimpossible



SA in planted models (q=5 coloring)
N = 105 ⌧ = 107

<latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit>
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FIG. 1. Energy density as a function of Temperature as found by
Simulated Annealing for planted coloring with q = 5, N = 105,
dT = 10�7, changing the average degree. For each value of c, 10
different samples are simulated. For c . 18, SA does not find the
planted solution. Inset: overlap with the planted configuration as a
function of Temperature (same parameters as in the main Fig.)

It is evident that SA is no more able to find the planted so-
lution for c . 18, that is a higher threshold with respect to
the algorithmic one cl = 16. Let’s comment briefly on the
choice of N and dT . N = 105 is large enough that we can
consider the system in the thermodynamic limit. dT = 10�7

allows the SA to run for a large enough time, however not so
large to allow for activated processes of barrier crossing, that
should take a time O(exp(N)). In this way we are analyzing
the regime in which SA is a sub-exponential algorithm.

We define the overlap Q between the configuration s found
by SA and the planted configuration t as

Q =
max⇡2Sq

P
i
�si,⇡(ti) � 1

q

1� 1
q

(6)

where Sq is the permutation group of q elements. This defini-
tion takes into account the symmetry of the problem under the
color-exchange, and implies Q = 0 for a random guess in the
thermodynamic limit. We show the evolution of Q during the
SA in the inset of Fig. 1: the jump in the energy corresponds
to a jump in Q confirming that SA jumped from the PM to the
planted state.

To explain why SA is not able to find the planted solution
for c . 18, we need to look to the extension to finite temper-
ature of the phase transitions at T = 0. The changing in cd
and cl when temperature is added were already computed in
Ref. [2]: we report them with the name of Td(c) and TKS(c)
(that states for Kesten-Stigum temperature) in Fig. 2. For
T < Td glassy states appear while for T < TKS the paramag-
netic solution is no more stable with respect to perturbations
toward the planted solution. The simulated annealing starts in
the paramagnetic solution at high enough temperature. Then,
decreasing slowing the temperature, depending on the value
of c, it could encounter first the Td or the TKS line. We de-
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FIG. 2. Phase diagram in the c � T plane for the planted-coloring
problem with q = 5. Td(c) is the critical line below which glassy
states appear, while below TKS the paramagnetic solution becomes
unstable toward the planted solution. The Information-Theoretical
threshold cIT corresponds to cc, while we claim that SA is not able
to find the planted solution for c < cSA. We can extract cSA as the
connectivity at which Td(c) = TKS(c).

fine cSA as the connectivity at which Td(c) = TKS(c). If
c > cSA, decreasing T the paramagnetic phase becomes un-
stable with respect to the planted state and SA jumps towards
a configuration highly magnetized towards the planted one.
SA will find the true planted solution approaching T = 0. In
fact the planted state is stable in this region of temperatures
and once the SA falls into it, it is no more able to escape, even
if below Td glassy states appear. Conversely, if c < cSA, de-
creasing T the paramagnet first becomes unstable toward the
glassy states (that we remember to be important now because
we are outside the Nishimori line). SA then falls inside one of
these glassy states. The barriers to escape these glassy states
are extensive, and SA cannot jump anymore to the planted so-
lution, even if the temperature is decreased below TKS : once
the dynamics is trapped by a glassy state, it will stay there for
a time that is exponential in the size of the system. For these
reasons we claim that cSA is the correct threshold for the SA
algorithm.

IV. FINITE SIZE EFFECTS

A further proof for our claim comes looking at finite size
corrections. In Fig. 3 we show the behaviour of SA at con-
nectivity c = 17 < cSA for different sizes of the system.
At first sight, the behaviour of SA seems strange enough: it
can find the planted solution for N  104. However this be-
haviour can be explained looking at the finite size corrections
for Td and TKS . We computed the statistics of TKS on sam-
ples of given size, found analyzing the stability of the para-
magnetic fixed point on given sample by linearization of BP
equations around the paramagnetic fixed point (more details in
the SI). We also computed the statistics of Td on given sam-
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Td
<latexit sha1_base64="L5f/Yof5sFvYjz3+CTn+wJx5fUY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjKtfe0KblxW7AvaoWQymTY0kxmSjFCGfoIbF4q49Yvc+Tdm2goqeuDC4Zx7ufceL+ZMaYQ+rNzG5tb2Tn63sLd/cHhUPD7pqSiRhHZJxCM58LCinAna1UxzOoglxaHHad+bXWd+/55KxSLR0fOYuiGeCBYwgrWR7jpjf1wsIRvVqs0KgsiuIqfebBqCUK1RKUPHkAwlsEZ7XHwf+RFJQio04VipoYNi7aZYakY4XRRGiaIxJjM8oUNDBQ6pctPlqQt4YRQfBpE0JTRcqt8nUhwqNQ890xliPVW/vUz8yxsmOmi4KRNxoqkgq0VBwqGOYPY39JmkRPO5IZhIZm6FZIolJtqkUzAhfH0K/ye9su0g27m9KrVa6zjy4Aycg0vggDpogRvQBl1AwAQ8gCfwbHHr0XqxXletOWs9cwp+wHr7BIsyjfY=</latexit><latexit sha1_base64="L5f/Yof5sFvYjz3+CTn+wJx5fUY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjKtfe0KblxW7AvaoWQymTY0kxmSjFCGfoIbF4q49Yvc+Tdm2goqeuDC4Zx7ufceL+ZMaYQ+rNzG5tb2Tn63sLd/cHhUPD7pqSiRhHZJxCM58LCinAna1UxzOoglxaHHad+bXWd+/55KxSLR0fOYuiGeCBYwgrWR7jpjf1wsIRvVqs0KgsiuIqfebBqCUK1RKUPHkAwlsEZ7XHwf+RFJQio04VipoYNi7aZYakY4XRRGiaIxJjM8oUNDBQ6pctPlqQt4YRQfBpE0JTRcqt8nUhwqNQ890xliPVW/vUz8yxsmOmi4KRNxoqkgq0VBwqGOYPY39JmkRPO5IZhIZm6FZIolJtqkUzAhfH0K/ye9su0g27m9KrVa6zjy4Aycg0vggDpogRvQBl1AwAQ8gCfwbHHr0XqxXletOWs9cwp+wHr7BIsyjfY=</latexit><latexit sha1_base64="L5f/Yof5sFvYjz3+CTn+wJx5fUY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjKtfe0KblxW7AvaoWQymTY0kxmSjFCGfoIbF4q49Yvc+Tdm2goqeuDC4Zx7ufceL+ZMaYQ+rNzG5tb2Tn63sLd/cHhUPD7pqSiRhHZJxCM58LCinAna1UxzOoglxaHHad+bXWd+/55KxSLR0fOYuiGeCBYwgrWR7jpjf1wsIRvVqs0KgsiuIqfebBqCUK1RKUPHkAwlsEZ7XHwf+RFJQio04VipoYNi7aZYakY4XRRGiaIxJjM8oUNDBQ6pctPlqQt4YRQfBpE0JTRcqt8nUhwqNQ890xliPVW/vUz8yxsmOmi4KRNxoqkgq0VBwqGOYPY39JmkRPO5IZhIZm6FZIolJtqkUzAhfH0K/ye9su0g27m9KrVa6zjy4Aycg0vggDpogRvQBl1AwAQ8gCfwbHHr0XqxXletOWs9cwp+wHr7BIsyjfY=</latexit><latexit sha1_base64="L5f/Yof5sFvYjz3+CTn+wJx5fUY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjKtfe0KblxW7AvaoWQymTY0kxmSjFCGfoIbF4q49Yvc+Tdm2goqeuDC4Zx7ufceL+ZMaYQ+rNzG5tb2Tn63sLd/cHhUPD7pqSiRhHZJxCM58LCinAna1UxzOoglxaHHad+bXWd+/55KxSLR0fOYuiGeCBYwgrWR7jpjf1wsIRvVqs0KgsiuIqfebBqCUK1RKUPHkAwlsEZ7XHwf+RFJQio04VipoYNi7aZYakY4XRRGiaIxJjM8oUNDBQ6pctPlqQt4YRQfBpE0JTRcqt8nUhwqNQ890xliPVW/vUz8yxsmOmi4KRNxoqkgq0VBwqGOYPY39JmkRPO5IZhIZm6FZIolJtqkUzAhfH0K/ye9su0g27m9KrVa6zjy4Aycg0vggDpogRvQBl1AwAQ8gCfwbHHr0XqxXletOWs9cwp+wHr7BIsyjfY=</latexit>
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<latexit sha1_base64="0kvWl0zHodL6eqoOI3wV5+sVFbQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkkVO90V3AhuKvYF7VAyaaaNzUyGJCOUof/gxoUibv0fd/6NmbaCih64cDjnXu69x48F1wahDye3srq2vpHfLGxt7+zuFfcP2lomirIWlUKqrk80EzxiLcONYN1YMRL6gnX8yWXmd+6Z0lxGTTONmReSUcQDTomxUrs5SK9vZ4NiCZURQhhjmBFcvUCW1GpuBbsQZ5ZFCSzRGBTf+0NJk5BFhgqidQ+j2HgpUYZTwWaFfqJZTOiEjFjP0oiETHvp/NoZPLHKEAZS2YoMnKvfJ1ISaj0NfdsZEjPWv71M/MvrJSZwvZRHcWJYRBeLgkRAI2H2OhxyxagRU0sIVdzeCumYKEKNDahgQ/j6FP5P2pUyPiujm/NS3V3GkQdH4BicAgyqoA6uQAO0AAV34AE8gWdHOo/Oi/O6aM05y5lD8APO2yev2Y8t</latexit>



Phase diagram for predicting MC behavior

Conjecture:

SA works if
TKS > Td

<latexit sha1_base64="jxyirnYsMU1HTZNAMly83pOpehA=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtNKbgR3FRsa7EdhkyatqGZzJBkhDL0L9y4UMStf+POvzF9CCp64MLhnHu5954g5kxphD6szMrq2vpGdjO3tb2zu5ffP2irKJGEtkjEI9kJsKKcCdrSTHPaiSXFYcDpbTC+mPm391QqFommnsTUC/FQsAEjWBvprumnVzfTWtPv+/kCsqtVVHZciOwzhIpu1RBUKlZcFzo2mqMAlmj4+fdePyJJSIUmHCvVdVCsvRRLzQin01wvUTTGZIyHtGuowCFVXjq/eApPjNKHg0iaEhrO1e8TKQ6VmoSB6QyxHqnf3kz8y+smelDxUibiRFNBFosGCYc6grP3YZ9JSjSfGIKJZOZWSEZYYqJNSDkTwten8H/SLtpOyUbX5UK9towjC47AMTgFDjgHdXAJGqAFCBDgATyBZ0tZj9aL9bpozVjLmUPwA9bbJ3ZkkMY=</latexit>
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<latexit sha1_base64="cyP277usK4s1hst16vAFqfPZTKY=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHgRW8V+oXtUrJptg1NskuSFcrSf+HFgyJe/Tfe/Dem7R609cHA470ZZuaFieDGet43Wlvf2NzaLuwUd/f2Dw5LR8ctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx7cxvPzFteKwadpKwQJKh4hGnxDrpkfaznpb4vjHtl8pexZsDrxI/J2XIUe+XvnqDmKaSKUsFMabre4kNMqItp4JNi73UsITQMRmyrqOKSGaCbH7xFJ87ZYCjWLtSFs/V3xMZkcZMZOg6JbEjs+zNxP+8bmqjmyDjKkktU3SxKEoFtjGevY8HXDNqxcQRQjV3t2I6IppQ60IquhD85ZdXSata8S8r1Yercq2Wx1GAUziDC/DhGmpwB3VoAgUFz/AKb8igF/SOPhatayifOYE/QJ8/KLaQkg==</latexit>

TIT
<latexit sha1_base64="p7/Nc2vKoXSlWMWm96Ej+xC59sQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgRW8R8sJkCbOT2WTIPJaZWSEs+QsvHhTx6t9482+cJHvQxIKGoqqb7q4o4cxY3//21tY3Nre2CzvF3b39g8PS0XHLqFQT2iSKK92JsKGcSdq0zHLaSTTFIuK0HY1vZ377iWrDlGzYSUJDgYeSxYxg66THRj/raYHuG9N+qexX/DnQKglyUoYc9X7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm84un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7Hw2YpsTyiSOYaOZuRWSENSbWhVR0IQTLL6+SVrUSXFaqD1flWi2PowCncAYXEMA11OAO6tAEAhKe4RXePOO9eO/ex6J1zctnTuAPvM8fEXOQgw==</latexit>

Td
<latexit sha1_base64="wKd1TzT9nuuZwBu+6isj+VTfhi4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+iVtKJvNpl26uwm7G6GE/govHhTx6s/x5r9xm+agrQ8GHu/NMDMvSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6jhVhHZIzGPVD7CmnEnaMcxw2k8UxSLgtBdM7xZ+74kqzWLZNrOE+gKPJYsYwcZKj+1RNlQChfNRtebW3RxonXgFqUGB1qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHlkosqPaz/OA5urBKiKJY2ZIG5erviQwLrWcisJ0Cm4le9Rbif94gNdGtnzGZpIZKslwUpRyZGC2+RyFTlBg+swQTxeytiEywwsTYjCo2BG/15XXSbdS9q3rj4brWbBZxlOEMzuESPLiBJtxDCzpAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBkwGQQA==</latexit>

cd
<latexit sha1_base64="9O+ckANzEvx53siGXE0g4L1nkYg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHgxWMF+yHtUrLZbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLU8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJsk0ZS2aiER3Q2KY4Iq1LLeCdVPNiAwF64Tj25nfeWLa8EQ92EnKAkmGisecEuukRzrI+1riaDqoVL2aNwdeJX5BqlCgOah89aOEZpIpSwUxpud7qQ1yoi2ngk3L/cywlNAxGbKeo4pIZoJ8fvAUnzslwnGiXSmL5+rviZxIYyYydJ2S2JFZ9mbif14vs/FNkHOVZpYpulgUZwLbBM++xxHXjFoxcYRQzd2tmI6IJtS6jMouBH/55VXSrtf8y1r9/qraaBRxlOAUzuACfLiGBtxBE1pAQcIzvMIb0ugFvaOPResaKmZO4A/Q5w+qNZBP</latexit>

cKS
<latexit sha1_base64="pF6ziItRRDuuAJCWVMGImodS5I0=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHgRfBS0X5gu5Rsmm1Dk+ySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdD31W09MGx6rBztOWCDJQPGIU2Kd9Eh7WVdLfHs/6ZXKXsWbAS8TPydlyFHvlb66/ZimkilLBTGm43uJDTKiLaeCTYrd1LCE0BEZsI6jikhmgmx28QSfOqWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnr6P+1wzasXYEUI1d7diOiSaUOtCKroQ/MWXl0mzWvHPK9W7i3KtlsdRgGM4gTPw4RJqcAN1aAAFBc/wCm/IoBf0jj7mrSsonzmCP0CfPyo9kJM=</latexit>
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Strong finite size effects

TKS
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FIG. 3. Energy density as a function of Temperature as found by
Simulated Annealing for planted coloring with q = 5, c = 17, dT =
10�7, changing N . For each value of N , 10 different samples are
simulated. For N = 105 SA does not find the planted solution.

ples, found by running BP initialized around a planted glassy
state at a given temperature, and looking at the temperature
at which the glassy state becomes unstable towards the para-
magnet (more details in the SI). We cannot compare directly
TKS and Td for a given sample, because, as explained exhaus-
tively in the SI, we look at the ensemble of graphs planted
at T = 0 to compute TKS , and to the ensemble of graphs
planted at T to find Td. However to compare the two we
can resonably assume that the finite size is effectively chang-
ing the connectivity c. Being Td and TKS both monotonic
functions of c, we can now immagine that the sample that has
the highest Td will also have the highest TKS . Following the
same reasoning, we can order TKS and Td in decreasing or-
der and pair them following their order. For each pair, we
can now look to the max(TKS , Td), because we understood
in the previous section that the highest of the two is the im-
portant one to understand the behaviour of SA. In Fig. 4 we
show the frequency of the max(TKS , Td) for different sizes
at c = 17. Filled curves (for N = 103, 104) are the ones
for which max(TKS , Td) = TKS for each pair, while empty
curve indicate that max(TKS , Td) = Td for each pair. This
data are thus in agreement with our claim on the behaviour of
SA, that finds the planted state for N = 103 and 104 when
TKS > Td.

V. REPLICATED SIMULATED ANNEALING

In the precedent section, we have seen that SA is not able
to reach the algorithmic threshold because of the glassy states.
In this section we will see how to modify the SA algorithm in
order to improve its performances and eventually reach the al-
gorithmic threshold. In Ref. [3] the idea to couple replicas
is used to enhance the performances of several different al-
gorithms. Here we will see that indeed to couple replicas is
useful to move the threshold for SA to reach the BP one.
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Replicated Simulated Annealing for planted coloring with q = 5,
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replicas. For each value of y, 10 different samples are simulated.
While for y = 1 SA does not find the planted solution, as long as
y > 1 RSA finds it. The vertical line represents TKS as found by
the linearization of BP equations around the PM solution in the limit
y ! 1.

For this reason, we simulate y ferromagnetically coupled
replicas, following the suggestion of ref. [3], with energy
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� controls the intensity of the ferromagnetic coupling between
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Analytical prediction of finite size effects

• Solution on the infinite tree -> thermodynamic limit

• BP on a given graph -> finite size effects (unexpected!)
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Strong finite size effects (understood)
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FIG. 3. Energy density as a function of Temperature as found by
Simulated Annealing for planted coloring with q = 5, c = 17, dT =
10�7, changing N . For each value of N , 10 different samples are
simulated. For N = 105 SA does not find the planted solution.

ples, found by running BP initialized around a planted glassy
state at a given temperature, and looking at the temperature
at which the glassy state becomes unstable towards the para-
magnet (more details in the SI). We cannot compare directly
TKS and Td for a given sample, because, as explained exhaus-
tively in the SI, we look at the ensemble of graphs planted
at T = 0 to compute TKS , and to the ensemble of graphs
planted at T to find Td. However to compare the two we
can resonably assume that the finite size is effectively chang-
ing the connectivity c. Being Td and TKS both monotonic
functions of c, we can now immagine that the sample that has
the highest Td will also have the highest TKS . Following the
same reasoning, we can order TKS and Td in decreasing or-
der and pair them following their order. For each pair, we
can now look to the max(TKS , Td), because we understood
in the previous section that the highest of the two is the im-
portant one to understand the behaviour of SA. In Fig. 4 we
show the frequency of the max(TKS , Td) for different sizes
at c = 17. Filled curves (for N = 103, 104) are the ones
for which max(TKS , Td) = TKS for each pair, while empty
curve indicate that max(TKS , Td) = Td for each pair. This
data are thus in agreement with our claim on the behaviour of
SA, that finds the planted state for N = 103 and 104 when
TKS > Td.

V. REPLICATED SIMULATED ANNEALING

In the precedent section, we have seen that SA is not able
to reach the algorithmic threshold because of the glassy states.
In this section we will see how to modify the SA algorithm in
order to improve its performances and eventually reach the al-
gorithmic threshold. In Ref. [3] the idea to couple replicas
is used to enhance the performances of several different al-
gorithms. Here we will see that indeed to couple replicas is
useful to move the threshold for SA to reach the BP one.
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and Td in the thermodynamic limit.
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FIG. 5. Energy density as a function of Temperature as found by
Replicated Simulated Annealing for planted coloring with q = 5,
N = 105, dT = 10�7, c = 17, changing the number y of real
replicas. For each value of y, 10 different samples are simulated.
While for y = 1 SA does not find the planted solution, as long as
y > 1 RSA finds it. The vertical line represents TKS as found by
the linearization of BP equations around the PM solution in the limit
y ! 1.

For this reason, we simulate y ferromagnetically coupled
replicas, following the suggestion of ref. [3], with energy

H(s) =
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FIG. 3. Energy density as a function of Temperature as found by
Simulated Annealing for planted coloring with q = 5, c = 17, dT =
10�7, changing N . For each value of N , 10 different samples are
simulated. For N = 105 SA does not find the planted solution.

ples, found by running BP initialized around a planted glassy
state at a given temperature, and looking at the temperature
at which the glassy state becomes unstable towards the para-
magnet (more details in the SI). We cannot compare directly
TKS and Td for a given sample, because, as explained exhaus-
tively in the SI, we look at the ensemble of graphs planted
at T = 0 to compute TKS , and to the ensemble of graphs
planted at T to find Td. However to compare the two we
can resonably assume that the finite size is effectively chang-
ing the connectivity c. Being Td and TKS both monotonic
functions of c, we can now immagine that the sample that has
the highest Td will also have the highest TKS . Following the
same reasoning, we can order TKS and Td in decreasing or-
der and pair them following their order. For each pair, we
can now look to the max(TKS , Td), because we understood
in the previous section that the highest of the two is the im-
portant one to understand the behaviour of SA. In Fig. 4 we
show the frequency of the max(TKS , Td) for different sizes
at c = 17. Filled curves (for N = 103, 104) are the ones
for which max(TKS , Td) = TKS for each pair, while empty
curve indicate that max(TKS , Td) = Td for each pair. This
data are thus in agreement with our claim on the behaviour of
SA, that finds the planted state for N = 103 and 104 when
TKS > Td.

V. REPLICATED SIMULATED ANNEALING

In the precedent section, we have seen that SA is not able
to reach the algorithmic threshold because of the glassy states.
In this section we will see how to modify the SA algorithm in
order to improve its performances and eventually reach the al-
gorithmic threshold. In Ref. [3] the idea to couple replicas
is used to enhance the performances of several different al-
gorithms. Here we will see that indeed to couple replicas is
useful to move the threshold for SA to reach the BP one.
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for each pair of temperatures, while empty curve indicates that
max(TKS , Td) = Td. Td is always higher than TKS for N = 105,
in agreement with the behaviour of SA, that we claim not to find the
planted state when TKS < Td. Vertical dashed lines represent TKS

and Td in the thermodynamic limit.
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FIG. 5. Energy density as a function of Temperature as found by
Replicated Simulated Annealing for planted coloring with q = 5,
N = 105, dT = 10�7, c = 17, changing the number y of real
replicas. For each value of y, 10 different samples are simulated.
While for y = 1 SA does not find the planted solution, as long as
y > 1 RSA finds it. The vertical line represents TKS as found by
the linearization of BP equations around the PM solution in the limit
y ! 1.

For this reason, we simulate y ferromagnetically coupled
replicas, following the suggestion of ref. [3], with energy
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Replicated SA

• Proposed by Zecchina & co. to sample states of larger 
entropy with higher probability


• Very simple implementation

• R replicas     with

• energy function prefers replicas to be close by


•        in all next plots

a = 1, . . . , R
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FIG. 3. Energy density as a function of Temperature as found by
Simulated Annealing for planted coloring with q = 5, c = 17, dT =
10�7, changing N . For each value of N , 10 different samples are
simulated. For N = 105 SA does not find the planted solution.

ples, found by running BP initialized around a planted glassy
state at a given temperature, and looking at the temperature
at which the glassy state becomes unstable towards the para-
magnet (more details in the SI). We cannot compare directly
TKS and Td for a given sample, because, as explained exhaus-
tively in the SI, we look at the ensemble of graphs planted
at T = 0 to compute TKS , and to the ensemble of graphs
planted at T to find Td. However to compare the two we
can resonably assume that the finite size is effectively chang-
ing the connectivity c. Being Td and TKS both monotonic
functions of c, we can now immagine that the sample that has
the highest Td will also have the highest TKS . Following the
same reasoning, we can order TKS and Td in decreasing or-
der and pair them following their order. For each pair, we
can now look to the max(TKS , Td), because we understood
in the previous section that the highest of the two is the im-
portant one to understand the behaviour of SA. In Fig. 4 we
show the frequency of the max(TKS , Td) for different sizes
at c = 17. Filled curves (for N = 103, 104) are the ones
for which max(TKS , Td) = TKS for each pair, while empty
curve indicate that max(TKS , Td) = Td for each pair. This
data are thus in agreement with our claim on the behaviour of
SA, that finds the planted state for N = 103 and 104 when
TKS > Td.

V. REPLICATED SIMULATED ANNEALING

In the precedent section, we have seen that SA is not able
to reach the algorithmic threshold because of the glassy states.
In this section we will see how to modify the SA algorithm in
order to improve its performances and eventually reach the al-
gorithmic threshold. In Ref. [3] the idea to couple replicas
is used to enhance the performances of several different al-
gorithms. Here we will see that indeed to couple replicas is
useful to move the threshold for SA to reach the BP one.
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FIG. 4. Frequency of the max(TKS , Td) for different sizes at c = 17
(more details on the computation in the text). Filled curves (for
N = 103, 104) are the ones for which max(TKS , Td) = TKS

for each pair of temperatures, while empty curve indicates that
max(TKS , Td) = Td. Td is always higher than TKS for N = 105,
in agreement with the behaviour of SA, that we claim not to find the
planted state when TKS < Td. Vertical dashed lines represent TKS

and Td in the thermodynamic limit.
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FIG. 5. Energy density as a function of Temperature as found by
Replicated Simulated Annealing for planted coloring with q = 5,
N = 105, dT = 10�7, c = 17, changing the number y of real
replicas. For each value of y, 10 different samples are simulated.
While for y = 1 SA does not find the planted solution, as long as
y > 1 RSA finds it. The vertical line represents TKS as found by
the linearization of BP equations around the PM solution in the limit
y ! 1.

For this reason, we simulate y ferromagnetically coupled
replicas, following the suggestion of ref. [3], with energy

H(s) =
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� controls the intensity of the ferromagnetic coupling between

c = 17 N = 105 ⌧ = 107
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Replicated model: analytical results

• Exact solution is costly: supervariables with    values

• Run BP on the replicated graph 

(there are short loops!)

• For large y short loops 

become weaker 
-> the BP threshold 
coincides with RSA


• For y>1 the glass transition is continuous

• Computations on the infinite tree returns badly wrong 

thresholds (unless supervariables are used)
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New critical lines for the replicated model
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replicas, and we decided to scale it with y to have a finite limit
of TKS and Td when y ! 1. The Replicated Simulated An-
nealing (RSA) works exactly as SA: we start at high enough
temperature from random independent configurations of each
replica. After each MC step, based on the energy of eq. (7),
the temperature is decreased of dT . This change in temper-
ature induces the system to look for lower energy configura-
tions both increasing the antiferromagnetic coupling between
nearest neighbors and increasing the ferromagnetic coupling
between replicas. We fixed in all our experiments the value of
� to � = 1. A complete study of the optimal value of � could
be performed, but it was beyond our purpose.

In Fig. 5 we show the behaviour of RSA for N = 105

and c = 17. We have shown in Fig. 1 that SA, in the same
situation, can not find the planted solution. RSA can find the
planted solution as long as y > 1.

In the precedent section, we claimed that SA stops finding
the planted solution as long as Td(c) > TKS(c). Here we
make the same claim for RSA. To compute the new threshold
for RSA, we thus compute how Td and TKS change when
replicas are coupled (details of the computation are present in
the SI). Results are shown in Fig. 6: as long as y > 1, the
cross of T y

d
(c) with T y

KS
(c) is compatible with the one for BP

c = 16. As long as y > 1, changing the number of replicas y
does not seem to lead to improvements, as we also see directly
from the RSA simulation, see Fig. 5. The best choice is thus
to use y = 2, because the time for RSA scales as O(y ·N).

Let us finally point out that both T y

d
and T y

KS
are very dif-

ferent from their y = 1 counterpart, shown in Fig. 2. In
particular we saw that TKS does not go to zero at any finite
c, at variance with what happens in the y = 1 case at c = cl.
Moreover, as long as y > 1, the transition towards the glassy
states becomes continuous, while for y = 1 glassy states at Td

are already well-formed states. This fact has the trivial con-
sequence that we can compute Td very easily for y > 1 from
the linearization of the BP equations in a random graph, in a
way similar to the computation of TKS on the planted graph
(more details in the SI).

VI. DISCUSSION AND PERSPECTIVES

In this work we analyze the planted coloring problem with
the use of Monte-Carlo methods. This problem is a well un-
derstood inference problem: there is an easy phase for c > cl
where Bayes-optimal algorithms are able to find the planted
solution, followed by an hard phase for cc < c < cl in which
no known algorithm is able to recover the planted solution in a
time that scales polynomially with the size of the system, even
if the planted state is the dominant one, followed by an impos-
sible phase for c < cc where an exponential number of ran-
dom solutions exists, leading to the impossibility to find the
planted one. Bayes optimal algorithms, as the BP one, work
at zero temperature, on the so-called Nishimori line, where the
only thermodynamic transition that can exists changing c is a
first-order one between a paramagnetic and a ferromagnetic
(planted) state: from one hand glassy states are not negatively
influencing the zero temperature algorithms; from the other
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FIG. 6. TKS and Td as a function of c changing the number of repli-
cas y. Data are averaged over 10 samples of size N = 106 (large
enough not to have finite size effects). Inset: TKS � Td is plotted
versus c for different y. The connectivity c where their difference
reaches 0 is compatible with the BP threshold cl = 16

hand, taking them into account is not useful to optimize zero-
temperature algorithms, as shown in ref. [9].

Things are different when one works out of the Nishimori
line, in this case at temperature different from zero. In this sit-
uation glassy states are important and they can influence neg-
atively the performances of the algorithms. The MC based
algorithms, like SA, are in this situation. In the literature,
there is not a clear indication on which is the correct thresh-
old for these algorithms: while some old references suggest
that indeed glassy states do influence negatively the perfor-
mances of the Non-Bayes optimal algorithms reducing their
performances [10], some more recent works claim that MC
solvers can reach the BP threshold [2]. Finally in ref. [9]
the question on whether do glassy states negatively influence
MC samplers has been raised again. In this paper we clearly
show that the threshold for MC solvers is indeed higher than
the Bayes-Optimal one: the planted solution cannot be found
if, coming from high temperature, the dynamical transition is
encountered earlier than the Kesten-Stigum transition. In this
case in fact, glassy states trap the dynamics and the system
cannot escape from them in a sub-exponential time.

We then analyzed the performances of the Replicated Sim-
ulated Annealing, an algorithm inspired to Ref. [3]. We found
that the performances of this improved MC solver are compa-
rable with those of Bayes optimal algorithms. In this paper we
showed this result for the planted coloring case, however we
expect it to hold for all the planted sparse hard problems (we
already tested it in the hypergraph bicoloring case reaching
the same conclusions).

In a recent paper we compared the performances of SA and
RSA for an optimization problem, the random large indepen-
dent set problem [11]. In that case we did not find a great
improvement of the replicated version, as we found instead in
the planted coloring case. In ref. [3], to couple replicas was
introduced as a way to probe wide states with larger internal
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Conclusions and perspectives

• Analytic predictions for the algorithmic thresholds of 
SA and RSA (for y large)


• Mandatory to consider the dynamical transition towards 
glassy states (not seen by AMP or BP)


• Finite size effects can be studied via BP on finite graphs

• Glass transition in replicated model (y>1) is continuous


• Linear time MC algorithm work up to the boundary of 
the hard phase. Can super-linear MC algorithm work 
inside the hard phase?



Thanks!


