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Out of equilibrium dynamics in
2 mean-field spin glass models

* Spherical mixed p-spin model:
- starting thermalized at a finite T’
- T=0 relaxation dynamics
- analytical solution with N=co
- Monte Carlo for small sizes

* Viana-Bray model (SG on a RRG):
- starting from a random configuration
- Glauber dynamics at T<T.
- Monte Carlo with huge sizes and fimes
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Main (unexpected) results

* Spherical mixed p-spin model:
- T=0 dynamics goes below the threshold energy!
- positive correlation with the initial configuration
- complexity gives only a qualitative explanation
of the asymptotic dynamics

* Viana-Bray model (SG on a RRG):
the dynamics with T<T. does not decorrelate from
the initial random configuration
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Strong ergodicity breaking




Definition of models

e Fully connected spherical mixed p-spin model
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Definition of models

e Ising spin glass on a sparse random graph (SK-like)

H(Q): Z JijO'iO'j

(2j)€E
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P(J) = %W 1)+ %5@] 1)

E is the edgeset of a random 4-regular graph



Different universality classes

e Fully connected spherical SG models with p>2 undergo a
discontinuous Random First Order Transition (RFOT)

e Ising SG models with pairwise interactions undergo a
continuous Spin Glass transition

e ..but similar unexpected results!



Dynamical mean-field theory

(exact for fully-connected weakly interacting models)

e Langevin dynamics at T starting thermalized at T

51(t) = — 5 (2(0) — p(B)as(t) + (1) + ha(t)

(&i(1)&;(t) = 2T6:;6(t —t')  a(0) ~ exp[—H(c(0))/T"]

e Large N limit first

C(t,¢) = +:(a(t) - o ()}
n 1 0(o(D)
R(t,t): szzl (WL?;(t/) -




Dynamical mean-field theory

(exact for fully-connected weakly interacting models)

e Closed set of equations in C(1,1) and R(t,t')
4
0 C(t,t") = — pu)C(t,t") +2TR(t',t) + / dsf"(C(t,s))R(t,s)C(s,t')
0

4 /O dsf'(C(t,s)R(¥,s) + f'(C(t,0)C(t,0)/T’

— ()R, ) +0(t —t') + / dsf"(C(t,s))R(t,s)R(s,t)

t

O:R(t,t)

u(t) = T—|—/O dsf"(C(t,s))R(t,s)C(t, s)

+/O dsf'(C(t,s))R(t,s) + f'(C(t,0))C(t,0)/T"



Dynamical mean-field theory

(exact for fully-connected weakly interacting models)
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dependence

Can be set
to T=0
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dependence
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Dependence on the initial condition at T




Cugliandolo-Kurchan solution

Aging solution for T'=eco and T<T4
« weak long term memory

e weak ergodicity breaking: lim C(t,t') =0 v’

t— 00

e (C(t,t)plateau value is marginal: " (gm)(1 —qn)? =17
e energy relaxes to threshold energy

e modified fluctuation-dissipation relation

oC(t, 1)

TR(t,t) = X[C(t, )] —7
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Static-dynamic connection




Static-dynamic connection

N.B. the mixed model has chaos in T



What happens for finite T ?

e Simplest guess: all T'>Tq4 are equivalent (ergodic phase)

e Asymptotic dynamics <-> FP potential saddle point

p = tli>m C'(t,0)
C(A) = tlggo C'(t, At)

do = ;12% C(A)
g1 = )l\im C(\)

—1

z=R(A)/C(A)

d1 = dm
0=0,V
0=0,V
0=0,V



What happens for finite T ?
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What happens for finite T ?

E=FEy — B f(p) + Bxf(qo)



What happens for finite T ?

p>0 . Energy

E<E, - increase
lowering T7?!
—

E=FEy — B f(p) + Bxf(qo)



What happens for finite T ?

E=FEy — B f(p) + Bxf(qo)



What happens for finite T ?

E=FEy — B f(p) + Bxf(qo)
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Quenches from T’ to T=0
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How to integrate the equations

e We use a fixed time step At
Then we extrapolate in the limit At — 0
This is a safe procedure!

e A variable time step does not work for mixed models
with discontinuous phase transition...
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Correlation with the initial configuration
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Correlation with the initial configuration
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Correlation with the initial configuration

09 r

0.8

0.6 [

C(t,0)
&)
O

04

I
1
'
I
1
e '
I
.
L '
I
'
'
I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1/3



Correlation with the initial configuration
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Correlation with the initial configuration

09 r

0.7 [

.
.
’
.
.
’
.
.
|
[l

C(t,0)

04

.
g
.
.
.
g
.
[ .
.
.
’
.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1/3



T=0 fluctuation-dissipation plot

T=0.01 T=0.1

X(,t)
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T=0 fluctuation-dissipation plot

4
(1) = /t R(t,s)ds vs. C(t1')
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4
(1) = /t R(t,s)ds vs. C(t1')




T=0 fluctuation-dissipation plot

4
(1) = /t R(t,s)ds vs. C(t1')

) O<p<qgy <1
C {y G <C <1 aging in a

confined space?



Phase transition in T'?
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Phase transition in T'?
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Extrapolated E()

Phase transition in T'?

-1.688
-1.689 [
-1.69
o F(p(t))
i Lo « i *
-1.692 + F x x X ~Y
e(t) ~ emn +y" fqo(?)) :
-1.693 .t L X X * 1 T
- + " X X
-1.694 7
fit power -2/3  * ( ) Y ( )

1695 F fit power -1/3 = | qo t - Oép t
' fit exponential

X time 1300
-1.696 | ~ theoretical prediction

. threshold energy
-1.697
0.805 0.81 0.815 0.82 0.825 0.83
Tl
0.020 -
0.015 -

possibly a phase

0.010
transition at
1

y*ai%

0.005 }

T, =

~0.005 -

-0.010 -



How it goes below the threshold?

(3+4)-spin
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How it goes below the threshold?

(3+4)-spin
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Can we predict the dynamics asymptotic
via a static complexity computation?

e T=0 relaxation dynamics goes to local minima

e Count the mean logarithm of the number of local minima
at fixed overlap p to an equilibrium configuration at T’

S(p,T',E, 1) EJ/DUO —H;(c)/T’
log [/1705 g’ —pN 5( J(c )_E)5(VHJ(Q)‘|‘MQ)’det(H(HJ(Q)>‘|‘MH)|]
 Good candidates for describing the dynamics at large

times are marginal stationary points of the energy
function



Computing the complexity

e Hessian spectrum is a

shifted semicircle law m ’
=23/

minima have u > u* and saddles have p < u*

e Main difference between pure and mixed models
e:Zcz%ep /L:—chpep
p p
ILL*

pure model marginal states concentrate at e;, = ——
p

mixed model has marginal states at different energies!



Complexity of the mixed model

(3+4)-spin p* =6 5(E)
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Satisfied with the constrained complexity?

e Explains well why marginals states closer to the initial
configuration (p>0) have lower energies

e Predicts too low values for y and qo



Satisfied with the constrained complexity?

e Explains well why marginals states closer to the initial
configuration (p>0) have lower energies

e Predicts too low values for y and qo

‘ Possible explanation:
‘ qo“ - dynamics gets trapped and makes

aging in just one marginal manifold
s s

- static complexity counts them all
(small qo)



Ising SG on a sparse RRG

e Random 4-regular graph, J;; = +1
e Quench from T'=e0 to T=0.8 T¢
e EXxpected aging behavior Jim C(t,tw) =0 Vit
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Finite size effects under control
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Huge sizes!
Safe extrapolation
to the large N limit

We work in the
regime of very
long times (+>>1)
and very small
correlations (C<«l)



C(t,+1,1,)

Non-zero large fimes limit
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C(t,+1,1,)

Non-zero large times limit
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Conclusions

 We studied aging in several mean-field prototypical
models (spherical/Ising, fully-connected/sparse graphs,
with continuous/discontinuous phase transitions)

e In general the configuration at initial or short time is
not forgotten (strong ergodicity breaking) and long time
dynamics takes place in a restricted marginal manifold

 The statics-dynamics connection should be rethought:
predicting the long fime behavior of Langevin dynamics
IS a very open problem



