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Talk outline

• Large scale numerical simulations for finite dimensional 
spin glasses in a field [with L. Leuzzi, G. Parisi, J. Ruiz-Lorenzo 
and the Janus Collaboration] 

• Analytic solutions for disordered models with external 
fields on random graphs [with F. Morone and G. Perugini]

Disordered models in a field have a  
complex paramagnetic phase 

Extracting the right critical behavior is not easy



Models definition

• Spin glass models in a field
• random couplings 
• constant field 

• Random field Ising models
• ferromagnetic couplings 
• random field
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Models definition

• Different topologies (edge set E)

• Finite dimensional regular lattices (mainly d=3,4)  
with short range (i.e. nearest neighbor) interactions 

• d=1 chain with long range interactions (mimics any d) 

• sparse random graphs (with Poisson or regular degrees) 

• All have finite mean degree and constant couplings
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Qualitative phase diagram
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Para

Ferro
T

<latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit>

H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>

Para

SG

RFIM SG in field

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>



Spin glasses in  
finite dimensions



Janus Collaboration  
(Zaragoza, Madrid, Badajoz, Ferrara and Rome)

• Reconfigurable FPGA-based  
special purpose computer  
to simulate finite-dimensional  
spin glasses (d=3,4 up to now) 

• Thermodynamics 
Can thermalize tens of thousands of samples of sizes up to  
L=40 in d=3  [PRB 88 (2013) 224416] 
L=16 in d=4  [PNAS 109 (2012) 6452] 

• Dynamics 
In d=3 systems of size L=160 
for times up to 1011 MCS  [PNAS 114 (2017) 1838]

http://www.janus-computer.com/
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Approaching  

experimental  

time scales!!



Observables

• Spatial correlation function 

• Fourier transform 

• Spin glass susceptibility 

• Second-moment correlation length

(replicon propagator)G(r) =
1

V

X

x

(hs
x

s
x+ri � hs

x

ihs
x+ri)2

<latexit sha1_base64="pl1I6zxTPmGpp4LVjmnr4KfnaHA="></latexit><latexit sha1_base64="pl1I6zxTPmGpp4LVjmnr4KfnaHA="></latexit><latexit sha1_base64="pl1I6zxTPmGpp4LVjmnr4KfnaHA="></latexit><latexit sha1_base64="pl1I6zxTPmGpp4LVjmnr4KfnaHA="></latexit>

Ĝ(k) = FT[G(r)]
<latexit sha1_base64="E5BQF2TaPZ6pJzhufP8EwnGL63U=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCOpBCAjGY4TEBLJLmJ1MkiEzu8tMrxiW/QV/wl/wqndP4lGPfomTx8EkFjQUVd10d/mR4Bps+8vKrKyurW9kN3Nb2zu7e/n9g3sdxoqyBg1FqFo+0UzwgDWAg2CtSDEifcGa/vB67DcfmNI8DOowipgnST/gPU4JGKmTL7oDAkk1LSauL/EwLeEr7AJ7hOSmnrarU1mlJa+TL9hlewK8TJwZKaAZap38j9sNaSxZAFQQrduOHYGXEAWcCpbm3FiziNAh6bO2oQGRTHvJ5KMUnxili3uhMhUAnqh/JxIitR5J33RKAgO96I3F/7x2DL0LL+FBFAML6HRRLxYYQjyOB3e5YhTEyBBCFTe3YjogilAwIc5t8WWaM6E4ixEsk8Zp+bLs3J0VKpVZOll0hI5RETnoHFXQLaqhBqLoCb2gV/RmPVvv1of1OW3NWLOZQzQH6/sXFweivw==</latexit><latexit sha1_base64="E5BQF2TaPZ6pJzhufP8EwnGL63U=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCOpBCAjGY4TEBLJLmJ1MkiEzu8tMrxiW/QV/wl/wqndP4lGPfomTx8EkFjQUVd10d/mR4Bps+8vKrKyurW9kN3Nb2zu7e/n9g3sdxoqyBg1FqFo+0UzwgDWAg2CtSDEifcGa/vB67DcfmNI8DOowipgnST/gPU4JGKmTL7oDAkk1LSauL/EwLeEr7AJ7hOSmnrarU1mlJa+TL9hlewK8TJwZKaAZap38j9sNaSxZAFQQrduOHYGXEAWcCpbm3FiziNAh6bO2oQGRTHvJ5KMUnxili3uhMhUAnqh/JxIitR5J33RKAgO96I3F/7x2DL0LL+FBFAML6HRRLxYYQjyOB3e5YhTEyBBCFTe3YjogilAwIc5t8WWaM6E4ixEsk8Zp+bLs3J0VKpVZOll0hI5RETnoHFXQLaqhBqLoCb2gV/RmPVvv1of1OW3NWLOZQzQH6/sXFweivw==</latexit><latexit sha1_base64="E5BQF2TaPZ6pJzhufP8EwnGL63U=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCOpBCAjGY4TEBLJLmJ1MkiEzu8tMrxiW/QV/wl/wqndP4lGPfomTx8EkFjQUVd10d/mR4Bps+8vKrKyurW9kN3Nb2zu7e/n9g3sdxoqyBg1FqFo+0UzwgDWAg2CtSDEifcGa/vB67DcfmNI8DOowipgnST/gPU4JGKmTL7oDAkk1LSauL/EwLeEr7AJ7hOSmnrarU1mlJa+TL9hlewK8TJwZKaAZap38j9sNaSxZAFQQrduOHYGXEAWcCpbm3FiziNAh6bO2oQGRTHvJ5KMUnxili3uhMhUAnqh/JxIitR5J33RKAgO96I3F/7x2DL0LL+FBFAML6HRRLxYYQjyOB3e5YhTEyBBCFTe3YjogilAwIc5t8WWaM6E4ixEsk8Zp+bLs3J0VKpVZOll0hI5RETnoHFXQLaqhBqLoCb2gV/RmPVvv1of1OW3NWLOZQzQH6/sXFweivw==</latexit><latexit sha1_base64="E5BQF2TaPZ6pJzhufP8EwnGL63U=">AAACIHicbVDLSgNBEJyNrxhfUY9eBoOQXMKuCOpBCAjGY4TEBLJLmJ1MkiEzu8tMrxiW/QV/wl/wqndP4lGPfomTx8EkFjQUVd10d/mR4Bps+8vKrKyurW9kN3Nb2zu7e/n9g3sdxoqyBg1FqFo+0UzwgDWAg2CtSDEifcGa/vB67DcfmNI8DOowipgnST/gPU4JGKmTL7oDAkk1LSauL/EwLeEr7AJ7hOSmnrarU1mlJa+TL9hlewK8TJwZKaAZap38j9sNaSxZAFQQrduOHYGXEAWcCpbm3FiziNAh6bO2oQGRTHvJ5KMUnxili3uhMhUAnqh/JxIitR5J33RKAgO96I3F/7x2DL0LL+FBFAML6HRRLxYYQjyOB3e5YhTEyBBCFTe3YjogilAwIc5t8WWaM6E4ixEsk8Zp+bLs3J0VKpVZOll0hI5RETnoHFXQLaqhBqLoCb2gV/RmPVvv1of1OW3NWLOZQzQH6/sXFweivw==</latexit>
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Observables

• In the paramagnetic phase (T > Tc) 

• At the critical point many scaling invariants
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d=3 spin glass (H=0)
M. BAITY-JESI et al. PHYSICAL REVIEW B 88, 224416 (2013)

TABLE I. Summary of our results for the universality class of
the Ising spin glass (see definitions in Sec. II B). The first block of
five quantities comes from a joint fit reported in Figs. 1 and 2 and
Sec. IV. The second block of quantities includes the remaining critical
exponents, which can be derived from ν and η (taking correlations
into account for the errors). The third block of quantities comes from
secondary individual fits. The computation of the critical temperature
Tc is reported in Fig. 3 and Sec. V A. Finally, the remaining universal
quantities are computed in Sec. V B. In all cases we have employed
the quotients method and performed fits with leading corrections
to scaling for all data with L ! Lmin = 8. Since we computed all
the covariance matrices from O(103) jackknife blocks, our error
estimates are significant beyond the first digit. The error for R∗

12
is of a systematic nature (rather than statistical; see Sec. V B).

Quantity Source

ω = 1.12(10)
η = −0.3900(36)
ν = 2.562(42) Joint fit
R∗

ξ = 0.6516(32)
U ∗

4 = 1.4899(28)

α = −5.69(13)
β = 0.782(10) Derived quantities
γ = 6.13(11)

Tc = 1.1019(29)
U ∗

1111 = 0.4714(14)
U ∗

22 = 0.7681(16)
Ũ ∗

22 = 0.143 54(84) Secondary fits
U ∗

111 = 0.4489(15)
B∗

χ = 2.4142(51)
R∗

12 = 2.211 ± 0.006

neighbors:

H = −
∑

⟨x, y⟩
Jx, ysxs y. (1)

The coupling constants Jx, y can take the two values ±1 with
50% probability. We study quenched disorder, meaning that the
Jx, y cannot change with time (see, e.g., Ref. 2). Each instance
of the {Jx, y} is called sample. For any quantity of interest O,
we first compute the thermal average ⟨O⟩ and only afterwards
we take the average over the different samples ⟨O⟩.

For every sample we simulate four real replicas {sa
x},

a = 1, 2, 3, and 4. All four replicas share the same set of
coupling constants {Jx, y}, but they are otherwise statistically
independent.

We employ parallel tempering.31,32 We simulate lattices
of size up to L = 24 on the Memento CPU cluster at BIFI.
Multispin coding with streaming extensions allows us to
simulate 128 samples in parallel. On the other hand, lattices
of linear sizes L = 32 and 40 are simulated on Janus. The
main features of our simulations are reported in Table II. As
a whole, the simulations on Memento for lattice sizes L " 24
implied a total of 2.99 × 1019 Metropolis spin updates (the
equivalent of 1.33 × 105 days of a single core of the machine).
The simulations on Janus (L = 32,40) consisted of a total of
5.03 × 1019 heat-bath spin updates, equivalent to about 27 400
days of a single processing unit (FPGA).
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FIG. 1. (Color online) Plot of the second-moment correlation
length ξ , Eq. (6), in units of the lattice size L for all our simulated
systems as a function of temperature. The inset is a detailed view
of the critical region, showing scale invariance, where the vertical
lines mark our final estimate for (the error interval of) the critical
temperature, Tc = 1.1019(29).

We have checked that our data are not affected by
thermalization effects. For the largest lattice sizes (L = 32,40)
we use the method reported in Ref. 33, which consists of
computing the exponential autocorrelation time τexp for each
sample, using the temperature random walk during the parallel
tempering. We extend each sample until the simulation time is
at least 16τexp (therefore, the length of the simulation depends
on the sample, as shown in Table II). For the lattices simulated
with multispin coding, this sample-by-sample method is more

TABLE II. Details of the simulations. We show the simulation
parameters for each lattice size L. Nsamples is the number of simulated
samples. NT is the number of temperatures that were used in parallel
tempering. In the set of temperatures we always include the values 1.1,
1.112 66, 1.125 32, 1.137 97, and evenly space the remaining NT − 4
temperatures up to Tmax (the temperature resolution was increased
near Tc in order to ease interpolations). The number of temperatures
NT was chosen so that the parallel tempering’s acceptance was at least
of 15%. Nmin

MCS is the minimum number of Monte Carlo steps (MCSs)
in each simulation. Each MCS consisted of ten Metropolis (heat bath
in L = 32,40) full-lattice sweeps, followed by a parallel-tempering
temperature swap. In the larger lattices (L = 32, 40) we extend
the simulation of specific samples after measuring the exponential
correlation time.33 The average simulation time was larger than the
minimal one by a factor 1.6 (L = 32) or 1.4 (L = 40).

L Nsamples Nmin
MCS Nmax

MCS NT Tmin Tmax

6 8 192 000 40 000 40 000 10 1.100 1.703
8 8 192 000 80 000 80 000 10 1.100 1.703
10 8 192 000 80 000 80 000 10 1.100 1.703
12 8 192 000 80 000 80 000 14 1.100 1.651
16 1 024 000 800 000 800 000 14 1.100 1.651
20 768 000 1 600 000 1 600 000 14 1.100 1.651
24 512 000 3 200 000 3 200 000 23 1.100 1.626
32 256 000 1 600 000 99 200 000 22 1.100 1.600
40 48 000 6 400 000 204 800 000 28 1.100 1.594
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The coupling constants Jx, y can take the two values ±1 with
50% probability. We study quenched disorder, meaning that the
Jx, y cannot change with time (see, e.g., Ref. 2). Each instance
of the {Jx, y} is called sample. For any quantity of interest O,
we first compute the thermal average ⟨O⟩ and only afterwards
we take the average over the different samples ⟨O⟩.

For every sample we simulate four real replicas {sa
x},

a = 1, 2, 3, and 4. All four replicas share the same set of
coupling constants {Jx, y}, but they are otherwise statistically
independent.

We employ parallel tempering.31,32 We simulate lattices
of size up to L = 24 on the Memento CPU cluster at BIFI.
Multispin coding with streaming extensions allows us to
simulate 128 samples in parallel. On the other hand, lattices
of linear sizes L = 32 and 40 are simulated on Janus. The
main features of our simulations are reported in Table II. As
a whole, the simulations on Memento for lattice sizes L " 24
implied a total of 2.99 × 1019 Metropolis spin updates (the
equivalent of 1.33 × 105 days of a single core of the machine).
The simulations on Janus (L = 32,40) consisted of a total of
5.03 × 1019 heat-bath spin updates, equivalent to about 27 400
days of a single processing unit (FPGA).
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FIG. 1. (Color online) Plot of the second-moment correlation
length ξ , Eq. (6), in units of the lattice size L for all our simulated
systems as a function of temperature. The inset is a detailed view
of the critical region, showing scale invariance, where the vertical
lines mark our final estimate for (the error interval of) the critical
temperature, Tc = 1.1019(29).

We have checked that our data are not affected by
thermalization effects. For the largest lattice sizes (L = 32,40)
we use the method reported in Ref. 33, which consists of
computing the exponential autocorrelation time τexp for each
sample, using the temperature random walk during the parallel
tempering. We extend each sample until the simulation time is
at least 16τexp (therefore, the length of the simulation depends
on the sample, as shown in Table II). For the lattices simulated
with multispin coding, this sample-by-sample method is more

TABLE II. Details of the simulations. We show the simulation
parameters for each lattice size L. Nsamples is the number of simulated
samples. NT is the number of temperatures that were used in parallel
tempering. In the set of temperatures we always include the values 1.1,
1.112 66, 1.125 32, 1.137 97, and evenly space the remaining NT − 4
temperatures up to Tmax (the temperature resolution was increased
near Tc in order to ease interpolations). The number of temperatures
NT was chosen so that the parallel tempering’s acceptance was at least
of 15%. Nmin

MCS is the minimum number of Monte Carlo steps (MCSs)
in each simulation. Each MCS consisted of ten Metropolis (heat bath
in L = 32,40) full-lattice sweeps, followed by a parallel-tempering
temperature swap. In the larger lattices (L = 32, 40) we extend
the simulation of specific samples after measuring the exponential
correlation time.33 The average simulation time was larger than the
minimal one by a factor 1.6 (L = 32) or 1.4 (L = 40).

L Nsamples Nmin
MCS Nmax

MCS NT Tmin Tmax

6 8 192 000 40 000 40 000 10 1.100 1.703
8 8 192 000 80 000 80 000 10 1.100 1.703
10 8 192 000 80 000 80 000 10 1.100 1.703
12 8 192 000 80 000 80 000 14 1.100 1.651
16 1 024 000 800 000 800 000 14 1.100 1.651
20 768 000 1 600 000 1 600 000 14 1.100 1.651
24 512 000 3 200 000 3 200 000 23 1.100 1.626
32 256 000 1 600 000 99 200 000 22 1.100 1.600
40 48 000 6 400 000 204 800 000 28 1.100 1.594
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FIG. 2. (Color online) Result of a joint fit yielding the critical
exponents of the Ising spin glass. As discussed in the text, using
the quotients method, we study the approach of two dimensionless
universal quantities (U4 and ξ/L) and of the quotients of two
dimensionful quantities (χ and ∂T ξ ) to their critical value. The
rightmost points (corresponding to the crossings between L = 6 and
L = 12) are not included in the fit. The extrapolated values, reported
in Table I, are represented by a thick blue point on the Y axis. The
fit, where the same ω = 1.12(10) is used by the four quantities, has
a χ 2/d.o.f. = 13.78/11. The critical exponents are ν = 2.562(42),
η = −0.3900(36).

involved.29 Therefore, taking into account that almost all our
observables are measured during the simulation, we have
decided to use the more traditional approach of studying the
time evolution of sample-averaged quantities on a logarithmic
scale. All the quantities that we have considered are stable
on the last two logarithmic bins, corresponding to the second
half and the second quarter of the run. In fact, this condition
is satisfied even if we subtract from each successive bin the
result over the last half of the measurements, thus significantly
reducing the error bars.34

In general, we compute all the physical quantities by
averaging over the second half of the simulation. However,
as a further check, we have also recomputed all the final
quantities using only the last block of measurements (which,
depending on the lattice, corresponds from 6% to 25% of

0.88

0.89

0.90

0.91

 0  0.02  0.04  0.06

β
c

L– ω – 1/ν

ξ/L
U4

FIG. 3. (Color online) Computation of βc with the quotients
method. We fit the crossing point βcross(L) of lattices (L,2L) to
βcross = βc + AL−ω−1/ν , using both U4 and Rξ = ξ/L to determine
βcross and discarding the data for the (6,12) crossing. The common
extrapolated value is βc = 0.9075(11)[13], where the first error bar
is the statistical error in the fit while the second one is due to the
error in ω + 1/ν (the overline denotes that βc is anticorrelated with
ω + 1/ν).

the total simulation time). We find no differences greater
than one-fifth of a standard deviation (which, in any case,
corresponds to the increase in the statistical error of thermal
averages).

B. Observables

The main quantities are computed in terms of the overlap
field,

qab
x = sa

xs
b
x . (2)

Its spatial correlation function is

G(r) = 1
V

∑

x

〈
qab

x+rq
ab
x

〉
, (3)

while the spin-glass order parameter is the spatial average

qab = 1
V

∑

x

qab
x . (4)

The reader will notice that, having four replicas at our disposal,
there are six equivalent ways of choosing the pair of replica
indices ab. We shall merely write q to imply that we average
over all possible replica index combinations in order to
improve our statistics.

The second-moment correlation length is computed from
the Fourier transform of the correlation function,

χ (k) = 1
V

∑

r

G(r) eik·r . (5)

Specifically,35,36

ξ = 1
2 sin(kmin/2)

√
χ (0)

χ (kmin)
− 1, (6)
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FIG. 2. (Color online) Result of a joint fit yielding the critical
exponents of the Ising spin glass. As discussed in the text, using
the quotients method, we study the approach of two dimensionless
universal quantities (U4 and ξ/L) and of the quotients of two
dimensionful quantities (χ and ∂T ξ ) to their critical value. The
rightmost points (corresponding to the crossings between L = 6 and
L = 12) are not included in the fit. The extrapolated values, reported
in Table I, are represented by a thick blue point on the Y axis. The
fit, where the same ω = 1.12(10) is used by the four quantities, has
a χ 2/d.o.f. = 13.78/11. The critical exponents are ν = 2.562(42),
η = −0.3900(36).

involved.29 Therefore, taking into account that almost all our
observables are measured during the simulation, we have
decided to use the more traditional approach of studying the
time evolution of sample-averaged quantities on a logarithmic
scale. All the quantities that we have considered are stable
on the last two logarithmic bins, corresponding to the second
half and the second quarter of the run. In fact, this condition
is satisfied even if we subtract from each successive bin the
result over the last half of the measurements, thus significantly
reducing the error bars.34

In general, we compute all the physical quantities by
averaging over the second half of the simulation. However,
as a further check, we have also recomputed all the final
quantities using only the last block of measurements (which,
depending on the lattice, corresponds from 6% to 25% of
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FIG. 3. (Color online) Computation of βc with the quotients
method. We fit the crossing point βcross(L) of lattices (L,2L) to
βcross = βc + AL−ω−1/ν , using both U4 and Rξ = ξ/L to determine
βcross and discarding the data for the (6,12) crossing. The common
extrapolated value is βc = 0.9075(11)[13], where the first error bar
is the statistical error in the fit while the second one is due to the
error in ω + 1/ν (the overline denotes that βc is anticorrelated with
ω + 1/ν).

the total simulation time). We find no differences greater
than one-fifth of a standard deviation (which, in any case,
corresponds to the increase in the statistical error of thermal
averages).

B. Observables

The main quantities are computed in terms of the overlap
field,

qab
x = sa

xs
b
x . (2)

Its spatial correlation function is

G(r) = 1
V

∑

x

〈
qab

x+rq
ab
x

〉
, (3)

while the spin-glass order parameter is the spatial average

qab = 1
V

∑

x

qab
x . (4)

The reader will notice that, having four replicas at our disposal,
there are six equivalent ways of choosing the pair of replica
indices ab. We shall merely write q to imply that we average
over all possible replica index combinations in order to
improve our statistics.

The second-moment correlation length is computed from
the Fourier transform of the correlation function,

χ (k) = 1
V

∑

r

G(r) eik·r . (5)

Specifically,35,36

ξ = 1
2 sin(kmin/2)

√
χ (0)

χ (kmin)
− 1, (6)
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FIG. 1. Plot of the second moment correlation length ξ2 —
eq. (B4)— against temperature in an external field h = 0.3.
There is a clear crossover from the convergence to a finite
envelope at high T to the more rapid growth at low T . As
this paper shows, this is caused by the onset of a spin-glass
transition. The dotted black line is a fit to a critical diver-
gence as ξ∞2 ∝ [T − Tc(h)]

−ν , where Tc and ν are taken
from Table I. The inset is a sketch of the phase diagram
(the de Almeida-Thouless line), including a fit to the Fisher-

Sompolinsky scaling h2
c(T ) ≃ A|T − T (0)

c |β
(0)+γ(0)

[26]. The
quantities with a superindex (0) are the values for the h = 0
critical point, [27, 28] so the only free parameter is the am-
plitude A.

lattice of size V = LD. Our Hamiltonian is

H = −
∑

⟨x,y⟩

JxySxSy − h
∑

x

Sx, (1)

where ⟨x,y⟩ indicates that the sum is taken over all
nearest-neighbour pairs and each Jxy is ±1 with 50%
probability. We provide details about our numerical sim-
ulations in Appendix A.
As stated in the introduction, we want to investigate

whether this system experiences a second-order phase
transition in the presence of a non-zero magnetic field h.
This is typically checked through the study of some cor-
relation length ξ, which is a good marker of the scale in-
variance commonly associated to continuous transitions.
To this end, we begin by defining the spatial auto-

correlation function G(r). This can actually be done in
several ways in the presence of a magnetic field (see Ap-
pendix B for details). Then, ξ is just the characteristic
length for the long-distance decay of G(r). In order to
arrive at an appropriate definition for finite lattice sys-
tems, one typically considers the propagator in Fourier
space, Ĝ(k), and defines the second-moment correlation
length ξ2 from a truncated Ornstein-Zernike expansion
—eqs. (B3) and (B4).
We have plotted ξ2 in Figure 1 for all our lattice sizes

and h = 0.3. There is a clear change of regime from the
high-temperature behaviour, where we can see a finite en-
veloping curve, to the growth of the correlation length at
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FIG. 2. Top: plot of ξ2/L as a function of temperature for
all our lattice sizes at h = 0.15. According to leading-order
finite-size scaling, the curves for different sizes should intersect
at the phase transition point, but this behaviour is not seen
in the plot. This apparent lack of scale invariance has led
some authors to conclude that there is no phase transition
in this system. Bottom: Same plot of the dimensionless ratio
R12, eq. (3), which should have the same leading-order scaling
as ξ2/L. Unlike the correlation length, however, R12 does
exhibit very clear intersections, signalling the presence of a
second-order phase transition. The dramatic improvement
in the scaling, compared to the top panel, is explained by
the pernicious effect on ξ2 of the anomalous behaviour in the
correlation function for zero momentum.

low temperatures. We intend to show that this change of
regime actually corresponds to a phase transition, using
finite-size scaling [29].
In principle, at the transition point there should be

scale invariance in the system, meaning that

ξ2/L = fξ
(

L1/νt
)

+ . . . , t =
T − Tc(h)

Tc(h)
(2)

where ν is the thermal critical exponent and the dots
represent corrections to leading scaling, expected to be
unimportant for large lattice sizes. Therefore, the curves
of ξ2/L for large lattices should intersect at the critical
point t = 0. Previous attempts to find Tc using this
approach, however, have generally concluded that these
intersections cannot be found (or, rather, that the appar-
ent intersection point goes to T = 0 as L grows) [18, 19].
Indeed, if we look at the top panel of Figure 2, we see
that either there is no phase transition or ξ2 is completely
in a preasymptotic regime.
Some authors, working with D = 1 models with long-

range interactions, have already offered an explanation
for this apparent lack of scale invariance: the propaga-
tor behaves anomalously, but only for the k = 0 mode
[25]. This results in very strong corrections to the leading
scaling term of eq. (2), since the second-moment corre-
lation length depends on Ĝ(k = 0). We have checked
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intersections cannot be found (or, rather, that the appar-
ent intersection point goes to T = 0 as L grows) [18, 19].
Indeed, if we look at the top panel of Figure 2, we see
that either there is no phase transition or ξ2 is completely
in a preasymptotic regime.
Some authors, working with D = 1 models with long-

range interactions, have already offered an explanation
for this apparent lack of scale invariance: the propaga-
tor behaves anomalously, but only for the k = 0 mode
[25]. This results in very strong corrections to the leading
scaling term of eq. (2), since the second-moment corre-
lation length depends on Ĝ(k = 0). We have checked

Evidence for lack of phase transition  
in spin glasses with external field?!

[PNAS 109 (2012) 6452]



Sparse d=1 long range model

P[Jij 6= 0] / |i� j|�⇢

de↵ ' 2

⇢� 1
<latexit sha1_base64="L/JwoLsmM4zDiHi2FEOjxx5rICc=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgUL5ZEBPVW8OKxglWhCWWznbSLu0ncnYgl5A18CV/Bq949iVe9+iRu2xzU+sHCxzczzOwvTKUw6LqfztT0zOzc/MJiZWl5ZXWtur5xaZJMc2jxRCb6OmQGpIihhQIlXKcamAolXIU3p8P61R1oI5L4AgcpBIr1YhEJztBGneput+Mj3GMOUVRQ3wgFt9SPNOP5QZH7up/QfeoVnWrNrbsj0UnjlaZGSjU71S+/m/BMQYxcMmPanptikDONgksoKn5mIGX8hvWgbW3MFJggH/2noDs26dIo0fbFSEfpz4mcKWMGKrSdimHf/K0Nw/9q7Qyj4yAXcZohxHy8KMokxYQO4dCu0MBRDqxhXAt7K+V9ZmGgRfhrS6iKioXi/UUwaVoH9ZO6d35YazRKOgtki2yTPeKRI9IgZ6RJWoSTB/JEnsmL8+i8Om/O+7h1yilnNskvOR/f8S6ixA==</latexit><latexit sha1_base64="L/JwoLsmM4zDiHi2FEOjxx5rICc=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgUL5ZEBPVW8OKxglWhCWWznbSLu0ncnYgl5A18CV/Bq949iVe9+iRu2xzU+sHCxzczzOwvTKUw6LqfztT0zOzc/MJiZWl5ZXWtur5xaZJMc2jxRCb6OmQGpIihhQIlXKcamAolXIU3p8P61R1oI5L4AgcpBIr1YhEJztBGneput+Mj3GMOUVRQ3wgFt9SPNOP5QZH7up/QfeoVnWrNrbsj0UnjlaZGSjU71S+/m/BMQYxcMmPanptikDONgksoKn5mIGX8hvWgbW3MFJggH/2noDs26dIo0fbFSEfpz4mcKWMGKrSdimHf/K0Nw/9q7Qyj4yAXcZohxHy8KMokxYQO4dCu0MBRDqxhXAt7K+V9ZmGgRfhrS6iKioXi/UUwaVoH9ZO6d35YazRKOgtki2yTPeKRI9IgZ6RJWoSTB/JEnsmL8+i8Om/O+7h1yilnNskvOR/f8S6ixA==</latexit><latexit sha1_base64="L/JwoLsmM4zDiHi2FEOjxx5rICc=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgUL5ZEBPVW8OKxglWhCWWznbSLu0ncnYgl5A18CV/Bq949iVe9+iRu2xzU+sHCxzczzOwvTKUw6LqfztT0zOzc/MJiZWl5ZXWtur5xaZJMc2jxRCb6OmQGpIihhQIlXKcamAolXIU3p8P61R1oI5L4AgcpBIr1YhEJztBGneput+Mj3GMOUVRQ3wgFt9SPNOP5QZH7up/QfeoVnWrNrbsj0UnjlaZGSjU71S+/m/BMQYxcMmPanptikDONgksoKn5mIGX8hvWgbW3MFJggH/2noDs26dIo0fbFSEfpz4mcKWMGKrSdimHf/K0Nw/9q7Qyj4yAXcZohxHy8KMokxYQO4dCu0MBRDqxhXAt7K+V9ZmGgRfhrS6iKioXi/UUwaVoH9ZO6d35YazRKOgtki2yTPeKRI9IgZ6RJWoSTB/JEnsmL8+i8Om/O+7h1yilnNskvOR/f8S6ixA==</latexit><latexit sha1_base64="L/JwoLsmM4zDiHi2FEOjxx5rICc=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgUL5ZEBPVW8OKxglWhCWWznbSLu0ncnYgl5A18CV/Bq949iVe9+iRu2xzU+sHCxzczzOwvTKUw6LqfztT0zOzc/MJiZWl5ZXWtur5xaZJMc2jxRCb6OmQGpIihhQIlXKcamAolXIU3p8P61R1oI5L4AgcpBIr1YhEJztBGneput+Mj3GMOUVRQ3wgFt9SPNOP5QZH7up/QfeoVnWrNrbsj0UnjlaZGSjU71S+/m/BMQYxcMmPanptikDONgksoKn5mIGX8hvWgbW3MFJggH/2noDs26dIo0fbFSEfpz4mcKWMGKrSdimHf/K0Nw/9q7Qyj4yAXcZohxHy8KMokxYQO4dCu0MBRDqxhXAt7K+V9ZmGgRfhrS6iKioXi/UUwaVoH9ZO6d35YazRKOgtki2yTPeKRI9IgZ6RJWoSTB/JEnsmL8+i8Om/O+7h1yilnNskvOR/f8S6ixA==</latexit>

constant mean degree 
and   .Jij = O(1)
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d=1 long range SG model with field
[PRL 103 (2009) 267201]

affected. FSE are more evident in the large x tail of CðxÞ
and, thus, at small k in ~CðkÞ, while they decrease as k
increases. The large x part of CðxÞ strongly depends on the
average overlap order parameter hqi, which is known to
have strong sample-to-sample fluctuations in a field and
FSE due to negative overlaps which should disappear in the
thermodynamic limit.

With the aim of reducing FSE, we introduce a method

for estimating Tc using ~CðkÞ data with k > 0. We fit ~CðkÞ#1

by a quadratic function Aþ Byþ Cy2 with y ¼
½sinðk=2Þ=!'"#1: the resulting fits have a #2=d:o:f: <
0:55 (comparable fit qualities have been found in the entire
analysis). As long as T > Tc, we expect limL!1AðL; TÞ ¼
##1
sg > 0: the inset in Fig. 1 shows the size dependence of
~Cð0Þ#1 and AðL; TÞ, with compatible L ! 1 limits.
In Fig. 2 we show the best fitting parameter AðL; TÞ for

" ¼ 1:5 and h ¼ 0:1. For each size we compute the tem-
perature TcðLÞ by solving the equation AðL; TcðLÞÞ ¼ 0 (in
this way only A > 0 data are used, which are the most
reliable). Finally, we estimate Tc ¼ limL!1TcðLÞ (inset of
Fig. 2) and obtain Tc ¼ 1:46ð3Þ. The TcðLÞ scaling in

L#1=$ has an exponent #0:28, in good agreement with
1=$ ¼ 0:25ð3Þ for the h ¼ 0 case [15]. On the same data
(" ¼ 1:5, h ¼ 0:1) the analysis of the crossing points of
#sg=L

2#% and &=L, cf. Eq. (7), is shown in Fig. 3 (right
panel), yielding no evidence for a phase transition, as in
Ref. [24]. A very natural explanation is the presence of
strong corrections to Eq. (7). The case " ¼ 1:4, h ¼ 0:1,
provides a still more useful comparison. Our method re-
turns a critical temperature Tc ¼ 1:67ð7Þ. Figure 3 shows
#sg=L

2#% and &=L vs T: crossings are present, but the

curves seem to merge for T & 1:5 and a precise determi-
nation of Tc is practically unfeasible. For " ¼ 1:2, h ¼
0:2, the estimate based on the scaling of #sg=L

1=3, Eq. (6),

yields Tc ¼ 1:67ð3Þ, while &=L$=3 curves do not show any
crossing for T > 1:2. Since the transition is MF-like in this

case, the behavior of & is clearly caused by large FSE.
Numerical estimates of Tc obtained with the two methods
are reported in Table I and look compatible. It is clear that
for large " our method works better. As " is decreased, this
new estimate becomes poorer, because the scaling expo-
nent "# 1 [cf. Eq. (8)] is too small to yield a robust
extrapolation of AðL; TÞ.
Discussion of experimental results.—A possible objec-

tion to the presence of the SG transition (supported by our
results) is that in experiments on Ising-like SG no dAT line
was detected. Here we consider, in particular, the most
recent experiments on Fe0:55Mn0:45TiO3 [4], where the ac
susceptibilities were accurately measured in the presence
of an external magnetic field. In order to relate external
fields in our model to those used in experiments we look at
how much the zero-field-cooled (ZFC) susceptibility at
Tcðh ¼ 0Þ, #(, decreases as h is increased. In Fig. 4 we
plot TcðhÞ=Tcð0Þ vs #(ðhÞ=#(ð0Þ in our model for " ¼ 1:5.
In experiments on Fe0:55Mn0:45TiO3 [4] with fields of
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FIG. 3 (color online). Scaling functions vs T. Left panels: " ¼ 1:2, #sg=L
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0:5 and &=L at h ¼ 0:1.

TABLE I. Estimates of Tc: column 4 from Eqs. (6) and (7) and
column 5 from the extrapolation of AðL; TÞ by Eq. (8).

" h Tc from #sg Tc from AðL; TÞ
1.2 0.0 2.24(1) 2.34(3)
1.2 0.1 2.02(2) 1.9(2)

MF 1.2 0.2 1.67(3) 1.4(2)
1.2 0.3 1.46(3) 1.5(4)
1.25 0.0 2.191(5) 2.23(2)
1.4 0.0 1.954(3) 1.970(2)
1.4 0.1 )1:5 1.67(7)

IRD 1.4 0.2 )1:1 1.2(2)
1.5 0.0 1.758(4) 1.770(5)
1.5 0.1 — 1.46(3)
1.5 0.15 — 1.20(7)
1.5 0.2 — 0.8(2)
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d=1 long range SG model with field

average coordination number [16]. The random field hi is
Gaussian distributed with zero average and standard de-
viation h [17]. We will denote the average over quenched
disorder (bonds and fields) by an overline. The universality
class depends on the value of !. For !> 1 it turns out to be
equal to the one of the fully connected version of the model
[18], where bonds are Gaussian distributed with zero mean
and a variance depending on the distance as !J2ij / r!!

ij . As

! varies, the model displays different behaviors [15]: for
! " !U # 4=3, the MF approximation is exact, while for
!> !U, it breaks down because of infrared divergences
(IRD). The value !U ¼ 4=3 corresponds to the upper
critical dimension (UCD) of short-range SG in the absence
of an external magnetic field (DU ¼ 6). At !> !L ¼ 2 no
finite temperature transition occurs, even for h ¼ 0 [19]. A
relationship between ! and the dimensionD of short-range
models can be expressed as ! ¼ 1þ 2=Dwhich is exact at
DU ¼ 6 (!U ¼ 4=3) and approximated as D<DU [20].
We note that in the ferromagnetic (ordered) Ising case on
the same kind of lattices, a simple theoretical argument
tells us that the value of !L is 2 for h ¼ 0 and 1.5 in a field.

Simulations details and data analysis.—We simulated

two replicas "ð1;2Þ
i using the parallel tempering algorithm

[21]. Field values are h ¼ 0, 0.1, 0.2, 0.3 for ! ¼ 0, 1.2, 1.4
and h ¼ 0, 0.1, 0.15, 0.2 for ! ¼ 1:5. We used sizes up to
L ¼ 214 spins for h ¼ 0 and up to L ¼ 212 for h > 0. The
number of samples is between 32 000 and 64 000 for all
sizes. Thermalization is guaranteed by the logarithmic
binning (in base 2) of data in MC steps until at least the
last two points coincide.

The presence of the SG long range order can be deduced
from the study of the four-point correlation function [22]

CðxÞ ¼
XL

i¼1

ðh"i"iþxi! h"iih"iþxiÞ2 (3)

and its Fourier transform ~CðkÞ. Indeed, both the SG sus-
ceptibility

#sg # ~Cð0Þ (4)

and the so-called second-moment correlation length [23]

$ # 1

2 sinð%=LÞ

! ~Cð0Þ
~Cð2%=LÞ ! 1

"
1=!!1

(5)

diverge at the critical temperature in the thermodynamic
limit. For finite (but large enough) systems, the following
scaling laws hold in the MF regime (1< ! " 4=3)

#sg

L1=3
¼ ~#½L1=3ðT!TcÞ);

$

L&=3
¼ ~$½L1=3ðT!TcÞ) (6)

with & ¼ 1=ð!! 1Þ, and in the IRD regime (!> 4=3)

#sg

L2!' ¼ ~#½L1=&ðT!TcÞ);
$

L
¼ ~$½L1=&ðT!TcÞ): (7)

with 2! ' ¼ !! 1 [18]. Unfortunately, finite size cor-
rections to the above scaling laws are known to be very
large, especially in the presence of an external field. It is
very important to understand these FSE and try to keep
them under control. In the main panel of Fig. 1 we plot
1= ~CðkÞ versus ½sinðk=2Þ=%)!!1 for an interesting case
(IRD regime with field). For L ! 1 and T > Tc the propa-
gator on the lattice at small wave numbers should behave
like

~CðkÞ!1 ’ Aþ B½sinðk=2Þ)!!1; (8)

with #sg ¼ 1=A and $ / ðB=AÞ1=ð!!1Þ ¼ ðB#sgÞ1=ð!!1Þ. In
other words, AðL ¼ 1; TÞ goes to zero at Tc, while BðL ¼
1; T ¼ TcÞ stays finite.
We observe in Fig. 1 that the largest FSE in ~CðkÞ are in

k ¼ 0, which are the data used for estimating #sg.
Moreover, FSE for k > 0 have an opposite sign with re-
spect to those in k ¼ 0 (cf. lower inset) and consequently
$, which is a function of ~Cð0Þ= ~Cð2%=LÞ, may be strongly
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d=4 spin glass in field (H=0.15)
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FIG. 1. Plot of the second moment correlation length ξ2 —
eq. (B4)— against temperature in an external field h = 0.3.
There is a clear crossover from the convergence to a finite
envelope at high T to the more rapid growth at low T . As
this paper shows, this is caused by the onset of a spin-glass
transition. The dotted black line is a fit to a critical diver-
gence as ξ∞2 ∝ [T − Tc(h)]

−ν , where Tc and ν are taken
from Table I. The inset is a sketch of the phase diagram
(the de Almeida-Thouless line), including a fit to the Fisher-

Sompolinsky scaling h2
c(T ) ≃ A|T − T (0)

c |β
(0)+γ(0)

[26]. The
quantities with a superindex (0) are the values for the h = 0
critical point, [27, 28] so the only free parameter is the am-
plitude A.

lattice of size V = LD. Our Hamiltonian is

H = −
∑

⟨x,y⟩

JxySxSy − h
∑

x

Sx, (1)

where ⟨x,y⟩ indicates that the sum is taken over all
nearest-neighbour pairs and each Jxy is ±1 with 50%
probability. We provide details about our numerical sim-
ulations in Appendix A.
As stated in the introduction, we want to investigate

whether this system experiences a second-order phase
transition in the presence of a non-zero magnetic field h.
This is typically checked through the study of some cor-
relation length ξ, which is a good marker of the scale in-
variance commonly associated to continuous transitions.
To this end, we begin by defining the spatial auto-

correlation function G(r). This can actually be done in
several ways in the presence of a magnetic field (see Ap-
pendix B for details). Then, ξ is just the characteristic
length for the long-distance decay of G(r). In order to
arrive at an appropriate definition for finite lattice sys-
tems, one typically considers the propagator in Fourier
space, Ĝ(k), and defines the second-moment correlation
length ξ2 from a truncated Ornstein-Zernike expansion
—eqs. (B3) and (B4).
We have plotted ξ2 in Figure 1 for all our lattice sizes

and h = 0.3. There is a clear change of regime from the
high-temperature behaviour, where we can see a finite en-
veloping curve, to the growth of the correlation length at
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FIG. 2. Top: plot of ξ2/L as a function of temperature for
all our lattice sizes at h = 0.15. According to leading-order
finite-size scaling, the curves for different sizes should intersect
at the phase transition point, but this behaviour is not seen
in the plot. This apparent lack of scale invariance has led
some authors to conclude that there is no phase transition
in this system. Bottom: Same plot of the dimensionless ratio
R12, eq. (3), which should have the same leading-order scaling
as ξ2/L. Unlike the correlation length, however, R12 does
exhibit very clear intersections, signalling the presence of a
second-order phase transition. The dramatic improvement
in the scaling, compared to the top panel, is explained by
the pernicious effect on ξ2 of the anomalous behaviour in the
correlation function for zero momentum.

low temperatures. We intend to show that this change of
regime actually corresponds to a phase transition, using
finite-size scaling [29].
In principle, at the transition point there should be

scale invariance in the system, meaning that

ξ2/L = fξ
(

L1/νt
)

+ . . . , t =
T − Tc(h)

Tc(h)
(2)

where ν is the thermal critical exponent and the dots
represent corrections to leading scaling, expected to be
unimportant for large lattice sizes. Therefore, the curves
of ξ2/L for large lattices should intersect at the critical
point t = 0. Previous attempts to find Tc using this
approach, however, have generally concluded that these
intersections cannot be found (or, rather, that the appar-
ent intersection point goes to T = 0 as L grows) [18, 19].
Indeed, if we look at the top panel of Figure 2, we see
that either there is no phase transition or ξ2 is completely
in a preasymptotic regime.
Some authors, working with D = 1 models with long-

range interactions, have already offered an explanation
for this apparent lack of scale invariance: the propaga-
tor behaves anomalously, but only for the k = 0 mode
[25]. This results in very strong corrections to the leading
scaling term of eq. (2), since the second-moment corre-
lation length depends on Ĝ(k = 0). We have checked
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FIG. 1. Plot of the second moment correlation length ξ2 —
eq. (B4)— against temperature in an external field h = 0.3.
There is a clear crossover from the convergence to a finite
envelope at high T to the more rapid growth at low T . As
this paper shows, this is caused by the onset of a spin-glass
transition. The dotted black line is a fit to a critical diver-
gence as ξ∞2 ∝ [T − Tc(h)]

−ν , where Tc and ν are taken
from Table I. The inset is a sketch of the phase diagram
(the de Almeida-Thouless line), including a fit to the Fisher-

Sompolinsky scaling h2
c(T ) ≃ A|T − T (0)

c |β
(0)+γ(0)

[26]. The
quantities with a superindex (0) are the values for the h = 0
critical point, [27, 28] so the only free parameter is the am-
plitude A.

lattice of size V = LD. Our Hamiltonian is

H = −
∑

⟨x,y⟩

JxySxSy − h
∑

x

Sx, (1)

where ⟨x,y⟩ indicates that the sum is taken over all
nearest-neighbour pairs and each Jxy is ±1 with 50%
probability. We provide details about our numerical sim-
ulations in Appendix A.
As stated in the introduction, we want to investigate

whether this system experiences a second-order phase
transition in the presence of a non-zero magnetic field h.
This is typically checked through the study of some cor-
relation length ξ, which is a good marker of the scale in-
variance commonly associated to continuous transitions.
To this end, we begin by defining the spatial auto-

correlation function G(r). This can actually be done in
several ways in the presence of a magnetic field (see Ap-
pendix B for details). Then, ξ is just the characteristic
length for the long-distance decay of G(r). In order to
arrive at an appropriate definition for finite lattice sys-
tems, one typically considers the propagator in Fourier
space, Ĝ(k), and defines the second-moment correlation
length ξ2 from a truncated Ornstein-Zernike expansion
—eqs. (B3) and (B4).
We have plotted ξ2 in Figure 1 for all our lattice sizes

and h = 0.3. There is a clear change of regime from the
high-temperature behaviour, where we can see a finite en-
veloping curve, to the growth of the correlation length at
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FIG. 2. Top: plot of ξ2/L as a function of temperature for
all our lattice sizes at h = 0.15. According to leading-order
finite-size scaling, the curves for different sizes should intersect
at the phase transition point, but this behaviour is not seen
in the plot. This apparent lack of scale invariance has led
some authors to conclude that there is no phase transition
in this system. Bottom: Same plot of the dimensionless ratio
R12, eq. (3), which should have the same leading-order scaling
as ξ2/L. Unlike the correlation length, however, R12 does
exhibit very clear intersections, signalling the presence of a
second-order phase transition. The dramatic improvement
in the scaling, compared to the top panel, is explained by
the pernicious effect on ξ2 of the anomalous behaviour in the
correlation function for zero momentum.

low temperatures. We intend to show that this change of
regime actually corresponds to a phase transition, using
finite-size scaling [29].
In principle, at the transition point there should be

scale invariance in the system, meaning that

ξ2/L = fξ
(

L1/νt
)

+ . . . , t =
T − Tc(h)

Tc(h)
(2)

where ν is the thermal critical exponent and the dots
represent corrections to leading scaling, expected to be
unimportant for large lattice sizes. Therefore, the curves
of ξ2/L for large lattices should intersect at the critical
point t = 0. Previous attempts to find Tc using this
approach, however, have generally concluded that these
intersections cannot be found (or, rather, that the appar-
ent intersection point goes to T = 0 as L grows) [18, 19].
Indeed, if we look at the top panel of Figure 2, we see
that either there is no phase transition or ξ2 is completely
in a preasymptotic regime.
Some authors, working with D = 1 models with long-

range interactions, have already offered an explanation
for this apparent lack of scale invariance: the propaga-
tor behaves anomalously, but only for the k = 0 mode
[25]. This results in very strong corrections to the leading
scaling term of eq. (2), since the second-moment corre-
lation length depends on Ĝ(k = 0). We have checked

Evidence for lack of phase transition  
in spin glasses with external field?! 

Not really!

[PNAS 109 (2012) 6452]
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FIG. 1. Plot of the second moment correlation length ξ2 —
eq. (B4)— against temperature in an external field h = 0.3.
There is a clear crossover from the convergence to a finite
envelope at high T to the more rapid growth at low T . As
this paper shows, this is caused by the onset of a spin-glass
transition. The dotted black line is a fit to a critical diver-
gence as ξ∞2 ∝ [T − Tc(h)]

−ν , where Tc and ν are taken
from Table I. The inset is a sketch of the phase diagram
(the de Almeida-Thouless line), including a fit to the Fisher-

Sompolinsky scaling h2
c(T ) ≃ A|T − T (0)
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[26]. The
quantities with a superindex (0) are the values for the h = 0
critical point, [27, 28] so the only free parameter is the am-
plitude A.

lattice of size V = LD. Our Hamiltonian is

H = −
∑

⟨x,y⟩

JxySxSy − h
∑

x

Sx, (1)

where ⟨x,y⟩ indicates that the sum is taken over all
nearest-neighbour pairs and each Jxy is ±1 with 50%
probability. We provide details about our numerical sim-
ulations in Appendix A.
As stated in the introduction, we want to investigate

whether this system experiences a second-order phase
transition in the presence of a non-zero magnetic field h.
This is typically checked through the study of some cor-
relation length ξ, which is a good marker of the scale in-
variance commonly associated to continuous transitions.
To this end, we begin by defining the spatial auto-

correlation function G(r). This can actually be done in
several ways in the presence of a magnetic field (see Ap-
pendix B for details). Then, ξ is just the characteristic
length for the long-distance decay of G(r). In order to
arrive at an appropriate definition for finite lattice sys-
tems, one typically considers the propagator in Fourier
space, Ĝ(k), and defines the second-moment correlation
length ξ2 from a truncated Ornstein-Zernike expansion
—eqs. (B3) and (B4).
We have plotted ξ2 in Figure 1 for all our lattice sizes

and h = 0.3. There is a clear change of regime from the
high-temperature behaviour, where we can see a finite en-
veloping curve, to the growth of the correlation length at
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FIG. 2. Top: plot of ξ2/L as a function of temperature for
all our lattice sizes at h = 0.15. According to leading-order
finite-size scaling, the curves for different sizes should intersect
at the phase transition point, but this behaviour is not seen
in the plot. This apparent lack of scale invariance has led
some authors to conclude that there is no phase transition
in this system. Bottom: Same plot of the dimensionless ratio
R12, eq. (3), which should have the same leading-order scaling
as ξ2/L. Unlike the correlation length, however, R12 does
exhibit very clear intersections, signalling the presence of a
second-order phase transition. The dramatic improvement
in the scaling, compared to the top panel, is explained by
the pernicious effect on ξ2 of the anomalous behaviour in the
correlation function for zero momentum.

low temperatures. We intend to show that this change of
regime actually corresponds to a phase transition, using
finite-size scaling [29].
In principle, at the transition point there should be

scale invariance in the system, meaning that

ξ2/L = fξ
(

L1/νt
)

+ . . . , t =
T − Tc(h)

Tc(h)
(2)

where ν is the thermal critical exponent and the dots
represent corrections to leading scaling, expected to be
unimportant for large lattice sizes. Therefore, the curves
of ξ2/L for large lattices should intersect at the critical
point t = 0. Previous attempts to find Tc using this
approach, however, have generally concluded that these
intersections cannot be found (or, rather, that the appar-
ent intersection point goes to T = 0 as L grows) [18, 19].
Indeed, if we look at the top panel of Figure 2, we see
that either there is no phase transition or ξ2 is completely
in a preasymptotic regime.
Some authors, working with D = 1 models with long-

range interactions, have already offered an explanation
for this apparent lack of scale invariance: the propaga-
tor behaves anomalously, but only for the k = 0 mode
[25]. This results in very strong corrections to the leading
scaling term of eq. (2), since the second-moment corre-
lation length depends on Ĝ(k = 0). We have checked
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The three-dimensional Ising spin glass in an external magnetic field

Figure 1. The figures on the left show the standard correlation length ⇠
L

in units
of the lattice size L as a function of the temperature T , for all our lattice sizes.
The magnetic fields are h = 0.1 (top) and h = 0.2 (bottom). If the lattices are
large enough, in the presence of a second-order phase transition, the curves are
expected to cross at a finite temperature T

c

(h). The figures on the right show
the cumulant R

12

, which in the presence of a magnetic field is a better indicator
of a phase transition [29] for the same magnetic fields. At zero field the heights
of the crossings (which are universal quantities) are indicated with a point at
T
c

= 1.1019(29). They are ⇠
L

/L(h = 0;T
c

) = 0.6516(32) and R
12

(h = 0;T
c

) =
2.211(6) [51]. In neither case do we observe signs of a crossing at the simulated
temperatures, nor can we state that the curves will cross at lower temperature.
The reader might remark that the curve for L = 32, h = 0.1 is not as smooth
as one would expect from parallel-tempering simulations. The reason is twofold.
On one hand the number of simulated samples is much smaller than for L < 32
and on the other hand temperature chaos, which is stronger for a larger lattice,
is probably present [58].

some crossing point if we were in the presence of a phase transition. This is in complete
qualitative agreement with earlier work on this model [27, 28].

2.3. Signs of a hidden behaviour

Although ⇠
L

(T )/L is smaller for a larger lattice size, the coherence length ⇠
L

grows
significantly even for our largest lattice sizes. For example, at h = 0.2, T = 0.81 we
have ⇠

16

= 6.09(4), ⇠
24

= 7.63(9) and ⇠
32

= 9.0(2). The noticeable size evolution implies
that the asymptotic correlation length ⇠1 is large compared with L = 32.

Also, we can examine the behaviour of the spin-glass order parameter, the overlap q,
by studying its distribution function P (q). In the absence of a phase transition we would
be in the paramagnetic phase, and P (q) should be a delta function of a positive overlap
q
EA

(so in finite systems it should be Gaussian).
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An in-depth data analysis

Take all measurements and order them 
according to a conditioning variable q̂

q̂
10% 50% 90%

In the paramagnetic phase 

Analysis at different deciles  
should provide the  

same results in the limit
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Figure 3. Di↵erent instances of the normalized correlation function C(r) (9) for
L = 32, T = 0.805 128. The field is h = 0.1 on the left, and h = 0.2 in the
right plot. We sort the measurements with the help of a conditioning variate q̂ as
described in section 6. In this case q̂ is the median overlap q

med

. We show small sets
of measurements, namely the ones with the 10% lowest (top curve) and highest
(bottom curve) q̂ and those whose q̂ corresponds to the median of the distribution
of q̂ (50% lowest/highest q̂). This sorting reveals extreme di↵erences in the fauna
of measurements. The average and median of the correlation functions are very
di↵erent. The average is very similar to the 10% lowest ranked measures, i.e.,
it is only representative of a very small part of the data. We normalize C(r)
by dividing by C(0) because we measure point-to-plane correlation functions (9).
The correlation functions have zero slope at r = L/2 due to the periodic boundary
conditions.

and the measurements with the 10% highest (lowest) values of q̂. We see that the average
is very close to the 10% lowest q̂, and very far from the two other curves. Therefore, when
we plot the average curve, we are only representing the behaviour of that small set of
data.

Therefore, if we want to understand the behaviour of the whole collection of
measurements, we have to be able to find some criterion to sort them and analyse them
separately.

3. Model and simulations

3.1. The model

We consider a 3D cubic lattice of size L with periodic boundary conditions. In each of the
V = L3 vertices of the lattice there is a spin �

x

= ±1. The spins interact uniquely with
their nearest neighbours and with an external magnetic field h. The Hamiltonian is

H = �
X

hx,yi
J
xy

�
x

�
y

� h
X

x

�
x

, (1)

doi:10.1088/1742-5468/2014/05/P05014 8
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Figure 8. Finite-size indicators of a phase transition, computed for h = 0.2.
On the left side we plot, for quantiles 1 (top), 5 (middle) and 9 (bottom), the
correlation length in units of the lattice size ⇠

L

/L (left) versus the temperature,
for all our lattice sizes except L = 6 (we show in appendix D that the quantile
description is not suitable for L = 6 because there is a double peak in the P (q)).
On the right we show analogous plots for R

12

. The vertical line on the left marks
the upper bound T up for a possible phase transition given in [34], while the
one on the right marks the zero-field transition temperature T

c

given in [51].
Quantile 1 has the same qualitative behaviour of the average ⇠

L

/L, shown in
figure 1, while quantiles 5 and 9 suggest a scale invariance at some temperature
T
h

< T up.

whose q
med

is even lower than q̃
1

. Moreover, one can notice that in figure 1 the indicators
⇠
L

/L and R
12

show a di↵erent qualitative behaviour when the lattices are small (R
12

shows
a crossing). This discrepancy vanishes when we look only at the first quantile: separation
of the di↵erent behaviours enhances the consistency between ⇠

L

/L and R
12

.
The behaviour of the fifth quantile is quite di↵erent, since now it appears reasonable

that the curves cross at some T . T up(h). The crossings become even more evident when
we consider the highest quantile.
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Figure 8. Finite-size indicators of a phase transition, computed for h = 0.2.
On the left side we plot, for quantiles 1 (top), 5 (middle) and 9 (bottom), the
correlation length in units of the lattice size ⇠

L

/L (left) versus the temperature,
for all our lattice sizes except L = 6 (we show in appendix D that the quantile
description is not suitable for L = 6 because there is a double peak in the P (q)).
On the right we show analogous plots for R

12

. The vertical line on the left marks
the upper bound T up for a possible phase transition given in [34], while the
one on the right marks the zero-field transition temperature T

c

given in [51].
Quantile 1 has the same qualitative behaviour of the average ⇠

L

/L, shown in
figure 1, while quantiles 5 and 9 suggest a scale invariance at some temperature
T
h

< T up.

whose q
med

is even lower than q̃
1

. Moreover, one can notice that in figure 1 the indicators
⇠
L

/L and R
12

show a di↵erent qualitative behaviour when the lattices are small (R
12

shows
a crossing). This discrepancy vanishes when we look only at the first quantile: separation
of the di↵erent behaviours enhances the consistency between ⇠

L

/L and R
12

.
The behaviour of the fifth quantile is quite di↵erent, since now it appears reasonable

that the curves cross at some T . T up(h). The crossings become even more evident when
we consider the highest quantile.
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Figure 8. Finite-size indicators of a phase transition, computed for h = 0.2.
On the left side we plot, for quantiles 1 (top), 5 (middle) and 9 (bottom), the
correlation length in units of the lattice size ⇠

L

/L (left) versus the temperature,
for all our lattice sizes except L = 6 (we show in appendix D that the quantile
description is not suitable for L = 6 because there is a double peak in the P (q)).
On the right we show analogous plots for R

12

. The vertical line on the left marks
the upper bound T up for a possible phase transition given in [34], while the
one on the right marks the zero-field transition temperature T

c

given in [51].
Quantile 1 has the same qualitative behaviour of the average ⇠

L

/L, shown in
figure 1, while quantiles 5 and 9 suggest a scale invariance at some temperature
T
h

< T up.

whose q
med

is even lower than q̃
1

. Moreover, one can notice that in figure 1 the indicators
⇠
L

/L and R
12

show a di↵erent qualitative behaviour when the lattices are small (R
12

shows
a crossing). This discrepancy vanishes when we look only at the first quantile: separation
of the di↵erent behaviours enhances the consistency between ⇠

L

/L and R
12

.
The behaviour of the fifth quantile is quite di↵erent, since now it appears reasonable

that the curves cross at some T . T up(h). The crossings become even more evident when
we consider the highest quantile.
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Conditioning on the overlap

• Consider 2 real replicas         with overlap 

• Do the analysis conditioning on the overlap 

• The physical behavior strongly depends on the condition 
value, leading to phase transitions changing

q = � · ⌧ =
1

N

X

i

�i⌧i
<latexit sha1_base64="saJ9T4CfB7mrQNwBIG+YSCt1DGI="></latexit><latexit sha1_base64="saJ9T4CfB7mrQNwBIG+YSCt1DGI="></latexit><latexit sha1_base64="saJ9T4CfB7mrQNwBIG+YSCt1DGI="></latexit><latexit sha1_base64="saJ9T4CfB7mrQNwBIG+YSCt1DGI="></latexit>

�, ⌧
<latexit sha1_base64="CBufJPNgYEutNHoLfDk765Pp8/E=">AAACD3icbVDLSsNAFL2pr1pfURcu3AwWwYWURAR1V3DjsoKxhSaUyXTSDp1JwsxEKCE/4S+41b0rcesnuPVLnLZZ2NYDF86ccy937glTzpR2nG+rsrK6tr5R3axtbe/s7tn7B48qySShHkl4IjshVpSzmHqaaU47qaRYhJy2w9HtxG8/UalYEj/ocUoDgQcxixjB2kg9+yj3Q4F8xQYCF+ezh8ZZ0bPrTsOZAi0TtyR1KNHq2T9+PyGZoLEmHCvVdZ1UBzmWmhFOi5qfKZpiMsID2jU0xoKqIJ8eUKBTo/RRlEhTsUZT9e9EjoVSYxGaToH1UC16E/E/r5vp6DrIWZxmmsZktijKONIJmqSB+kxSovnYEEwkM39FZIglJtpkNrclFEXNhOIuRrBMvIvGTcO9v6w3m2U6VTiGEzgDF66gCXfQAg8IFPACr/BmPVvv1of1OWutWOXMIczB+voFls+czg==</latexit><latexit sha1_base64="CBufJPNgYEutNHoLfDk765Pp8/E=">AAACD3icbVDLSsNAFL2pr1pfURcu3AwWwYWURAR1V3DjsoKxhSaUyXTSDp1JwsxEKCE/4S+41b0rcesnuPVLnLZZ2NYDF86ccy937glTzpR2nG+rsrK6tr5R3axtbe/s7tn7B48qySShHkl4IjshVpSzmHqaaU47qaRYhJy2w9HtxG8/UalYEj/ocUoDgQcxixjB2kg9+yj3Q4F8xQYCF+ezh8ZZ0bPrTsOZAi0TtyR1KNHq2T9+PyGZoLEmHCvVdZ1UBzmWmhFOi5qfKZpiMsID2jU0xoKqIJ8eUKBTo/RRlEhTsUZT9e9EjoVSYxGaToH1UC16E/E/r5vp6DrIWZxmmsZktijKONIJmqSB+kxSovnYEEwkM39FZIglJtpkNrclFEXNhOIuRrBMvIvGTcO9v6w3m2U6VTiGEzgDF66gCXfQAg8IFPACr/BmPVvv1of1OWutWOXMIczB+voFls+czg==</latexit><latexit sha1_base64="CBufJPNgYEutNHoLfDk765Pp8/E=">AAACD3icbVDLSsNAFL2pr1pfURcu3AwWwYWURAR1V3DjsoKxhSaUyXTSDp1JwsxEKCE/4S+41b0rcesnuPVLnLZZ2NYDF86ccy937glTzpR2nG+rsrK6tr5R3axtbe/s7tn7B48qySShHkl4IjshVpSzmHqaaU47qaRYhJy2w9HtxG8/UalYEj/ocUoDgQcxixjB2kg9+yj3Q4F8xQYCF+ezh8ZZ0bPrTsOZAi0TtyR1KNHq2T9+PyGZoLEmHCvVdZ1UBzmWmhFOi5qfKZpiMsID2jU0xoKqIJ8eUKBTo/RRlEhTsUZT9e9EjoVSYxGaToH1UC16E/E/r5vp6DrIWZxmmsZktijKONIJmqSB+kxSovnYEEwkM39FZIglJtpkNrclFEXNhOIuRrBMvIvGTcO9v6w3m2U6VTiGEzgDF66gCXfQAg8IFPACr/BmPVvv1of1OWutWOXMIczB+voFls+czg==</latexit><latexit sha1_base64="CBufJPNgYEutNHoLfDk765Pp8/E=">AAACD3icbVDLSsNAFL2pr1pfURcu3AwWwYWURAR1V3DjsoKxhSaUyXTSDp1JwsxEKCE/4S+41b0rcesnuPVLnLZZ2NYDF86ccy937glTzpR2nG+rsrK6tr5R3axtbe/s7tn7B48qySShHkl4IjshVpSzmHqaaU47qaRYhJy2w9HtxG8/UalYEj/ocUoDgQcxixjB2kg9+yj3Q4F8xQYCF+ezh8ZZ0bPrTsOZAi0TtyR1KNHq2T9+PyGZoLEmHCvVdZ1UBzmWmhFOi5qfKZpiMsID2jU0xoKqIJ8eUKBTo/RRlEhTsUZT9e9EjoVSYxGaToH1UC16E/E/r5vp6DrIWZxmmsZktijKONIJmqSB+kxSovnYEEwkM39FZIglJtpkNrclFEXNhOIuRrBMvIvGTcO9v6w3m2U6VTiGEzgDF66gCXfQAg8IFPACr/BmPVvv1of1OWutWOXMIczB+voFls+czg==</latexit>

q
<latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit>

q
<latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit>

G(r|q) FT�! Ĝ(k|q)
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Phase transition for            varying  
the distance among real replicas
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<latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit>

T > Tc
<latexit sha1_base64="d45wmmXC8/WVLND1Yb5e9mdYbig=">AAAB+3icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUC9S8OKxQmMLbSib7aZdursJuxuhhPoXvOrdk3j1x3j1l7htc7CtDwYe780wMy9KOdPG876d0tr6xuZWebuys7u3f+AeHj3qJFOEBiThiWpHWFPOJA0MM5y2U0WxiDhtRaO7qd96okqzRDbNOKWhwAPJYkawsVLQvG32SM+tejVvBrRK/IJUoUCj5/50+wnJBJWGcKx1x/dSE+ZYGUY4nVS6maYpJiM8oB1LJRZUh/ns2Ak6s0ofxYmyJQ2aqX8nciy0HovIdgpshnrZm4r/eZ3MxNdhzmSaGSrJfFGccWQSNP0c9ZmixPCxJZgoZm9FZIgVJsbms7AlEpOKDcVfjmCVBBe1m5r/cFmt14t0ynACp3AOPlxBHe6hAQEQYPACr/DmPDvvzofzOW8tOcXMMSzA+foF8ZKUzA==</latexit><latexit sha1_base64="d45wmmXC8/WVLND1Yb5e9mdYbig=">AAAB+3icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUC9S8OKxQmMLbSib7aZdursJuxuhhPoXvOrdk3j1x3j1l7htc7CtDwYe780wMy9KOdPG876d0tr6xuZWebuys7u3f+AeHj3qJFOEBiThiWpHWFPOJA0MM5y2U0WxiDhtRaO7qd96okqzRDbNOKWhwAPJYkawsVLQvG32SM+tejVvBrRK/IJUoUCj5/50+wnJBJWGcKx1x/dSE+ZYGUY4nVS6maYpJiM8oB1LJRZUh/ns2Ak6s0ofxYmyJQ2aqX8nciy0HovIdgpshnrZm4r/eZ3MxNdhzmSaGSrJfFGccWQSNP0c9ZmixPCxJZgoZm9FZIgVJsbms7AlEpOKDcVfjmCVBBe1m5r/cFmt14t0ynACp3AOPlxBHe6hAQEQYPACr/DmPDvvzofzOW8tOcXMMSzA+foF8ZKUzA==</latexit><latexit sha1_base64="d45wmmXC8/WVLND1Yb5e9mdYbig=">AAAB+3icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUC9S8OKxQmMLbSib7aZdursJuxuhhPoXvOrdk3j1x3j1l7htc7CtDwYe780wMy9KOdPG876d0tr6xuZWebuys7u3f+AeHj3qJFOEBiThiWpHWFPOJA0MM5y2U0WxiDhtRaO7qd96okqzRDbNOKWhwAPJYkawsVLQvG32SM+tejVvBrRK/IJUoUCj5/50+wnJBJWGcKx1x/dSE+ZYGUY4nVS6maYpJiM8oB1LJRZUh/ns2Ak6s0ofxYmyJQ2aqX8nciy0HovIdgpshnrZm4r/eZ3MxNdhzmSaGSrJfFGccWQSNP0c9ZmixPCxJZgoZm9FZIgVJsbms7AlEpOKDcVfjmCVBBe1m5r/cFmt14t0ynACp3AOPlxBHe6hAQEQYPACr/DmPDvvzofzOW8tOcXMMSzA+foF8ZKUzA==</latexit><latexit sha1_base64="d45wmmXC8/WVLND1Yb5e9mdYbig=">AAAB+3icbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUC9S8OKxQmMLbSib7aZdursJuxuhhPoXvOrdk3j1x3j1l7htc7CtDwYe780wMy9KOdPG876d0tr6xuZWebuys7u3f+AeHj3qJFOEBiThiWpHWFPOJA0MM5y2U0WxiDhtRaO7qd96okqzRDbNOKWhwAPJYkawsVLQvG32SM+tejVvBrRK/IJUoUCj5/50+wnJBJWGcKx1x/dSE+ZYGUY4nVS6maYpJiM8oB1LJRZUh/ns2Ak6s0ofxYmyJQ2aqX8nciy0HovIdgpshnrZm4r/eZ3MxNdhzmSaGSrJfFGccWQSNP0c9ZmixPCxJZgoZm9FZIgVJsbms7AlEpOKDcVfjmCVBBe1m5r/cFmt14t0ynACp3AOPlxBHe6hAQEQYPACr/DmPDvvzofzOW8tOcXMMSzA+foF8ZKUzA==</latexit>

q
<latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit><latexit sha1_base64="Ltdh0rTQDiknkEXTAwfyt9Ijv8A=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVLdu/O3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsFj9A03AlupQipDgc1weDv1m0+oNE/iezNKMZC0H/OIM2qs1Hjslitu1Z2BrBIvJxXIUe+Wfzq9hGUSY8ME1brtuakJxlQZzgROSp1MY0rZkPaxbWlMJepgPDt0Qs6s0iNRomzFhszUvxNjKrUeydB2SmoGetmbiv957cxE18GYx2lmMGbzRVEmiEnI9GvS4wqZESNLKFPc3krYgCrKjM1mYUsoJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJw9pNt</latexit>



Phase transition for            varying  
the distance among real replicas
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�(q)/L2�⌘
<latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit><latexit sha1_base64="tv9pSudOTE3S+vrJYi4NAw+RScw=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxCXViTIqi7ghsXLioYW2himUwn7dDJJM5MhBryDf6CW927Erf+g1u/xGmbhW09cOFwzr2cy/FjRqWyrG+jsLC4tLxSXC2trW9sbpnbO3cySgQmDo5YJFo+koRRThxFFSOtWBAU+ow0/cHlyG8+EiFpxG/VMCZeiHqcBhQjpaWOuefiPq08HMETeH2f1o5dolDWMctW1RoDzhM7J2WQo9Exf9xuhJOQcIUZkrJtW7HyUiQUxYxkJTeRJEZ4gHqkrSlHIZFeOv4+g4da6cIgEnq4gmP170WKQimHoa83Q6T6ctYbif957UQF515KeZwowvEkKEgYVBEcVQG7VBCs2FAThAXVv0LcRwJhpQubSvHDrKRLsWcrmCdOrXpRtW9Oy/V63k4R7IMDUAE2OAN1cAUawAEYPIEX8ArejGfj3fgwPierBSO/2QVTML5+AS9umkM=</latexit>

qc
<latexit sha1_base64="YzPOjAIsxSbx7W0UABQ11OdLzmI=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3S3U3c3Qgl5id41bsn8eqv8eovcdvmYFsfDDzem2FmXphwpo3rfjulldW19Y3yZmVre2d3r7p/8KDjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq4nfuuJKs1ieW/GCQ0EHkgWMYKNle4ee6RXrbl1dwq0TLyC1KBAs1f96fZjkgoqDeFY647nJibIsDKMcJpXuqmmCSYjPKAdSyUWVAfZ9NQcnVilj6JY2ZIGTdW/ExkWWo9FaDsFNkO96E3E/7xOaqLLIGMySQ2VZLYoSjkyMZr8jfpMUWL42BJMFLO3IjLEChNj05nbEoq8YkPxFiNYJv5Z/aru3Z7XGo0inTIcwTGcggcX0IAbaIIPBAbwAq/w5jw7786H8zlrLTnFzCHMwfn6Be2UlEM=</latexit><latexit sha1_base64="YzPOjAIsxSbx7W0UABQ11OdLzmI=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3S3U3c3Qgl5id41bsn8eqv8eovcdvmYFsfDDzem2FmXphwpo3rfjulldW19Y3yZmVre2d3r7p/8KDjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq4nfuuJKs1ieW/GCQ0EHkgWMYKNle4ee6RXrbl1dwq0TLyC1KBAs1f96fZjkgoqDeFY647nJibIsDKMcJpXuqmmCSYjPKAdSyUWVAfZ9NQcnVilj6JY2ZIGTdW/ExkWWo9FaDsFNkO96E3E/7xOaqLLIGMySQ2VZLYoSjkyMZr8jfpMUWL42BJMFLO3IjLEChNj05nbEoq8YkPxFiNYJv5Z/aru3Z7XGo0inTIcwTGcggcX0IAbaIIPBAbwAq/w5jw7786H8zlrLTnFzCHMwfn6Be2UlEM=</latexit><latexit sha1_base64="YzPOjAIsxSbx7W0UABQ11OdLzmI=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3S3U3c3Qgl5id41bsn8eqv8eovcdvmYFsfDDzem2FmXphwpo3rfjulldW19Y3yZmVre2d3r7p/8KDjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq4nfuuJKs1ieW/GCQ0EHkgWMYKNle4ee6RXrbl1dwq0TLyC1KBAs1f96fZjkgoqDeFY647nJibIsDKMcJpXuqmmCSYjPKAdSyUWVAfZ9NQcnVilj6JY2ZIGTdW/ExkWWo9FaDsFNkO96E3E/7xOaqLLIGMySQ2VZLYoSjkyMZr8jfpMUWL42BJMFLO3IjLEChNj05nbEoq8YkPxFiNYJv5Z/aru3Z7XGo0inTIcwTGcggcX0IAbaIIPBAbwAq/w5jw7786H8zlrLTnFzCHMwfn6Be2UlEM=</latexit><latexit sha1_base64="YzPOjAIsxSbx7W0UABQ11OdLzmI=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3S3U3c3Qgl5id41bsn8eqv8eovcdvmYFsfDDzem2FmXphwpo3rfjulldW19Y3yZmVre2d3r7p/8KDjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq4nfuuJKs1ieW/GCQ0EHkgWMYKNle4ee6RXrbl1dwq0TLyC1KBAs1f96fZjkgoqDeFY647nJibIsDKMcJpXuqmmCSYjPKAdSyUWVAfZ9NQcnVilj6JY2ZIGTdW/ExkWWo9FaDsFNkO96E3E/7xOaqLLIGMySQ2VZLYoSjkyMZr8jfpMUWL42BJMFLO3IjLEChNj05nbEoq8YkPxFiNYJv5Z/aru3Z7XGo0inTIcwTGcggcX0IAbaIIPBAbwAq/w5jw7786H8zlrLTnFzCHMwfn6Be2UlEM=</latexit>

T > Tc
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d=1 long range SG model

• Typical overlap 

• Thermodynamic phase transition if

qEA : lim
L!1

PL(q) = �(q � qEA)
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qEA = qc
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FIG. 2:

(top), h = 0.2 (middle) and h = 0.1 (bottom). For the
two largest field we observe a clear crossing of the curves
qc(T, h) and qEA(T, h), that defines the critical temper-
ature Tc(h). Indeed, as long as qEA > qc in the ther-
modynamical limit, the model is not critical and belongs
to the paramagnetic phase. Exactly when qEA = qc the
model satisfies critical scaling in the thermodynamical
limit, that is, it belongs to the critical line Tc(h). For
qEA < qc we are below Tc(h) and thus the estimate of qEA

is no longer correct (most probably the correct estimation
of q

max

is qc itself).

The lower panel in Fig. ?? shows what happens when
the field becomes small: the curves qc(T ) and qEA(T )
becomes very similar and thus the estimate of Tc(h) is
noisy. Moreover we expect the two curves to coincide in
the h = 0 limit. DA VERIFICARE

In the Table we have reported the estimates of Tc(h)
obtained with this new method, for ⇢ = 1.2 (mean-field)
and ⇢ = 1.4, 1.5 (non-mean-field).

TABELLA CON I NUMERI PER I VARI RHO

CONCLUSIONS

We have found a clear numerical evidence that spin
glass models may undergo a phase transition from the
paramagnetic to the spin glass phase even forcing two
replicas to have an overlap smaller than the equilibrium
one. This phase transition was predicted in the mean-
field SK model ??, but has never been observed in finite
dimensional spin glasses.

Moreover we have shown that a new method of analysis
based on the location qc of this phase transition is the
most e↵ective and reliable in order to estimate Tc(h) the
critical temperature for spin glasses in a field.
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Evidences from numerical simulations  
of spin glass models

• Approaching the critical line from the paramagnetic phase 
(the spin glass phase is an even more complicated story…) 

• with scaling corrections the critical behavior at H=0 is under 
control 

• for H>0 fluctuations are huge and averages may be 
dominated by a minority of measurements 

• sub-dominant critical configurations are not so rare 
and must be taken into account carefully, maybe  
conditioning (even in the paramagnetic phase!)



Disordered models 
on random graphs



Random graphs  
(with constant mean degree c)

• Poisson RG (Erdos-Renyi):  
N vertices 
M=cN/2 edges randomly chosen 

• Regular RG:  
N vertices, each with c “legs” 
connect randomly the legs 

• Locally tree-like 

• Small loop are rare  

• Typical loops are O(lnN)
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Random graphs  
(with constant mean degree c)

• Poisson RG (Erdos-Renyi):  
N vertices 
M=cN/2 edges randomly chosen 

• Regular RG:  
N vertices, each with c “legs” 
connect randomly the legs 

• Locally tree-like 

• Small loop are rare  

• Typical loops are O(lnN)
<latexit sha1_base64="xze0OsYHJdX6wQIeoMpVYM2GAyE=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AngtoFbKw0gmcCyRH2NnvJkt29Y3dPCEcK/4Kt9lZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ncLK6tr6RnGztLW9s7tX3j941HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH1xO/+USVZrF8MKOEBgL3JYsYwcZKrbtqh0t0e9otV9yaOwVaJl5OKpCj0S3/dHoxSQWVhnCsddtzExNkWBlGOB2XOqmmCSZD3KdtSyUWVAfZ9N4xOrFKD0WxsiUNmqp/JzIstB6J0HYKbAZ60ZuI/3nt1ESXQcZkkhoqyWxRlHJkYjR5HvWYosTwkSWYKGZvRWSAFSbGRjS3JRTjkg3FW4xgmfhntauad39eqdfzdIpwBMdQBQ8uoA430AAfCHB4gVd4c56dd+fD+Zy1Fpx85hDm4Hz9AluXlYY=</latexit><latexit sha1_base64="xze0OsYHJdX6wQIeoMpVYM2GAyE=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AngtoFbKw0gmcCyRH2NnvJkt29Y3dPCEcK/4Kt9lZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ncLK6tr6RnGztLW9s7tX3j941HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH1xO/+USVZrF8MKOEBgL3JYsYwcZKrbtqh0t0e9otV9yaOwVaJl5OKpCj0S3/dHoxSQWVhnCsddtzExNkWBlGOB2XOqmmCSZD3KdtSyUWVAfZ9N4xOrFKD0WxsiUNmqp/JzIstB6J0HYKbAZ60ZuI/3nt1ESXQcZkkhoqyWxRlHJkYjR5HvWYosTwkSWYKGZvRWSAFSbGRjS3JRTjkg3FW4xgmfhntauad39eqdfzdIpwBMdQBQ8uoA430AAfCHB4gVd4c56dd+fD+Zy1Fpx85hDm4Hz9AluXlYY=</latexit><latexit sha1_base64="xze0OsYHJdX6wQIeoMpVYM2GAyE=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AngtoFbKw0gmcCyRH2NnvJkt29Y3dPCEcK/4Kt9lZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ncLK6tr6RnGztLW9s7tX3j941HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH1xO/+USVZrF8MKOEBgL3JYsYwcZKrbtqh0t0e9otV9yaOwVaJl5OKpCj0S3/dHoxSQWVhnCsddtzExNkWBlGOB2XOqmmCSZD3KdtSyUWVAfZ9N4xOrFKD0WxsiUNmqp/JzIstB6J0HYKbAZ60ZuI/3nt1ESXQcZkkhoqyWxRlHJkYjR5HvWYosTwkSWYKGZvRWSAFSbGRjS3JRTjkg3FW4xgmfhntauad39eqdfzdIpwBMdQBQ8uoA430AAfCHB4gVd4c56dd+fD+Zy1Fpx85hDm4Hz9AluXlYY=</latexit><latexit sha1_base64="xze0OsYHJdX6wQIeoMpVYM2GAyE=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AngtoFbKw0gmcCyRH2NnvJkt29Y3dPCEcK/4Kt9lZi61+x9Ze4Sa4wiQ8GHu/NMDMvTDjTxnW/ncLK6tr6RnGztLW9s7tX3j941HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH1xO/+USVZrF8MKOEBgL3JYsYwcZKrbtqh0t0e9otV9yaOwVaJl5OKpCj0S3/dHoxSQWVhnCsddtzExNkWBlGOB2XOqmmCSZD3KdtSyUWVAfZ9N4xOrFKD0WxsiUNmqp/JzIstB6J0HYKbAZ60ZuI/3nt1ESXQcZkkhoqyWxRlHJkYjR5HvWYosTwkSWYKGZvRWSAFSbGRjS3JRTjkg3FW4xgmfhntauad39eqdfzdIpwBMdQBQ8uoA430AAfCHB4gVd4c56dd+fD+Zy1Fpx85hDm4Hz9AluXlYY=</latexit>
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N
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<latexit sha1_base64="iIATo6A3KBkegQ7YAP8baUj+eXc=">AAACDXicbZDPSsNAEMY3/q31X1Q8eVksQr2URAT1VvDiSSsYW2hC2Ww37dLNJuxOhBL6Dr6CV717Eq8+g1efxG2bg239YODjmxlm+IWp4Boc59taWl5ZXVsvbZQ3t7Z3du29/UedZIoyjyYiUa2QaCa4ZB5wEKyVKkbiULBmOLge95tPTGmeyAcYpiyISU/yiFMCJurYh3e+YBFU/UgR6t76ivf6cNqxK07NmQgvGrcwFVSo0bF//G5Cs5hJoIJo3XadFIKcKOBUsFHZzzRLCR2QHmsbK0nMdJBP3h/hE5N0cZQoUxLwJP27kZNY62EcmsmYQF/P98bhf712BtFlkHOZZsAknR6KMoEhwWMWuMsVoyCGxhCquPkV0z4xIMAQm7kSxqOygeLOI1g03lntquben1fq9YJOCR2hY1RFLrpAdXSDGshDFOXoBb2iN+vZerc+rM/p6JJV7BygGVlfv19lm40=</latexit><latexit sha1_base64="iIATo6A3KBkegQ7YAP8baUj+eXc=">AAACDXicbZDPSsNAEMY3/q31X1Q8eVksQr2URAT1VvDiSSsYW2hC2Ww37dLNJuxOhBL6Dr6CV717Eq8+g1efxG2bg239YODjmxlm+IWp4Boc59taWl5ZXVsvbZQ3t7Z3du29/UedZIoyjyYiUa2QaCa4ZB5wEKyVKkbiULBmOLge95tPTGmeyAcYpiyISU/yiFMCJurYh3e+YBFU/UgR6t76ivf6cNqxK07NmQgvGrcwFVSo0bF//G5Cs5hJoIJo3XadFIKcKOBUsFHZzzRLCR2QHmsbK0nMdJBP3h/hE5N0cZQoUxLwJP27kZNY62EcmsmYQF/P98bhf712BtFlkHOZZsAknR6KMoEhwWMWuMsVoyCGxhCquPkV0z4xIMAQm7kSxqOygeLOI1g03lntquben1fq9YJOCR2hY1RFLrpAdXSDGshDFOXoBb2iN+vZerc+rM/p6JJV7BygGVlfv19lm40=</latexit><latexit sha1_base64="iIATo6A3KBkegQ7YAP8baUj+eXc=">AAACDXicbZDPSsNAEMY3/q31X1Q8eVksQr2URAT1VvDiSSsYW2hC2Ww37dLNJuxOhBL6Dr6CV717Eq8+g1efxG2bg239YODjmxlm+IWp4Boc59taWl5ZXVsvbZQ3t7Z3du29/UedZIoyjyYiUa2QaCa4ZB5wEKyVKkbiULBmOLge95tPTGmeyAcYpiyISU/yiFMCJurYh3e+YBFU/UgR6t76ivf6cNqxK07NmQgvGrcwFVSo0bF//G5Cs5hJoIJo3XadFIKcKOBUsFHZzzRLCR2QHmsbK0nMdJBP3h/hE5N0cZQoUxLwJP27kZNY62EcmsmYQF/P98bhf712BtFlkHOZZsAknR6KMoEhwWMWuMsVoyCGxhCquPkV0z4xIMAQm7kSxqOygeLOI1g03lntquben1fq9YJOCR2hY1RFLrpAdXSDGshDFOXoBb2iN+vZerc+rM/p6JJV7BygGVlfv19lm40=</latexit><latexit sha1_base64="iIATo6A3KBkegQ7YAP8baUj+eXc=">AAACDXicbZDPSsNAEMY3/q31X1Q8eVksQr2URAT1VvDiSSsYW2hC2Ww37dLNJuxOhBL6Dr6CV717Eq8+g1efxG2bg239YODjmxlm+IWp4Boc59taWl5ZXVsvbZQ3t7Z3du29/UedZIoyjyYiUa2QaCa4ZB5wEKyVKkbiULBmOLge95tPTGmeyAcYpiyISU/yiFMCJurYh3e+YBFU/UgR6t76ivf6cNqxK07NmQgvGrcwFVSo0bF//G5Cs5hJoIJo3XadFIKcKOBUsFHZzzRLCR2QHmsbK0nMdJBP3h/hE5N0cZQoUxLwJP27kZNY62EcmsmYQF/P98bhf712BtFlkHOZZsAknR6KMoEhwWMWuMsVoyCGxhCquPkV0z4xIMAQm7kSxqOygeLOI1g03lntquben1fq9YJOCR2hY1RFLrpAdXSDGshDFOXoBb2iN+vZerc+rM/p6JJV7BygGVlfv19lm40=</latexit>



Why models on random graphs?

• Models on fully connected topologies 

• Unphysical weak couplings:  
                       in ferromagnets  
                        in spin glasses 

• Trivial geometry: no distance, 
no neighborhood, no correlation decay 

• Some unphysical behavior:  
e.g. the critical line in the  
SK model diverges at T=0

Standard mean-field approximations have limitations

SG
Para

H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>

T
<latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit>

J = O(1/N)
<latexit sha1_base64="2tolIGcNMAbVZTkDVBxtNm+lwls=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhBiE+9EUAshYCMWGsEzgeQIe5tNsmR379jdE8KRwr9gq72V2PpXbP0lbpIrTOKDgcd7M8zMC2POtHHdb2dhcWl5ZTW3ll/f2NzaLuzsPuooUYT6JOKRqodYU84k9Q0znNZjRbEIOa2F/auRX3uiSrNIPphBTAOBu5J1GMHGSvWby7uSd3x71CoU3bI7BponXkaKkKHaKvw02xFJBJWGcKx1w3NjE6RYGUY4HeabiaYxJn3cpQ1LJRZUB+n43iE6tEobdSJlSxo0Vv9OpFhoPRCh7RTY9PSsNxL/8xqJ6ZwHKZNxYqgkk0WdhCMTodHzqM0UJYYPLMFEMXsrIj2sMDE2oqktoRjmbSjebATzxD8pX5S9+9NipZKlk4N9OIASeHAGFbiGKvhAgMMLvMKb8+y8Ox/O56R1wclm9mAKztcvqzyVFw==</latexit><latexit sha1_base64="2tolIGcNMAbVZTkDVBxtNm+lwls=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhBiE+9EUAshYCMWGsEzgeQIe5tNsmR379jdE8KRwr9gq72V2PpXbP0lbpIrTOKDgcd7M8zMC2POtHHdb2dhcWl5ZTW3ll/f2NzaLuzsPuooUYT6JOKRqodYU84k9Q0znNZjRbEIOa2F/auRX3uiSrNIPphBTAOBu5J1GMHGSvWby7uSd3x71CoU3bI7BponXkaKkKHaKvw02xFJBJWGcKx1w3NjE6RYGUY4HeabiaYxJn3cpQ1LJRZUB+n43iE6tEobdSJlSxo0Vv9OpFhoPRCh7RTY9PSsNxL/8xqJ6ZwHKZNxYqgkk0WdhCMTodHzqM0UJYYPLMFEMXsrIj2sMDE2oqktoRjmbSjebATzxD8pX5S9+9NipZKlk4N9OIASeHAGFbiGKvhAgMMLvMKb8+y8Ox/O56R1wclm9mAKztcvqzyVFw==</latexit><latexit sha1_base64="2tolIGcNMAbVZTkDVBxtNm+lwls=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhBiE+9EUAshYCMWGsEzgeQIe5tNsmR379jdE8KRwr9gq72V2PpXbP0lbpIrTOKDgcd7M8zMC2POtHHdb2dhcWl5ZTW3ll/f2NzaLuzsPuooUYT6JOKRqodYU84k9Q0znNZjRbEIOa2F/auRX3uiSrNIPphBTAOBu5J1GMHGSvWby7uSd3x71CoU3bI7BponXkaKkKHaKvw02xFJBJWGcKx1w3NjE6RYGUY4HeabiaYxJn3cpQ1LJRZUB+n43iE6tEobdSJlSxo0Vv9OpFhoPRCh7RTY9PSsNxL/8xqJ6ZwHKZNxYqgkk0WdhCMTodHzqM0UJYYPLMFEMXsrIj2sMDE2oqktoRjmbSjebATzxD8pX5S9+9NipZKlk4N9OIASeHAGFbiGKvhAgMMLvMKb8+y8Ox/O56R1wclm9mAKztcvqzyVFw==</latexit><latexit sha1_base64="2tolIGcNMAbVZTkDVBxtNm+lwls=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhBiE+9EUAshYCMWGsEzgeQIe5tNsmR379jdE8KRwr9gq72V2PpXbP0lbpIrTOKDgcd7M8zMC2POtHHdb2dhcWl5ZTW3ll/f2NzaLuzsPuooUYT6JOKRqodYU84k9Q0znNZjRbEIOa2F/auRX3uiSrNIPphBTAOBu5J1GMHGSvWby7uSd3x71CoU3bI7BponXkaKkKHaKvw02xFJBJWGcKx1w3NjE6RYGUY4HeabiaYxJn3cpQ1LJRZUB+n43iE6tEobdSJlSxo0Vv9OpFhoPRCh7RTY9PSsNxL/8xqJ6ZwHKZNxYqgkk0WdhCMTodHzqM0UJYYPLMFEMXsrIj2sMDE2oqktoRjmbSjebATzxD8pX5S9+9NipZKlk4N9OIASeHAGFbiGKvhAgMMLvMKb8+y8Ox/O56R1wclm9mAKztcvqzyVFw==</latexit>

J = O(1/
p
N)

<latexit sha1_base64="P5YaizsqSImPlQJXPsd6pFj6aJY=">AAACB3icbVDLSsNAFJ34rPXRqEs3g0Wom5qIoC6EghtxoRWMLbShTKaTdujMJM5MhBLyA/6CW927Erd+hlu/xGmbhW09cOFwzr2cywliRpV2nG9rYXFpeWW1sFZc39jcKtnbOw8qSiQmHo5YJJsBUoRRQTxNNSPNWBLEA0YaweBy5DeeiFQ0Evd6GBOfo56gIcVIG6ljl64vbivuUVs9Sp3eZIcdu+xUnTHgPHFzUgY56h37p92NcMKJ0JghpVquE2s/RVJTzEhWbCeKxAgPUI+0DBWIE+Wn48czeGCULgwjaUZoOFb/XqSIKzXkgdnkSPfVrDcS//NaiQ7P/JSKONFE4ElQmDCoIzhqAXapJFizoSEIS2p+hbiPJMLadDWVEvCsaEpxZyuYJ95x9bzq3p2Ua7W8nQLYA/ugAlxwCmrgCtSBBzBIwAt4BW/Ws/VufVifk9UFK7/ZBVOwvn4BKRmYrA==</latexit><latexit sha1_base64="P5YaizsqSImPlQJXPsd6pFj6aJY=">AAACB3icbVDLSsNAFJ34rPXRqEs3g0Wom5qIoC6EghtxoRWMLbShTKaTdujMJM5MhBLyA/6CW927Erd+hlu/xGmbhW09cOFwzr2cywliRpV2nG9rYXFpeWW1sFZc39jcKtnbOw8qSiQmHo5YJJsBUoRRQTxNNSPNWBLEA0YaweBy5DeeiFQ0Evd6GBOfo56gIcVIG6ljl64vbivuUVs9Sp3eZIcdu+xUnTHgPHFzUgY56h37p92NcMKJ0JghpVquE2s/RVJTzEhWbCeKxAgPUI+0DBWIE+Wn48czeGCULgwjaUZoOFb/XqSIKzXkgdnkSPfVrDcS//NaiQ7P/JSKONFE4ElQmDCoIzhqAXapJFizoSEIS2p+hbiPJMLadDWVEvCsaEpxZyuYJ95x9bzq3p2Ua7W8nQLYA/ugAlxwCmrgCtSBBzBIwAt4BW/Ws/VufVifk9UFK7/ZBVOwvn4BKRmYrA==</latexit><latexit sha1_base64="P5YaizsqSImPlQJXPsd6pFj6aJY=">AAACB3icbVDLSsNAFJ34rPXRqEs3g0Wom5qIoC6EghtxoRWMLbShTKaTdujMJM5MhBLyA/6CW927Erd+hlu/xGmbhW09cOFwzr2cywliRpV2nG9rYXFpeWW1sFZc39jcKtnbOw8qSiQmHo5YJJsBUoRRQTxNNSPNWBLEA0YaweBy5DeeiFQ0Evd6GBOfo56gIcVIG6ljl64vbivuUVs9Sp3eZIcdu+xUnTHgPHFzUgY56h37p92NcMKJ0JghpVquE2s/RVJTzEhWbCeKxAgPUI+0DBWIE+Wn48czeGCULgwjaUZoOFb/XqSIKzXkgdnkSPfVrDcS//NaiQ7P/JSKONFE4ElQmDCoIzhqAXapJFizoSEIS2p+hbiPJMLadDWVEvCsaEpxZyuYJ95x9bzq3p2Ua7W8nQLYA/ugAlxwCmrgCtSBBzBIwAt4BW/Ws/VufVifk9UFK7/ZBVOwvn4BKRmYrA==</latexit><latexit sha1_base64="P5YaizsqSImPlQJXPsd6pFj6aJY=">AAACB3icbVDLSsNAFJ34rPXRqEs3g0Wom5qIoC6EghtxoRWMLbShTKaTdujMJM5MhBLyA/6CW927Erd+hlu/xGmbhW09cOFwzr2cywliRpV2nG9rYXFpeWW1sFZc39jcKtnbOw8qSiQmHo5YJJsBUoRRQTxNNSPNWBLEA0YaweBy5DeeiFQ0Evd6GBOfo56gIcVIG6ljl64vbivuUVs9Sp3eZIcdu+xUnTHgPHFzUgY56h37p92NcMKJ0JghpVquE2s/RVJTzEhWbCeKxAgPUI+0DBWIE+Wn48czeGCULgwjaUZoOFb/XqSIKzXkgdnkSPfVrDcS//NaiQ7P/JSKONFE4ElQmDCoIzhqAXapJFizoSEIS2p+hbiPJMLadDWVEvCsaEpxZyuYJ95x9bzq3p2Ua7W8nQLYA/ugAlxwCmrgCtSBBzBIwAt4BW/Ws/VufVifk9UFK7/ZBVOwvn4BKRmYrA==</latexit>



How to solve models on random graphs

• In the large N limit a finite graph rooted 
on a randomly chosen vertex is a tree 

• Assume correlations between the root  
vertex and boundary vertices are small  
(single state o replica symmetric ansatz) 

• If connected correlations do not decay —> RSB 

• To compute local marginals (e.g. on the root vertex)  
write recursion relations that hold on a tree  
and solve them on the actual graph



How to solve models on random graphs

• Recursion relations close on cavity marginals  
               : marginal on     if edge       is removed  
               : marginal on     if all edges around     are removed but  
 

• Cavity marginals can be seen  
as messages passing along  
the edges and carrying local 
information to global level

⌘i!j(si)
<latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit>

⌘̂k!i(si)
<latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit>

si
<latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit>

si
<latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit>

(ij)
<latexit sha1_base64="cUnNmn8BJtatP6qTp8Tfmtxab9s=">AAAB+nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorePFYwdhCG8pmu23X7m7C7kYoIX/Bq949iVf/jFd/iZs2B9v6YODx3gwz88KYM21c99spra1vbG6Vtys7u3v7B9XDo0cdJYpQn0Q8Up0Qa8qZpL5hhtNOrCgWIaftcHKb++1nqjSL5IOZxjQQeCTZkBFscqnOns771ZrbcGdAq8QrSA0KtPrVn94gIomg0hCOte56bmyCFCvDCKdZpZdoGmMywSPatVRiQXWQzm7N0JlVBmgYKVvSoJn6dyLFQuupCG2nwGasl71c/M/rJmZ4HaRMxomhkswXDROOTITyx9GAKUoMn1qCiWL2VkTGWGFibDwLW0KRVWwo3nIEq8S/aNw0vPvLWrNZpFOGEziFOnhwBU24gxb4QGAML/AKb07mvDsfzue8teQUM8ewAOfrF/thlD4=</latexit><latexit sha1_base64="cUnNmn8BJtatP6qTp8Tfmtxab9s=">AAAB+nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorePFYwdhCG8pmu23X7m7C7kYoIX/Bq949iVf/jFd/iZs2B9v6YODx3gwz88KYM21c99spra1vbG6Vtys7u3v7B9XDo0cdJYpQn0Q8Up0Qa8qZpL5hhtNOrCgWIaftcHKb++1nqjSL5IOZxjQQeCTZkBFscqnOns771ZrbcGdAq8QrSA0KtPrVn94gIomg0hCOte56bmyCFCvDCKdZpZdoGmMywSPatVRiQXWQzm7N0JlVBmgYKVvSoJn6dyLFQuupCG2nwGasl71c/M/rJmZ4HaRMxomhkswXDROOTITyx9GAKUoMn1qCiWL2VkTGWGFibDwLW0KRVWwo3nIEq8S/aNw0vPvLWrNZpFOGEziFOnhwBU24gxb4QGAML/AKb07mvDsfzue8teQUM8ewAOfrF/thlD4=</latexit><latexit sha1_base64="cUnNmn8BJtatP6qTp8Tfmtxab9s=">AAAB+nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorePFYwdhCG8pmu23X7m7C7kYoIX/Bq949iVf/jFd/iZs2B9v6YODx3gwz88KYM21c99spra1vbG6Vtys7u3v7B9XDo0cdJYpQn0Q8Up0Qa8qZpL5hhtNOrCgWIaftcHKb++1nqjSL5IOZxjQQeCTZkBFscqnOns771ZrbcGdAq8QrSA0KtPrVn94gIomg0hCOte56bmyCFCvDCKdZpZdoGmMywSPatVRiQXWQzm7N0JlVBmgYKVvSoJn6dyLFQuupCG2nwGasl71c/M/rJmZ4HaRMxomhkswXDROOTITyx9GAKUoMn1qCiWL2VkTGWGFibDwLW0KRVWwo3nIEq8S/aNw0vPvLWrNZpFOGEziFOnhwBU24gxb4QGAML/AKb07mvDsfzue8teQUM8ewAOfrF/thlD4=</latexit><latexit sha1_base64="cUnNmn8BJtatP6qTp8Tfmtxab9s=">AAAB+nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorePFYwdhCG8pmu23X7m7C7kYoIX/Bq949iVf/jFd/iZs2B9v6YODx3gwz88KYM21c99spra1vbG6Vtys7u3v7B9XDo0cdJYpQn0Q8Up0Qa8qZpL5hhtNOrCgWIaftcHKb++1nqjSL5IOZxjQQeCTZkBFscqnOns771ZrbcGdAq8QrSA0KtPrVn94gIomg0hCOte56bmyCFCvDCKdZpZdoGmMywSPatVRiQXWQzm7N0JlVBmgYKVvSoJn6dyLFQuupCG2nwGasl71c/M/rJmZ4HaRMxomhkswXDROOTITyx9GAKUoMn1qCiWL2VkTGWGFibDwLW0KRVWwo3nIEq8S/aNw0vPvLWrNZpFOGEziFOnhwBU24gxb4QGAML/AKb07mvDsfzue8teQUM8ewAOfrF/thlD4=</latexit>

(ik)
<latexit sha1_base64="EBEaus7ZRC7lVe6JGFtFun22dWQ=">AAAB+nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG8FLx4rGFtoQ9lsN+3S3U3Y3Qgl5C941bsn8eqf8eovcdPmYFsfDDzem2FmXphwpo3rfjtr6xubW9uVneru3v7BYe3o+EnHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNwVfueZKs1i+WimCQ0EHkkWMYJNITXY5GJQq7tNdwa0SryS1KFEe1D76Q9jkgoqDeFY657nJibIsDKMcJpX+6mmCSYTPKI9SyUWVAfZ7NYcnVtliKJY2ZIGzdS/ExkWWk9FaDsFNmO97BXif14vNdFNkDGZpIZKMl8UpRyZGBWPoyFTlBg+tQQTxeytiIyxwsTYeBa2hCKv2lC85QhWiX/ZvG16D1f1VqtMpwKncAYN8OAaWnAPbfCBwBhe4BXenNx5dz6cz3nrmlPOnMACnK9f/PWUPw==</latexit><latexit sha1_base64="EBEaus7ZRC7lVe6JGFtFun22dWQ=">AAAB+nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG8FLx4rGFtoQ9lsN+3S3U3Y3Qgl5C941bsn8eqf8eovcdPmYFsfDDzem2FmXphwpo3rfjtr6xubW9uVneru3v7BYe3o+EnHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNwVfueZKs1i+WimCQ0EHkkWMYJNITXY5GJQq7tNdwa0SryS1KFEe1D76Q9jkgoqDeFY657nJibIsDKMcJpX+6mmCSYTPKI9SyUWVAfZ7NYcnVtliKJY2ZIGzdS/ExkWWk9FaDsFNmO97BXif14vNdFNkDGZpIZKMl8UpRyZGBWPoyFTlBg+tQQTxeytiIyxwsTYeBa2hCKv2lC85QhWiX/ZvG16D1f1VqtMpwKncAYN8OAaWnAPbfCBwBhe4BXenNx5dz6cz3nrmlPOnMACnK9f/PWUPw==</latexit><latexit sha1_base64="EBEaus7ZRC7lVe6JGFtFun22dWQ=">AAAB+nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG8FLx4rGFtoQ9lsN+3S3U3Y3Qgl5C941bsn8eqf8eovcdPmYFsfDDzem2FmXphwpo3rfjtr6xubW9uVneru3v7BYe3o+EnHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNwVfueZKs1i+WimCQ0EHkkWMYJNITXY5GJQq7tNdwa0SryS1KFEe1D76Q9jkgoqDeFY657nJibIsDKMcJpX+6mmCSYTPKI9SyUWVAfZ7NYcnVtliKJY2ZIGzdS/ExkWWk9FaDsFNmO97BXif14vNdFNkDGZpIZKMl8UpRyZGBWPoyFTlBg+tQQTxeytiIyxwsTYeBa2hCKv2lC85QhWiX/ZvG16D1f1VqtMpwKncAYN8OAaWnAPbfCBwBhe4BXenNx5dz6cz3nrmlPOnMACnK9f/PWUPw==</latexit><latexit sha1_base64="EBEaus7ZRC7lVe6JGFtFun22dWQ=">AAAB+nicbVBNS8NAEJ34WetX1aOXxSLUS0lEUG8FLx4rGFtoQ9lsN+3S3U3Y3Qgl5C941bsn8eqf8eovcdPmYFsfDDzem2FmXphwpo3rfjtr6xubW9uVneru3v7BYe3o+EnHqSLUJzGPVTfEmnImqW+Y4bSbKIpFyGknnNwVfueZKs1i+WimCQ0EHkkWMYJNITXY5GJQq7tNdwa0SryS1KFEe1D76Q9jkgoqDeFY657nJibIsDKMcJpX+6mmCSYTPKI9SyUWVAfZ7NYcnVtliKJY2ZIGzdS/ExkWWk9FaDsFNmO97BXif14vNdFNkDGZpIZKMl8UpRyZGBWPoyFTlBg+tQQTxeytiIyxwsTYeBa2hCKv2lC85QhWiX/ZvG16D1f1VqtMpwKncAYN8OAaWnAPbfCBwBhe4BXenNx5dz6cz3nrmlPOnMACnK9f/PWUPw==</latexit>

si
<latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit><latexit sha1_base64="gWThXee4IJ67mn4HXYewP5olESA=">AAAB+XicbVA9SwNBEJ3zM8avqKXNYhCswp0IahewsYzomUByhL3NXrJkP47dPSGc+Qm22luJrb/G1l/iJrnCJD4YeLw3w8y8OOXMWN//9lZW19Y3Nktb5e2d3b39ysHho1GZJjQkiivdirGhnEkaWmY5baWaYhFz2oyHNxO/+US1YUo+2FFKI4H7kiWMYOuke9Nl3UrVr/lToGUSFKQKBRrdyk+np0gmqLSEY2PagZ/aKMfaMsLpuNzJDE0xGeI+bTsqsaAmyqenjtGpU3ooUdqVtGiq/p3IsTBmJGLXKbAdmEVvIv7ntTObXEU5k2lmqSSzRUnGkVVo8jfqMU2J5SNHMNHM3YrIAGtMrEtnbkssxmUXSrAYwTIJz2vXteDuolqvF+mU4BhO4AwCuIQ63EIDQiDQhxd4hTfv2Xv3PrzPWeuKV8wcwRy8r1/6MJRL</latexit>

⌘̂
k!

i (s
i )

<latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit><latexit sha1_base64="LgwrU60cjwg0W4HPQJdX74kC4OA=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eKxhbaELYbDft0t0k7E6EEvMj/Ate9e5JvPoXvPpL3LY52NYHA4/3ZpiZF6acKbDtb6Oysrq2vlHdrG1t7+zumfsHDyrJJKEuSXgiuyFWlLOYusCA024qKRYhp51wdDPxO49UKpbE9zBOqS/wIGYRIxi0FJhH3hCDRwEH+ciDxGJFQwXsLDDrdtOewlomTknqqEQ7MH+8fkIyQWMgHCvVc+wU/BxLYITTouZliqaYjPCA9jSNsaDKz6f3F9apVvpWlEhdMVhT9e9EjoVSYxHqToFhqBa9ifif18sguvJzFqcZ0JjMFkUZt/SjkzCsPpOUAB9rgolk+laLDLHEBHRkc1tCUdR0KM5iBMvEPW9eN527i3qrVaZTRcfoBDWQgy5RC92iNnIRQU/oBb2iN+PZeDc+jM9Za8UoZw7RHIyvX6NcnEQ=</latexit>

⌘i!j (si)
<latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit><latexit sha1_base64="GXIurIM3juuJaOE+214ENeB/HCs=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHqpiQiqLuCG5cVjC00IUymk3bszCTMTMQS8gn+glvduxK3/oRbv8Rpm4VtPXDhcM693HtPlDKqtON8Wyura+sbm5Wt6vbO7t6+fVC7V0kmMfFwwhLZjZAijAriaaoZ6aaSIB4x0olG1xO/80ikoom40+OUBBwNBI0pRtpIoV3ziUZhTn2dwIeioUJ6Gtp1p+lMAZeJW5I6KNEO7R+/n+CME6ExQ0r1XCfVQY6kppiRoupniqQIj9CA9AwViBMV5NPbC3hilD6ME2lKaDhV/07kiCs15pHp5EgP1aI3Ef/zepmOL4OcijTTRODZojhj0Dw6CQL2qSRYs7EhCEtqboV4iCTC2sQ1tyXiRdWE4i5GsEy8s+ZV0709r7daZToVcASOQQO44AK0wA1oAw9g8ARewCt4s56td+vD+py1rljlzCGYg/X1C2nOmoI=</latexit>

i
<latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit>

k
<latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit>

j
<latexit sha1_base64="5ZkYg82bMvvQGPHQTz0GYxXn6go=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVr9vaO3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsEl+oYbga1UIY1Dgc1weDv1m0+oNE/kvRmlGMS0L3nEGTVWajx2yxW36s5AVomXkwrkqHfLP51ewrIYpWGCat323NQEY6oMZwInpU6mMaVsSPvYtlTSGHUwnh06IWdW6ZEoUbakITP178SYxlqP4tB2xtQM9LI3Ff/z2pmJroMxl2lmULL5oigTxCRk+jXpcYXMiJEllClubyVsQBVlxmazsCWMJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJl8ZNm</latexit><latexit sha1_base64="5ZkYg82bMvvQGPHQTz0GYxXn6go=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVr9vaO3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsEl+oYbga1UIY1Dgc1weDv1m0+oNE/kvRmlGMS0L3nEGTVWajx2yxW36s5AVomXkwrkqHfLP51ewrIYpWGCat323NQEY6oMZwInpU6mMaVsSPvYtlTSGHUwnh06IWdW6ZEoUbakITP178SYxlqP4tB2xtQM9LI3Ff/z2pmJroMxl2lmULL5oigTxCRk+jXpcYXMiJEllClubyVsQBVlxmazsCWMJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJl8ZNm</latexit><latexit sha1_base64="5ZkYg82bMvvQGPHQTz0GYxXn6go=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVr9vaO3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsEl+oYbga1UIY1Dgc1weDv1m0+oNE/kvRmlGMS0L3nEGTVWajx2yxW36s5AVomXkwrkqHfLP51ewrIYpWGCat323NQEY6oMZwInpU6mMaVsSPvYtlTSGHUwnh06IWdW6ZEoUbakITP178SYxlqP4tB2xtQM9LI3Ff/z2pmJroMxl2lmULL5oigTxCRk+jXpcYXMiJEllClubyVsQBVlxmazsCWMJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJl8ZNm</latexit><latexit sha1_base64="5ZkYg82bMvvQGPHQTz0GYxXn6go=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCngkkR9jbzCVr9vaO3T0hhvwCW+2txNafY+svcZNcYRIfDDzem2FmXpgKro3rfjuFtfWNza3idmlnd2//oHx49KCTTDH0WSIS1QqpRsEl+oYbga1UIY1Dgc1weDv1m0+oNE/kvRmlGMS0L3nEGTVWajx2yxW36s5AVomXkwrkqHfLP51ewrIYpWGCat323NQEY6oMZwInpU6mMaVsSPvYtlTSGHUwnh06IWdW6ZEoUbakITP178SYxlqP4tB2xtQM9LI3Ff/z2pmJroMxl2lmULL5oigTxCRk+jXpcYXMiJEllClubyVsQBVlxmazsCWMJyUbirccwSrxL6o3Va9xWanV8nSKcAKncA4eXEEN7qAOPjBAeIFXeHOenXfnw/mctxacfOYYFuB8/QJl8ZNm</latexit>

⌘i!j(si) / e�Hisi
Y

k2@i\j

⌘̂k!i(si)

⌘̂i!j(sj) /
X

si

e�Jijsisj⌘i!j(si)
<latexit sha1_base64="dMDvz7W6kCu7vfF7ZfKGamXgAGs="></latexit><latexit sha1_base64="dMDvz7W6kCu7vfF7ZfKGamXgAGs="></latexit><latexit sha1_base64="dMDvz7W6kCu7vfF7ZfKGamXgAGs="></latexit><latexit sha1_base64="dMDvz7W6kCu7vfF7ZfKGamXgAGs="></latexit> ⌘̂i!j (sj )

<latexit sha1_base64="cbyl1tPYqgqzuR4s4BByIDhHOrY=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eK1hbaELYbDfttrtJ2J0IJeZH+Be86t2TePUvePWXuG1zsK0PBh7vzTAzL0g4U2Db30ZpZXVtfaO8Wdna3tndM/cPHlScSkJbJOax7ARYUc4i2gIGnHYSSbEIOG0Ho5uJ336kUrE4uodxQj2B+xELGcGgJd88cgcYXArYz5gLsTXMa8ofnvlm1a7bU1jLxClIFRVo+uaP24tJKmgEhGOluo6dgJdhCYxwmlfcVNEEkxHu066mERZUedn0/tw61UrPCmOpKwJrqv6dyLBQaiwC3SkwDNSiNxH/87ophFdexqIkBRqR2aIw5ZZ+dBKG1WOSEuBjTTCRTN9qkQGWmICObG5LIPKKDsVZjGCZtM7r13Xn7qLaaBTplNExOkE15KBL1EC3qIlaiKAn9IJe0ZvxbLwbH8bnrLVkFDOHaA7G1y+jTZxE</latexit><latexit sha1_base64="cbyl1tPYqgqzuR4s4BByIDhHOrY=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eK1hbaELYbDfttrtJ2J0IJeZH+Be86t2TePUvePWXuG1zsK0PBh7vzTAzL0g4U2Db30ZpZXVtfaO8Wdna3tndM/cPHlScSkJbJOax7ARYUc4i2gIGnHYSSbEIOG0Ho5uJ336kUrE4uodxQj2B+xELGcGgJd88cgcYXArYz5gLsTXMa8ofnvlm1a7bU1jLxClIFRVo+uaP24tJKmgEhGOluo6dgJdhCYxwmlfcVNEEkxHu066mERZUedn0/tw61UrPCmOpKwJrqv6dyLBQaiwC3SkwDNSiNxH/87ophFdexqIkBRqR2aIw5ZZ+dBKG1WOSEuBjTTCRTN9qkQGWmICObG5LIPKKDsVZjGCZtM7r13Xn7qLaaBTplNExOkE15KBL1EC3qIlaiKAn9IJe0ZvxbLwbH8bnrLVkFDOHaA7G1y+jTZxE</latexit><latexit sha1_base64="cbyl1tPYqgqzuR4s4BByIDhHOrY=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eK1hbaELYbDfttrtJ2J0IJeZH+Be86t2TePUvePWXuG1zsK0PBh7vzTAzL0g4U2Db30ZpZXVtfaO8Wdna3tndM/cPHlScSkJbJOax7ARYUc4i2gIGnHYSSbEIOG0Ho5uJ336kUrE4uodxQj2B+xELGcGgJd88cgcYXArYz5gLsTXMa8ofnvlm1a7bU1jLxClIFRVo+uaP24tJKmgEhGOluo6dgJdhCYxwmlfcVNEEkxHu066mERZUedn0/tw61UrPCmOpKwJrqv6dyLBQaiwC3SkwDNSiNxH/87ophFdexqIkBRqR2aIw5ZZ+dBKG1WOSEuBjTTCRTN9qkQGWmICObG5LIPKKDsVZjGCZtM7r13Xn7qLaaBTplNExOkE15KBL1EC3qIlaiKAn9IJe0ZvxbLwbH8bnrLVkFDOHaA7G1y+jTZxE</latexit><latexit sha1_base64="cbyl1tPYqgqzuR4s4BByIDhHOrY=">AAACDnicbVBNS8NAEN3Ur1q/ooIXL8Ei1EtJRFBvBS8eK1hbaELYbDfttrtJ2J0IJeZH+Be86t2TePUvePWXuG1zsK0PBh7vzTAzL0g4U2Db30ZpZXVtfaO8Wdna3tndM/cPHlScSkJbJOax7ARYUc4i2gIGnHYSSbEIOG0Ho5uJ336kUrE4uodxQj2B+xELGcGgJd88cgcYXArYz5gLsTXMa8ofnvlm1a7bU1jLxClIFRVo+uaP24tJKmgEhGOluo6dgJdhCYxwmlfcVNEEkxHu066mERZUedn0/tw61UrPCmOpKwJrqv6dyLBQaiwC3SkwDNSiNxH/87ophFdexqIkBRqR2aIw5ZZ+dBKG1WOSEuBjTTCRTN9qkQGWmICObG5LIPKKDsVZjGCZtM7r13Xn7qLaaBTplNExOkE15KBL1EC3qIlaiKAn9IJe0ZvxbLwbH8bnrLVkFDOHaA7G1y+jTZxE</latexit>



How to solve models on random graphs

• For Ising models, marginals can be represented by a 
single scalar number (e.g. the magnetization)  

• Equations to be solved are  
4 x the number of edges

⌘̂k!i(si) / exp(� uk!i si)

⌘i!j(si) / exp(� hi!j si)
<latexit sha1_base64="ljahjPLQcdpyJ8R0qV0JzNAB5ME="></latexit><latexit sha1_base64="ljahjPLQcdpyJ8R0qV0JzNAB5ME="></latexit><latexit sha1_base64="ljahjPLQcdpyJ8R0qV0JzNAB5ME="></latexit><latexit sha1_base64="ljahjPLQcdpyJ8R0qV0JzNAB5ME="></latexit>

i
<latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit><latexit sha1_base64="Z4Qg0sj+ddrQj+bC5jEXOwTnKeg=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqcV71Zpbd2cgq8QrSA0KNHvVn24/YZnE2DBBte54bmqCnCrDmcBJpZtpTCkb0QF2LI2pRB3ks0Mn5MwqfRIlylZsyEz9O5FTqfVYhrZTUjPUy95U/M/rZCa6DnIep5nBmM0XRZkgJiHTr0mfK2RGjC2hTHF7K2FDqigzNpuFLaGcVGwo3nIEq8S/qN/UvdZlrdEo0inDCZzCOXhwBQ24gyb4wADhBV7hzXl23p0P53PeWnKKmWNYgPP1C2Rek2U=</latexit>

k
<latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit><latexit sha1_base64="tmsUy2jJ3pIfDiU4PByD2BUCeaE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMFZoQ9lsJ+3S3STsboQa+gu86t2TePXnePWXuG1zsK0PBh7vzTAzL0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08etBJphj6LBGJegypRsFj9A03Ah9ThVSGAtvh6Hbqt59QaZ7E92acYiDpIOYRZ9RYqTXqVWtu3Z2BrBKvIDUo0OxVf7r9hGUSY8ME1brjuakJcqoMZwInlW6mMaVsRAfYsTSmEnWQzw6dkDOr9EmUKFuxITP170ROpdZjGdpOSc1QL3tT8T+vk5noOsh5nGYGYzZfFGWCmIRMvyZ9rpAZMbaEMsXtrYQNqaLM2GwWtoRyUrGheMsRrBL/on5T91qXtUajSKcMJ3AK5+DBFTTgDprgAwOEF3iFN+fZeXc+nM95a8kpZo5hAc7XL2eEk2c=</latexit>
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hi!j<latexit sha1_base64="dNtyhyilEnd+uCHGaLrEj6Afy/o=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9DHsZ65oYPea9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNO80k01TTAZ4QHtWCqxoDrIphfn6MQqfRTFypY0aKr+nciw0HosQtspsBnqRW8i/ud1UhNdBhmTSWqoJLNFUcqR/XHyPuozRYnhY0swUczeisgQK0yMDWluSyjyig3FW4xgmfhn9au6d3teazSKdMpwBMdwCh5cQANuoAk+EJDwAq/w5jw7786H8zlrLTnFzCHMwfn6BVK4l0c=</latexit><latexit sha1_base64="dNtyhyilEnd+uCHGaLrEj6Afy/o=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9DHsZ65oYPea9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNO80k01TTAZ4QHtWCqxoDrIphfn6MQqfRTFypY0aKr+nciw0HosQtspsBnqRW8i/ud1UhNdBhmTSWqoJLNFUcqR/XHyPuozRYnhY0swUczeisgQK0yMDWluSyjyig3FW4xgmfhn9au6d3teazSKdMpwBMdwCh5cQANuoAk+EJDwAq/w5jw7786H8zlrLTnFzCHMwfn6BVK4l0c=</latexit><latexit sha1_base64="dNtyhyilEnd+uCHGaLrEj6Afy/o=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9DHsZ65oYPea9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNO80k01TTAZ4QHtWCqxoDrIphfn6MQqfRTFypY0aKr+nciw0HosQtspsBnqRW8i/ud1UhNdBhmTSWqoJLNFUcqR/XHyPuozRYnhY0swUczeisgQK0yMDWluSyjyig3FW4xgmfhn9au6d3teazSKdMpwBMdwCh5cQANuoAk+EJDwAq/w5jw7786H8zlrLTnFzCHMwfn6BVK4l0c=</latexit><latexit sha1_base64="dNtyhyilEnd+uCHGaLrEj6Afy/o=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9DHsZ65oYPea9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNO80k01TTAZ4QHtWCqxoDrIphfn6MQqfRTFypY0aKr+nciw0HosQtspsBnqRW8i/ud1UhNdBhmTSWqoJLNFUcqR/XHyPuozRYnhY0swUczeisgQK0yMDWluSyjyig3FW4xgmfhn9au6d3teazSKdMpwBMdwCh5cQANuoAk+EJDwAq/w5jw7786H8zlrLTnFzCHMwfn6BVK4l0c=</latexit>

ui!j<latexit sha1_base64="lGHEX1cf3luEwDhmXSdmWH2PtS0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9pL2MdU2MHvNetebW3SnQMvEKUoMCzV71p9uPSSqoNIRjrTuem5ggw8owwmle6aaaJpiM8IB2LJVYUB1k04tzdGKVPopiZUsaNFX/TmRYaD0Woe0U2Az1ojcR//M6qYkug4zJJDVUktmiKOXI/jh5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRR5xYbiLUawTPyz+lXduz2vNRpFOmU4gmM4BQ8uoAE30AQfCEh4gVd4c56dd+fD+Zy1lpxi5hDm4Hz9Amekl1Q=</latexit><latexit sha1_base64="lGHEX1cf3luEwDhmXSdmWH2PtS0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9pL2MdU2MHvNetebW3SnQMvEKUoMCzV71p9uPSSqoNIRjrTuem5ggw8owwmle6aaaJpiM8IB2LJVYUB1k04tzdGKVPopiZUsaNFX/TmRYaD0Woe0U2Az1ojcR//M6qYkug4zJJDVUktmiKOXI/jh5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRR5xYbiLUawTPyz+lXduz2vNRpFOmU4gmM4BQ8uoAE30AQfCEh4gVd4c56dd+fD+Zy1lpxi5hDm4Hz9Amekl1Q=</latexit><latexit sha1_base64="lGHEX1cf3luEwDhmXSdmWH2PtS0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9pL2MdU2MHvNetebW3SnQMvEKUoMCzV71p9uPSSqoNIRjrTuem5ggw8owwmle6aaaJpiM8IB2LJVYUB1k04tzdGKVPopiZUsaNFX/TmRYaD0Woe0U2Az1ojcR//M6qYkug4zJJDVUktmiKOXI/jh5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRR5xYbiLUawTPyz+lXduz2vNRpFOmU4gmM4BQ8uoAE30AQfCEh4gVd4c56dd+fD+Zy1lpxi5hDm4Hz9Amekl1Q=</latexit><latexit sha1_base64="lGHEX1cf3luEwDhmXSdmWH2PtS0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUEzwSTI+xt9pI1u3vH7p4Qjqv8C7baW4mt/8TWX+ImucIkPhh4vDfDzLww4Uwb1/12Siura+sb5c3K1vbO7l51/+Bex6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxxdT/zWE1WaxfLOjBMaCDyQLGIEGys9pL2MdU2MHvNetebW3SnQMvEKUoMCzV71p9uPSSqoNIRjrTuem5ggw8owwmle6aaaJpiM8IB2LJVYUB1k04tzdGKVPopiZUsaNFX/TmRYaD0Woe0U2Az1ojcR//M6qYkug4zJJDVUktmiKOXI/jh5H/WZosTwsSWYKGZvRWSIFSbGhjS3JRR5xYbiLUawTPyz+lXduz2vNRpFOmU4gmM4BQ8uoAE30AQfCEh4gVd4c56dd+fD+Zy1lpxi5hDm4Hz9Amekl1Q=</latexit>
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Belief Propagation
• Iterative solution 

• BP fixed point messages give local marginals 

• Can be run on a given graph, while cavity method is for 
the ensemble average in the thermodynamic limit

h
(t+1)
i!j = Hi +

X

k2@i\j

u
(t)
k!i

u
(t+1)
i!j = û�
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damping (friction) 
helps convergence
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• Iterative solution 

• BP fixed point messages give local marginals 

• Can be run on a given graph, while cavity method is for 
the ensemble average in the thermodynamic limit
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damping (friction) 
helps convergence

mi = hsii = tanh
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1 + tanh(�Jij) tanh(�hi!j) tanh(�hj!i)
<latexit sha1_base64="ojrbuuqWd4HO/Q8xAF+nLn+7IQg="></latexit><latexit sha1_base64="ojrbuuqWd4HO/Q8xAF+nLn+7IQg="></latexit><latexit sha1_base64="ojrbuuqWd4HO/Q8xAF+nLn+7IQg="></latexit><latexit sha1_base64="ojrbuuqWd4HO/Q8xAF+nLn+7IQg="></latexit>



Bethe states and BP fixed points
• Bethe approximation 

(at least locally)
P (s) =

e��H(s)
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Bethe states and BP fixed points
• Bethe approximation 

(at least locally)
P (s) =
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Bethe state



Bethe states and BP fixed points
• Bethe approximation 

(at least locally)
P (s) =

e��H(s)
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Bethe state

Bethe statesBP fixed points

minima of 
Bethe free-energy



Limits of the RS ansatz
• Bethe approximation 

(at least locally) 

• Many equivalent ways to become critical 

• Susceptibility diverges 

• Hessian of the Bethe free-energy becomes singular 

• BP fixed point becomes unstable  
 
Phase transition on a given sample!  
Algorithmic vs thermodynamic phase transitions
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Common belief expectations
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Para 
1 BP f.p.

Ferro 
2 BP f.p.
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SG 
no conv.

RFIM SG in field
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<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

Para 
1 BP f.p.



Approaching the critical line

T
<latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit>

H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>

Para 
1 BP f.p.

Ferro 
2 BP f.p.

T
<latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit>

H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>

SG 
no conv.

RFIM SG in field

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

Para 
1 BP f.p.



Approaching the critical line

• Without field (H=0) 

• Compute correlations on a tree branch 

• Sum over all branches (e.g. on a c-RRG)

T
<latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit><latexit sha1_base64="YNCTYSA9yFnshmZCDxY4Ac7WJec=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjWUCORNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ETTNOMZB0EPOIM2qs1Gj2yhW36s5B1omXkwrkqPfKP91+wjKJsWGCat3x3NQEE6oMZwKnpW6mMaVsRAfYsTSmEnUwmR86JRdW6ZMoUbZiQ+bq34kJlVqPZWg7JTVDverNxP+8Tmai22DC4zQzGLPFoigTxCRk9jXpc4XMiLEllClubyVsSBVlxmaztCWU05INxVuNYJ34V9W7qte4rtRqeTpFOINzuAQPbqAGD1AHHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFDT5NQ</latexit>

Tc
<latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit><latexit sha1_base64="4bZvZMD6FLEc/QNOZcgxEm/XEmc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLx4rNrbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S2TTjlIYCDySLGcHGSg/NHum5Va/mzYBWiV+QKhRo9Nyfbj8hmaDSEI617vheasIcK8MIp5NKN9M0xWSEB7RjqcSC6jCfnTpBZ1bpozhRtqRBM/XvRI6F1mMR2U6BzVAve1PxP6+Tmfg6zJlMM0MlmS+KM45MgqZ/oz5TlBg+tgQTxeytiAyxwsTYdBa2RGJSsaH4yxGskuCidlPz7y+r9XqRThlO4BTOwYcrqMMdNCAAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Ar+zlCY=</latexit>

C(r) = hs0sri =
r�1Y

i=0

tanh(�Ji,i+1)
<latexit sha1_base64="BD1j9RfP/LA/Yw9OxMWZG7KfzGo="></latexit><latexit sha1_base64="BD1j9RfP/LA/Yw9OxMWZG7KfzGo="></latexit><latexit sha1_base64="BD1j9RfP/LA/Yw9OxMWZG7KfzGo="></latexit><latexit sha1_base64="BD1j9RfP/LA/Yw9OxMWZG7KfzGo="></latexit>

�F =
X

i

hs0sii =
X

r

c(c� 1)r�1C(r) / 1

1� (c� 1) tanh(�)

�SG =
X

i

hs0sii2 =
X

r

c(c� 1)r�1C(r)2 / 1

1� (c� 1) tanh2(�)
<latexit sha1_base64="MGIy4jZtMZFL2StP50MUYSbEbgQ="></latexit><latexit sha1_base64="MGIy4jZtMZFL2StP50MUYSbEbgQ="></latexit><latexit sha1_base64="MGIy4jZtMZFL2StP50MUYSbEbgQ="></latexit><latexit sha1_base64="MGIy4jZtMZFL2StP50MUYSbEbgQ="></latexit>



Approaching the critical line

• Without field (H=0) correlations are similar on all branches 

• At the critical condition                             or 

• Paramagnetic susceptibility diverges 

• Hessian at the paramagnetic state becomes singular 

• Paramagnetic BP fixed point  
becomes unstable

(c� 1) tanh(�) = 1
<latexit sha1_base64="N0KWprzc25qYsogjah0HUbdtrIc=">AAACC3icbVDLSsNAFJ3UV62vaJdugkVoF5ZEBHUhFNy4rGBsoQllMp20QyeTMHMjhNBf8Bfc6t6VuPUj3PolTtssbOuBC4dz7uVcTpBwpsC2v43S2vrG5lZ5u7Kzu7d/YB4ePao4lYS6JOax7AZYUc4EdYEBp91EUhwFnHaC8e3U7zxRqVgsHiBLqB/hoWAhIxi01DerdXLmNDzAYlT3Agq4ceP0zZrdtGewVolTkBoq0O6bP94gJmlEBRCOleo5dgJ+jiUwwumk4qWKJpiM8ZD2NBU4osrPZ89PrFOtDKwwlnoEWDP170WOI6WyKNCbEYaRWvam4n9eL4Xwys+ZSFKggsyDwpRbEFvTJqwBk5QAzzTBRDL9q0VGWGICuq+FlCCaVHQpznIFq8Q9b143nfuLWqtVtFNGx+gE1ZGDLlEL3aE2chFBGXpBr+jNeDbejQ/jc75aMoqbKlqA8fULLZeZsQ==</latexit><latexit sha1_base64="N0KWprzc25qYsogjah0HUbdtrIc=">AAACC3icbVDLSsNAFJ3UV62vaJdugkVoF5ZEBHUhFNy4rGBsoQllMp20QyeTMHMjhNBf8Bfc6t6VuPUj3PolTtssbOuBC4dz7uVcTpBwpsC2v43S2vrG5lZ5u7Kzu7d/YB4ePao4lYS6JOax7AZYUc4EdYEBp91EUhwFnHaC8e3U7zxRqVgsHiBLqB/hoWAhIxi01DerdXLmNDzAYlT3Agq4ceP0zZrdtGewVolTkBoq0O6bP94gJmlEBRCOleo5dgJ+jiUwwumk4qWKJpiM8ZD2NBU4osrPZ89PrFOtDKwwlnoEWDP170WOI6WyKNCbEYaRWvam4n9eL4Xwys+ZSFKggsyDwpRbEFvTJqwBk5QAzzTBRDL9q0VGWGICuq+FlCCaVHQpznIFq8Q9b143nfuLWqtVtFNGx+gE1ZGDLlEL3aE2chFBGXpBr+jNeDbejQ/jc75aMoqbKlqA8fULLZeZsQ==</latexit><latexit sha1_base64="N0KWprzc25qYsogjah0HUbdtrIc=">AAACC3icbVDLSsNAFJ3UV62vaJdugkVoF5ZEBHUhFNy4rGBsoQllMp20QyeTMHMjhNBf8Bfc6t6VuPUj3PolTtssbOuBC4dz7uVcTpBwpsC2v43S2vrG5lZ5u7Kzu7d/YB4ePao4lYS6JOax7AZYUc4EdYEBp91EUhwFnHaC8e3U7zxRqVgsHiBLqB/hoWAhIxi01DerdXLmNDzAYlT3Agq4ceP0zZrdtGewVolTkBoq0O6bP94gJmlEBRCOleo5dgJ+jiUwwumk4qWKJpiM8ZD2NBU4osrPZ89PrFOtDKwwlnoEWDP170WOI6WyKNCbEYaRWvam4n9eL4Xwys+ZSFKggsyDwpRbEFvTJqwBk5QAzzTBRDL9q0VGWGICuq+FlCCaVHQpznIFq8Q9b143nfuLWqtVtFNGx+gE1ZGDLlEL3aE2chFBGXpBr+jNeDbejQ/jc75aMoqbKlqA8fULLZeZsQ==</latexit><latexit sha1_base64="N0KWprzc25qYsogjah0HUbdtrIc=">AAACC3icbVDLSsNAFJ3UV62vaJdugkVoF5ZEBHUhFNy4rGBsoQllMp20QyeTMHMjhNBf8Bfc6t6VuPUj3PolTtssbOuBC4dz7uVcTpBwpsC2v43S2vrG5lZ5u7Kzu7d/YB4ePao4lYS6JOax7AZYUc4EdYEBp91EUhwFnHaC8e3U7zxRqVgsHiBLqB/hoWAhIxi01DerdXLmNDzAYlT3Agq4ceP0zZrdtGewVolTkBoq0O6bP94gJmlEBRCOleo5dgJ+jiUwwumk4qWKJpiM8ZD2NBU4osrPZ89PrFOtDKwwlnoEWDP170WOI6WyKNCbEYaRWvam4n9eL4Xwys+ZSFKggsyDwpRbEFvTJqwBk5QAzzTBRDL9q0VGWGICuq+FlCCaVHQpznIFq8Q9b143nfuLWqtVtFNGx+gE1ZGDLlEL3aE2chFBGXpBr+jNeDbejQ/jc75aMoqbKlqA8fULLZeZsQ==</latexit>
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FIG. 6. (Color online) Behaviors of the rate γ ∗ (upper panel), the inverse of the typical rate 1/γ0 (central panel), and the decay rate of the
average correlation function λ(1) with the temperature T for a fixed random-field strength equal to σ = 0.85. The rates γ ∗ and λ(1) are related
by the equation $(γ ∗) + γ ∗ = λ(1).

more rare. This observation suggests that, exactly at zero tem-
perature, the critical behavior is induced by a subexponential
number of correlated spin variables. This number can be esti-
mated in the following way. Let us consider a chain of spins of
length ℓ. The energy of the chain conditioned on the boundary
spins, apart from an additive constant, can be written as

Eℓ(s0,sℓ) = −h0s0 − hℓsℓ − Jℓs0sℓ. (51)
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FIG. 7. (Color online) Profiles of the logarithmic scaled number
n(γ ) of correlations with decay rate γ in a graph of connectivity z +
1 = 3. The curves were computed on the critical line for several values
of the random-field strength. Crosses are solutions of the equation
$(γ ) = 0 and represent the typical correlations in the system. Circles
represent correlations contributing the most to the average C(ℓ) and
they are obtained as solutions of the equation $′(γ ) = −1.

Knowing the triplet (h0,hℓ,Jℓ), we can compute the
magnetization ⟨s0⟩:

⟨s0⟩ = tanh {βh0 + atanh[tanh(βJℓ) tanh(βhℓ)]} . (52)

From ⟨s0⟩ we obtain the response function R(ℓ; h0,hℓ,Jℓ):

R(ℓ; h0,hℓ,Jℓ) = ∂⟨s0⟩
∂hℓ

= β(1 − ⟨s0⟩2)
th(βJℓ)[1 − th2(βhℓ)]

1 − th2(βJℓ)th2(βhℓ)
, (53)

and the normalized correlation function C(ℓ; hℓ,Jℓ):

C(ℓ; hℓ,Jℓ) = th(βJℓ)[1 − th2(βhℓ)]

1 − th2(βJℓ)th2(βhℓ)
. (54)

In the limit β → ∞, the correlation C(ℓ; hℓ,Jℓ) becomes a
theta function:

C(ℓ; hℓ,Jℓ) = ((Jℓ − |hℓ|). (55)

Now, let us take the average of C(ℓ; hℓ,Jℓ) with respect to hℓ:

C(ℓ; Jℓ) =
∫

dh Pℓ(h) ((Jℓ − |h|). (56)

For ℓ large enough we can assume Jℓ ≪ 1 and we find

C(ℓ; Jℓ) ∝ Jℓ, for ℓ → ∞. (57)

This means that all nonzero correlations still have a nontrivial
distribution, which can be asymptotically inferred from the
distribution of the effective coupling between two spins. If
we get this distribution, we can find the number of critical
correlations with subexponential accuracy. This is precisely
the goal of the next section.
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H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>



Approaching the critical line at T=0

• Very heterogeneous paramagnetic phase!  
What are the consequences on the criticality? 

• RFIM at T=0: decreasing H <—> increasing J 

• Standard scenario at a 2nd order phase transition 

• Should we modify it to something rougher?

H
<latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit><latexit sha1_base64="RalyCooCHYRk+k249akKjColF9I=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuATcoEPBNIjrC3mUuW7N4du3tCDPkFttpbia0/x9Zf4ia5wiQ+GHi8N8PMvDAVXBvX/XYKG5tb2zvF3dLe/sHhUfn45FEnmWLos0Qkqh1SjYLH6BtuBLZThVSGAlvh6H7mt55QaZ7ED2acYiDpIOYRZ9RYqVnvlStu1Z2DrBMvJxXI0eiVf7r9hGUSY8ME1brjuakJJlQZzgROS91MY0rZiA6wY2lMJepgMj90Si6s0idRomzFhszVvxMTKrUey9B2SmqGetWbif95ncxEt8GEx2lmMGaLRVEmiEnI7GvS5wqZEWNLKFPc3krYkCrKjM1maUsopyUbircawTrxr6p3Va95XanV8nSKcAbncAke3EAN6tAAHxggvMArvDnPzrvz4XwuWgtOPnMKS3C+fgEwa5NE</latexit>

Hc
<latexit sha1_base64="rnGh1FXTdettVZYiK5VdXW6teOU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLz1WNLbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S+WDGKQ0FHkgWM4KNle4bPdJzq17NmwGtEr8gVSjQ7Lk/3X5CMkGlIRxr3fG91IQ5VoYRTieVbqZpiskID2jHUokF1WE+O3WCzqzSR3GibEmDZurfiRwLrccisp0Cm6Fe9qbif14nM/F1mDOZZoZKMl8UZxyZBE3/Rn2mKDF8bAkmitlbERlihYmx6SxsicSkYkPxlyNYJcFF7abm311W6/UinTKcwCmcgw9XUIcGNCEAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Aqy3lBo=</latexit><latexit sha1_base64="rnGh1FXTdettVZYiK5VdXW6teOU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLz1WNLbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S+WDGKQ0FHkgWM4KNle4bPdJzq17NmwGtEr8gVSjQ7Lk/3X5CMkGlIRxr3fG91IQ5VoYRTieVbqZpiskID2jHUokF1WE+O3WCzqzSR3GibEmDZurfiRwLrccisp0Cm6Fe9qbif14nM/F1mDOZZoZKMl8UZxyZBE3/Rn2mKDF8bAkmitlbERlihYmx6SxsicSkYkPxlyNYJcFF7abm311W6/UinTKcwCmcgw9XUIcGNCEAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Aqy3lBo=</latexit><latexit sha1_base64="rnGh1FXTdettVZYiK5VdXW6teOU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLz1WNLbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S+WDGKQ0FHkgWM4KNle4bPdJzq17NmwGtEr8gVSjQ7Lk/3X5CMkGlIRxr3fG91IQ5VoYRTieVbqZpiskID2jHUokF1WE+O3WCzqzSR3GibEmDZurfiRwLrccisp0Cm6Fe9qbif14nM/F1mDOZZoZKMl8UZxyZBE3/Rn2mKDF8bAkmitlbERlihYmx6SxsicSkYkPxlyNYJcFF7abm311W6/UinTKcwCmcgw9XUIcGNCEAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Aqy3lBo=</latexit><latexit sha1_base64="rnGh1FXTdettVZYiK5VdXW6teOU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUG8FLz1WNLbQhrLZbtqlu5uwuxFK7E/wqndP4tVf49Vf4rbNwbY+GHi8N8PMvCjlTBvP+3ZKa+sbm1vl7crO7t7+gXt49KiTTBEakIQnqh1hTTmTNDDMcNpOFcUi4rQVjW6nfuuJKs0S+WDGKQ0FHkgWM4KNle4bPdJzq17NmwGtEr8gVSjQ7Lk/3X5CMkGlIRxr3fG91IQ5VoYRTieVbqZpiskID2jHUokF1WE+O3WCzqzSR3GibEmDZurfiRwLrccisp0Cm6Fe9qbif14nM/F1mDOZZoZKMl8UZxyZBE3/Rn2mKDF8bAkmitlbERlihYmx6SxsicSkYkPxlyNYJcFF7abm311W6/UinTKcwCmcgw9XUIcGNCEAAgN4gVd4c56dd+fD+Zy3lpxi5hgW4Hz9Aqy3lBo=</latexit>

J
<latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit>Jc

<latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit>

J
<latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit><latexit sha1_base64="LE8JegmZhKjVGYM7CNe9BLq9Fbw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULuAjVgl4JlAcoS9zVyyZPfu2N0TYsgvsNXeSmz9Obb+EjfJFSbxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR486yRRDnyUiUa2QahQ8Rt9wI7CVKqQyFNgMh7dTv/mESvMkfjCjFANJ+zGPOKPGSo37brniVt0ZyCrxclKBHPVu+afTS1gmMTZMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25bGVKIOxrNDJ+TMKj0SJcpWbMhM/TsxplLrkQxtp6RmoJe9qfif185MdB2MeZxmBmM2XxRlgpiETL8mPa6QGTGyhDLF7a2EDaiizNhsFraEclKyoXjLEawS/6J6U/Ual5VaLU+nCCdwCufgwRXU4A7q4AMDhBd4hTfn2Xl3PpzPeWvByWeOYQHO1y8zkZNG</latexit>Jc

<latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit>

Para Ferro
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<latexit sha1_base64="wjM92hjQ4p6G8Yz8eVR3pUJmyfQ=">AAACKHicbVDLSgNBEJz1bXxFPXoZDEJyCRsR1FvAi3gQBaNCNiyzk04cnMc60yuGJb/hT/gLXvXuSbz6JU4eiEYLGoqqbrq7klQKh2H4EUxNz8zOzS8sFpaWV1bXiusbl85klkODG2nsdcIcSKGhgQIlXKcWmEokXCW3RwP/6h6sE0ZfYC+FlmJdLTqCM/RSXAwjyXRXAj2NI4QHzJ2R/fJJzCs0siMnckLBHY2k6ZZPK3GxFFbDIeg3qU2SEhnjLC5+Rm3DMwUauWTONWthiq2cWRRcQr8QZQ5Sxm9ZF5qeaqbAtfLhZ32645U27RjrSyMdqj8ncqac66nEdyqGN27SG4j/ec0MOwetXOg0Q9B8tKiTSYqGDmKibWGBo+x5wrgV/lbKb5hlHH2Yv7Ykql/wofyJ4C9p7FYPq7XzvVK9Pk5ngWyRbVImNbJP6uSYnJEG4eSRPJMX8ho8BW/Be/Axap0KxjOb5BeCzy/yWaZR</latexit><latexit sha1_base64="wjM92hjQ4p6G8Yz8eVR3pUJmyfQ=">AAACKHicbVDLSgNBEJz1bXxFPXoZDEJyCRsR1FvAi3gQBaNCNiyzk04cnMc60yuGJb/hT/gLXvXuSbz6JU4eiEYLGoqqbrq7klQKh2H4EUxNz8zOzS8sFpaWV1bXiusbl85klkODG2nsdcIcSKGhgQIlXKcWmEokXCW3RwP/6h6sE0ZfYC+FlmJdLTqCM/RSXAwjyXRXAj2NI4QHzJ2R/fJJzCs0siMnckLBHY2k6ZZPK3GxFFbDIeg3qU2SEhnjLC5+Rm3DMwUauWTONWthiq2cWRRcQr8QZQ5Sxm9ZF5qeaqbAtfLhZ32645U27RjrSyMdqj8ncqac66nEdyqGN27SG4j/ec0MOwetXOg0Q9B8tKiTSYqGDmKibWGBo+x5wrgV/lbKb5hlHH2Yv7Ykql/wofyJ4C9p7FYPq7XzvVK9Pk5ngWyRbVImNbJP6uSYnJEG4eSRPJMX8ho8BW/Be/Axap0KxjOb5BeCzy/yWaZR</latexit><latexit sha1_base64="wjM92hjQ4p6G8Yz8eVR3pUJmyfQ=">AAACKHicbVDLSgNBEJz1bXxFPXoZDEJyCRsR1FvAi3gQBaNCNiyzk04cnMc60yuGJb/hT/gLXvXuSbz6JU4eiEYLGoqqbrq7klQKh2H4EUxNz8zOzS8sFpaWV1bXiusbl85klkODG2nsdcIcSKGhgQIlXKcWmEokXCW3RwP/6h6sE0ZfYC+FlmJdLTqCM/RSXAwjyXRXAj2NI4QHzJ2R/fJJzCs0siMnckLBHY2k6ZZPK3GxFFbDIeg3qU2SEhnjLC5+Rm3DMwUauWTONWthiq2cWRRcQr8QZQ5Sxm9ZF5qeaqbAtfLhZ32645U27RjrSyMdqj8ncqac66nEdyqGN27SG4j/ec0MOwetXOg0Q9B8tKiTSYqGDmKibWGBo+x5wrgV/lbKb5hlHH2Yv7Ykql/wofyJ4C9p7FYPq7XzvVK9Pk5ngWyRbVImNbJP6uSYnJEG4eSRPJMX8ho8BW/Be/Axap0KxjOb5BeCzy/yWaZR</latexit><latexit sha1_base64="wjM92hjQ4p6G8Yz8eVR3pUJmyfQ=">AAACKHicbVDLSgNBEJz1bXxFPXoZDEJyCRsR1FvAi3gQBaNCNiyzk04cnMc60yuGJb/hT/gLXvXuSbz6JU4eiEYLGoqqbrq7klQKh2H4EUxNz8zOzS8sFpaWV1bXiusbl85klkODG2nsdcIcSKGhgQIlXKcWmEokXCW3RwP/6h6sE0ZfYC+FlmJdLTqCM/RSXAwjyXRXAj2NI4QHzJ2R/fJJzCs0siMnckLBHY2k6ZZPK3GxFFbDIeg3qU2SEhnjLC5+Rm3DMwUauWTONWthiq2cWRRcQr8QZQ5Sxm9ZF5qeaqbAtfLhZ32645U27RjrSyMdqj8ncqac66nEdyqGN27SG4j/ec0MOwetXOg0Q9B8tKiTSYqGDmKibWGBo+x5wrgV/lbKb5hlHH2Yv7Ykql/wofyJ4C9p7FYPq7XzvVK9Pk5ngWyRbVImNbJP6uSYnJEG4eSRPJMX8ho8BW/Be/Axap0KxjOb5BeCzy/yWaZR</latexit>
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Structure of Bethe states (RFIM at    )

• 3 kind of samples (at Jc each kind appears with a  
                              constant probability in the large N limit) 

• Paramagnetic —> 1 BP fixed point 

• Ferromagnetic —> 2 BP fixed points 

• Critical —> 2 or more BP fixed points  
                   lowest energy excitation has 

Jc
<latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit><latexit sha1_base64="6FfO+EwgfvFTwYw1SS1uRHj8h8M=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FL+KporGFNpTNdtMu3d2E3Y1QYn+CV717Eq/+Gq/+EjdtDrb1wcDjvRlm5oUJZ9q47rdTWlldW98ob1a2tnd296r7B486ThWhPol5rNoh1pQzSX3DDKftRFEsQk5b4eg691tPVGkWywczTmgg8ECyiBFsrHR/2yO9as2tu1OgZeIVpAYFmr3qT7cfk1RQaQjHWnc8NzFBhpVhhNNJpZtqmmAywgPasVRiQXWQTU+doBOr9FEUK1vSoKn6dyLDQuuxCG2nwGaoF71c/M/rpCa6DDImk9RQSWaLopQjE6P8b9RnihLDx5Zgopi9FZEhVpgYm87cllBMKjYUbzGCZeKf1a/q3t15rdEo0inDERzDKXhwAQ24gSb4QGAAL/AKb86z8+58OJ+z1pJTzBzCHJyvX6/hlBw=</latexit>

dH ⇠ N �E ⇠ N1/2
<latexit sha1_base64="gDM8MZvQybABhbe5zwacM45v2YI=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VxVZMiqLuCCl1JBWMLTSyTybQdOpPEmYlQQv7An/AX3OrelbjVrV/itM3Cth64cDjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7v3MkoEZg4OGKRaPlIEkZD4iiqGGnFgiDuM9L0Bxcjv/lIhKRReKuGMfE46oW0SzFSWuqYh0GnDl1JObyG7kOCAuheEqYQvMrV+9Q+rmYds2xVrDHgPLFzUgY5Gh3zxw0inHASKsyQlG3bipWXIqEoZiQruYkkMcID1CNtTUPEifTS8T8ZPNBKALuR0BUqOFb/TqSISznkvu7kSPXlrDcS//PaieqeeSkN40SREE8WdRMGVQRH4cCACoIVG2qCsKD6Voj7SCCsdIRTW3yelXQo9mwE88SpVs4r9s1JuVbL0ymCPbAPjoANTkEN1EEDOACDJ/ACXsGb8Wy8Gx/G56S1YOQzu2AKxtcv2QSg6g==</latexit><latexit sha1_base64="gDM8MZvQybABhbe5zwacM45v2YI=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VxVZMiqLuCCl1JBWMLTSyTybQdOpPEmYlQQv7An/AX3OrelbjVrV/itM3Cth64cDjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7v3MkoEZg4OGKRaPlIEkZD4iiqGGnFgiDuM9L0Bxcjv/lIhKRReKuGMfE46oW0SzFSWuqYh0GnDl1JObyG7kOCAuheEqYQvMrV+9Q+rmYds2xVrDHgPLFzUgY5Gh3zxw0inHASKsyQlG3bipWXIqEoZiQruYkkMcID1CNtTUPEifTS8T8ZPNBKALuR0BUqOFb/TqSISznkvu7kSPXlrDcS//PaieqeeSkN40SREE8WdRMGVQRH4cCACoIVG2qCsKD6Voj7SCCsdIRTW3yelXQo9mwE88SpVs4r9s1JuVbL0ymCPbAPjoANTkEN1EEDOACDJ/ACXsGb8Wy8Gx/G56S1YOQzu2AKxtcv2QSg6g==</latexit><latexit sha1_base64="gDM8MZvQybABhbe5zwacM45v2YI=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VxVZMiqLuCCl1JBWMLTSyTybQdOpPEmYlQQv7An/AX3OrelbjVrV/itM3Cth64cDjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7v3MkoEZg4OGKRaPlIEkZD4iiqGGnFgiDuM9L0Bxcjv/lIhKRReKuGMfE46oW0SzFSWuqYh0GnDl1JObyG7kOCAuheEqYQvMrV+9Q+rmYds2xVrDHgPLFzUgY5Gh3zxw0inHASKsyQlG3bipWXIqEoZiQruYkkMcID1CNtTUPEifTS8T8ZPNBKALuR0BUqOFb/TqSISznkvu7kSPXlrDcS//PaieqeeSkN40SREE8WdRMGVQRH4cCACoIVG2qCsKD6Voj7SCCsdIRTW3yelXQo9mwE88SpVs4r9s1JuVbL0ymCPbAPjoANTkEN1EEDOACDJ/ACXsGb8Wy8Gx/G56S1YOQzu2AKxtcv2QSg6g==</latexit><latexit sha1_base64="gDM8MZvQybABhbe5zwacM45v2YI=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VxVZMiqLuCCl1JBWMLTSyTybQdOpPEmYlQQv7An/AX3OrelbjVrV/itM3Cth64cDjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7v3MkoEZg4OGKRaPlIEkZD4iiqGGnFgiDuM9L0Bxcjv/lIhKRReKuGMfE46oW0SzFSWuqYh0GnDl1JObyG7kOCAuheEqYQvMrV+9Q+rmYds2xVrDHgPLFzUgY5Gh3zxw0inHASKsyQlG3bipWXIqEoZiQruYkkMcID1CNtTUPEifTS8T8ZPNBKALuR0BUqOFb/TqSISznkvu7kSPXlrDcS//PaieqeeSkN40SREE8WdRMGVQRH4cCACoIVG2qCsKD6Voj7SCCsdIRTW3yelXQo9mwE88SpVs4r9s1JuVbL0ymCPbAPjoANTkEN1EEDOACDJ/ACXsGb8Wy8Gx/G56S1YOQzu2AKxtcv2QSg6g==</latexit>

dH ⇠ N1/2 �E ⇠ N�! ! ⇡ 0.25
<latexit sha1_base64="KzsvYKJglPIIzT1k1KJlhXs2hYk="></latexit><latexit sha1_base64="KzsvYKJglPIIzT1k1KJlhXs2hYk="></latexit><latexit sha1_base64="KzsvYKJglPIIzT1k1KJlhXs2hYk="></latexit><latexit sha1_base64="KzsvYKJglPIIzT1k1KJlhXs2hYk="></latexit>

practically degenerate!



Structure of Bethe states (RFIM at    )

• The limits                            do not commute 

• Choosing                                  the partition function  
 
 
 
is not dominated by the ground state!! 

• Computing the ground state is enough to understand the 
critical behavior of the RFIM? 

• Can we sample critical excitations efficiently via ground 
state computations?

Jc
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Searching for low-energy excited 
states via the   -coupling method"
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H"(s) = H(s) + " s · s0
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Evidences from analytic solutions  
on random graphs

• Approaching the critical line from the paramagnetic phase with 
H>0: 

• fluctuations in correlation functions are severe and averages are 
dominated by a minority 

• number of Bethe states is larger than expected (in SG models 
even more than in the RFIM) and diverges at the critical point 

• the ground state is probably not enough for describing fully the 
low temperature physics (a sort of weak RSB?) 

• criticality is driven by changes in the relative weights between 
Bethe states rather than a single state becoming critical
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