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Some motivations…

• Out of equilibrium processes are everywhere:  
- physics 
- biology 
- ecology 
- economics 
- computer science  
- …


• Understanding off-equilibrium dynamics:  
- solving with an asymptotic ansatz  
- connecting it to thermodynamical (static) properties



Mean field spin glass models

• SG models with a continuous phase transition at Tc 
(e.g. SK model or Viana-Bray model)  
 
 
 
 
Very difficult to study below Tc because ∞ timescales  
 
We have surprising results! …but not in this talk  
Ask at the end if you are curious ;-)
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Mean field spin glass models

• SG models with a discontinuous phase transition (RFOT) 
 
 
                                                     with p>2

discrete 
variables

continuous 
variables

fully connected 
dense topology Ising p-spin spherical p-spin

finite connectivity 
sparse topology random xorsat ???
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Langevin dynamics for 
fully-connected spherical models
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Spherical 3-spin model   T=0.5<TMCT  T0=∞

Weak ergodicity breaking :

qm
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Cugliandolo-Kurchan solution
• Aging solution for T0=∞ and T<Td


• weak long term memory


• weak ergodicity breaking:


•         plateau value is marginal:


• energy relaxes to threshold energy


• modified fluctuation-dissipation relation

TR(t, t0) = X[C(t, t0)]
@C(t, t0)

@t0
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Static-dynamic connection
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Static-dynamic connection

8T0 > TMCT

lim
t!1

E(t) = Eth
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Static-dynamic connection

x⇤ = T ⌃0(eth)
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Static-dynamic connection 
is not always so easy!

3-XORSAT
on 5-RRG

Montanari, RT 
PRB (2004)



Static-dynamic connection 
is not always so easy!

3-XORSAT
on 5-RRG

Montanari, RT 
PRB (2004)

quenches 
from T0=∞ 
to T=0.6



T=0 quenches in a real glass former

Nature © Macmillan Publishers Ltd 1998
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Most materials attain a glassy state at low temperatures under
suitable methods of preparation. This state exhibits the mech-
anical properties of a solid, but shows microscopic structural
disorder1,2. A comprehensive understanding of the glassy state is,
however, still lacking3. A widespread assumption is that the non-

exponential relaxation processes observed in the dynamics of
glasses—and also in protein dynamics, protein folding and
population dynamics—are (in common with other manifesta-
tions of complex dynamics) strongly influenced by the underlying
energy landscape associated with the structural configurations
that the system may adopt. But concrete evidence for this in
studies of glass formation has been scarce. Here we present such
evidence, obtained from computer simulations of a model glass-
forming liquid. We demonstrate that the onset of non-exponential
relaxation corresponds to a well defined temperature below
which the depth of the potential-energy minima explored by
the liquid increases with decreasing temperature, and above
which it does not. At lower temperatures, we observe a sharp
transition when the liquid gets trapped in the deepest accessible
energy basin. This transition temperature depends on the cool-
ing rate, in a manner analogous to the experimental glass
transition. We also present evidence that the barrier heights
separating potential-energy minima sampled by the liquid
increase abruptly at a temperature above the glass transition
but well below the onset of non-exponential relaxation. This
identification of a relationship between static, topographic
features of the energy landscape and complex dynamics holds
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Figure 1 Molecular dynamics simulations of a binary Lennard–Jones mixture21.

80% of the particles are of type A, 20% are type B, and Lennard–Jones parameters

are eAA ¼ 1:0, eAB ¼ 1:5, eBB ¼ 0:5, jAA ¼ 1:0, jAB ¼ 0:8 and jBB ¼ 0:88. All quantities

are in reduced units: length in units of jAA, temperature in units of eAA/kB, and time

in units of (j2
AAm/eAA)

1/2, where m is the mass of the particles. The density r in all

cases is 1.2. The calculated pressures for the system remain positive except for

T , 0:06, much below temperatures where the system forms a glass in all cases

studied. The Lennard–Jones potential, with a quadratic cut-off and shifting of the

potential at rab
c ¼ 2:5jab (ref. 29), a; b [ A; B is used.Our cut-off procedure results in

a potential minimum value which is ,4% smaller than that in ref. 21. The time step

is dt ¼ 0:003. Each run was initialized by equilibration at a high temperature,

followed by equilibration and data collection runs at a series of temperatures. The

run length at each temperature, together with the number of temperatures

chosen, determines the cooling rate. Equilibration was done at constant tem-

perature by periodic rescaling of the velocities of particles. Data collection runs

were done at constant energy. Local-energy minimization was performed for a

subset of configurations generated at each temperature. Data, as well as those in

Figs 3 and 4, are from simulations of 256 particles. a, The average of the minimum

energies per particle. Each data point represents an average over 100 inherent

structures, except for cooling rate 8:33 3 102 5,

where 60 configurations were used. The three

lower cooling-rate data were obtained from a

single run; for the highest cooling rate, the data

were averaged over four different cooling runs

(25 inherent structures were sampled in each

case) to reduce the noise. For temperatures

T ¼ 3:0, 4.0 and 5.0, the average energies

are −6.868, −6.872 and −6.867 respectively, con-

firming that at high temperatures (T . 1:0) the

inherent-structure energies reach a constant

value independent of temperature. b, Individual

minimum energies for the configurations at

cooling rate 8:33 3 102 5. At high and inter-

mediate temperatures, these individual ener-

gies cover a broad range, and only show a

gradual trend towards lower values as the tem-

perature is lowered. A qualitative difference is

apparent at low temperatures, with the sampled

energies becoming narrowly distributed around

the average values. The statistical indepen-

dence of individual points, however, varies

strongly with temperature, particularly as these

data represent a single cooling run.0.0 20.0 40.0 60.0
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More motivations

• To find a solvable model showing the same behavior than 
realistic glass formers


• To solve some paradoxes in the following state process in 
spherical p-spin models



A general class of solvable models
• Fully connected spherical mixed p-spin model
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A more general class of dynamics

• Langevin dynamics at T starting thermalized at T0


• These are still quenches, but can give information also 
on very slow annealing, under the assumption that  
for T>T0 the annealing is at equilibrium and 
for T<T0 the annealing is strongly out of equilibrium

�̇i(t) = �@H
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Dynamical mean-field equations for

spherical mixed p-spin models

• Closed set of equations in C(t,t’) and R(t,t’)

@tC(t, t0) =� µ(t)C(t, t0) + 2TR(t0, t) +

Z t

0
dsf 00(C(t, s))R(t, s)C(s, t0)

+

Z t0

0
dsf 0(C(t, s))R(t0, s) + f 0(C(t, 0))C(t0, 0)/T0

@tR(t, t0) =� µ(t)R(t, t0) + �(t� t0) +

Z t

t0
dsf 00(C(t, s))R(t, s)R(s, t0)

µ(t) ⌘ T +

Z t

0
dsf 00(C(t, s))R(t, s)C(t, s)

+

Z t

0
dsf 0(C(t, s))R(t, s) + f 0(C(t, 0))C(t, 0)/T0
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Dynamical mean-field equations for

spherical mixed p-spin models

• Closed set of equations in C(t,t’) and R(t,t’)

Smooth T

dependence

Can be set


to T=0

@tC(t, t0) =� µ(t)C(t, t0) + 2TR(t0, t) +

Z t

0
dsf 00(C(t, s))R(t, s)C(s, t0)

+

Z t0

0
dsf 0(C(t, s))R(t0, s) + f 0(C(t, 0))C(t0, 0)/T0
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Dynamical mean-field equations for

spherical mixed p-spin models

• Closed set of equations in C(t,t’) and R(t,t’)

Smooth T

dependence

Can be set


to T=0 Dependence on the initial condition at T0

@tC(t, t0) =� µ(t)C(t, t0) + 2TR(t0, t) +
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dsf 00(C(t, s))R(t, s)C(s, t0)

+
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CK asymptotic solution is still valid
• Aging solution for T0=∞ and T<Td


• weak long term memory


• weak ergodicity breaking:


•         plateau value is marginal:


• energy relaxes to threshold energy


• modified fluctuation-dissipation relation

f 00(qm)(1� qm)2 = T 2
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What happens for finite T0 ?

• Simplest guess: all T0>Td are equivalent (ergodic phase)


• Asymptotic dynamics <-> FP potential saddle point 

Barrat 
Franz 
Parisi

JPA (1997)

q12 = lim
t!1

C(t, 0)

C(�) = lim
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C(t,�t)

q0 = lim
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C(�)
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C(�)

x = R(�)/C0(�)
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What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

RS
B

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

Sun, Crisanti
Krzakala, Leuzzi
Zdeborova
JSTAT (2012)



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

Sun, Crisanti
Krzakala, Leuzzi
Zdeborova
JSTAT (2012)



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

E < Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth � �0f(q12) + �xf(q0)
<latexit sha1_base64="uz41UrXBfn729a3DIbldfQnR3ak="></latexit>



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Energy

increase 

lowering T?!

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

E < Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth � �0f(q12) + �xf(q0)
<latexit sha1_base64="uz41UrXBfn729a3DIbldfQnR3ak="></latexit>



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

quench to T=0
E < Eth!!

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

E < Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth � �0f(q12) + �xf(q0)
<latexit sha1_base64="uz41UrXBfn729a3DIbldfQnR3ak="></latexit>



What happens for finite T0 ?

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Td
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

quench to T=0
E < Eth!!

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q12 > 0
<latexit sha1_base64="6K6RpSdnzX+F9YI92+kYHNHd8Lg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8iAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwAsuI9h</latexit>

q12 = 0
<latexit sha1_base64="U8c08myY+SHQzO9MdBkshX9TWW0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5gHJEuYnUySIbOzm5leISz5CS8eFPHq73jzb5wke9DEgoaiqpvuriCWwqDrfju5tfWNza38dmFnd2//oHh41DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjO5mfvOJayMi9YiTmPshHSjRF4yilVrjbupVprdut1hyy+4cZJV4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFjqJ4TFlIzrgbUsVDbnx0/m9U3JmlR7pR9qWQjJXf0+kNDRmEga2M6Q4NMveTPzPayfYv/ZToeIEuWKLRf1EEozI7HnSE5ozlBNLKNPC3krYkGrK0EZUsCF4yy+vkkal7F2UKw+XpepNFkceTuAUzsGDK6jCPdSgDgwkPMMrvDlj58V5dz4WrTknmzmGP3A+fwArM49g</latexit>

T0
<latexit sha1_base64="23op8h5lsZjotjEbypKG+i9ciZQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj42+2y+V3Yo7B1klXk7KkKPeL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlerDVbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/SxY15</latexit>

T = T0
<latexit sha1_base64="aKu6HNZD79OLUSsTDluUg1Axhhs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxQtMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v5219Y3Nre3CTnF3b//gsHR03NRJphj6LBGJaodUo+ASfcONwHaqkMahwFY4up/5rSdUmieyYcYpBjEdSB5xRo2V/MZdo+f2SmW34s5BVomXkzLkqPdKX91+wrIYpWGCat3x3NQEE6oMZwKnxW6mMaVsRAfYsVTSGHUwmR87JedW6ZMoUbakIXP198SExlqP49B2xtQM9bI3E//zOpmJboIJl2lmULLFoigTxCRk9jnpc4XMiLEllClubyVsSBVlxuZTtCF4yy+vkma14l1Wqo9X5dptHkcBTuEMLsCDa6jBA9TBBwYcnuEV3hzpvDjvzseidc3JZ07gD5zPH/pxjh4=</latexit>

E < Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

E = Eth � �0f(q12) + �xf(q0)
<latexit sha1_base64="uz41UrXBfn729a3DIbldfQnR3ak="></latexit>



What we have done

• Fix T=0 (quenches by gradient descent)


• For many different values of T0  
(hereafter we call it T, it is the only temperature…)


• Integrate dynamical mean-field equations in the N=∞ 
limit and guess the large time asymptotic behavior


• Compute constrained complexity of minima to try a 
statics-dynamics connection


• Minimize numerically the energy in finite size systems



How to integrate the equations
• We use a fixed time step  

Then we extrapolate in the limit  
This is a safe procedure!


• A variable time step does not work for mixed models 
with discontinuous phase transition…

�t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�t ! 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

numerical

instabilities

appear on 


the diagonal



Quenches from T>TMCT
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⌧ =
T � TMCT

TMCT
<latexit sha1_base64="HNtmpPs40ta9Cs6THRZmZYvkPJ0=">AAACHXicbVDLSgNBEJz1GeNr1aOXwSB4MezGgB4UArl4ESLkBdkQZiezyZDZ2WWmVwxLfsSLv+LFgyIevIh/4+Rx0CQFDUVVN91dfiy4Bsf5sVZW19Y3NjNb2e2d3b19++CwrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMflMd+44EpzSNZhWHM2iHpSR5wSsBIHbvoAUluvEARmlbPqx0P2COkHnA5xHfl6miULtE6ds7JOxPgReLOSA7NUOnYX143oknIJFBBtG65TgztlCjgVLBR1ks0iwkdkB5rGSpJyHQ7nXw3wqdG6eIgUqYk4In6dyIlodbD0DedIYG+nvfG4jKvlUBw1U65jBNgkk4XBYnAEOFxVLjLFaMghoYQqri5FdM+MUmBCTRrQnDnX14k9ULevcgX7ou50vUsjgw6RifoDLnoEpXQLaqgGqLoCb2gN/RuPVuv1of1OW1dsWYzR+gfrO9fpF2i3Q==</latexit>



Quenches from T>TMCT
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⌧ =
T � TMCT

TMCT
<latexit sha1_base64="HNtmpPs40ta9Cs6THRZmZYvkPJ0=">AAACHXicbVDLSgNBEJz1GeNr1aOXwSB4MezGgB4UArl4ESLkBdkQZiezyZDZ2WWmVwxLfsSLv+LFgyIevIh/4+Rx0CQFDUVVN91dfiy4Bsf5sVZW19Y3NjNb2e2d3b19++CwrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMflMd+44EpzSNZhWHM2iHpSR5wSsBIHbvoAUluvEARmlbPqx0P2COkHnA5xHfl6miULtE6ds7JOxPgReLOSA7NUOnYX143oknIJFBBtG65TgztlCjgVLBR1ks0iwkdkB5rGSpJyHQ7nXw3wqdG6eIgUqYk4In6dyIlodbD0DedIYG+nvfG4jKvlUBw1U65jBNgkk4XBYnAEOFxVLjLFaMghoYQqri5FdM+MUmBCTRrQnDnX14k9ULevcgX7ou50vUsjgw6RifoDLnoEpXQLaqgGqLoCb2gN/RuPVuv1of1OW1dsWYzR+gfrO9fpF2i3Q==</latexit>

Eth

Emin

E(0)



Quenches from T>TMCT

⌧ =
T � TMCT

TMCT
<latexit sha1_base64="HNtmpPs40ta9Cs6THRZmZYvkPJ0=">AAACHXicbVDLSgNBEJz1GeNr1aOXwSB4MezGgB4UArl4ESLkBdkQZiezyZDZ2WWmVwxLfsSLv+LFgyIevIh/4+Rx0CQFDUVVN91dfiy4Bsf5sVZW19Y3NjNb2e2d3b19++CwrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMflMd+44EpzSNZhWHM2iHpSR5wSsBIHbvoAUluvEARmlbPqx0P2COkHnA5xHfl6miULtE6ds7JOxPgReLOSA7NUOnYX143oknIJFBBtG65TgztlCjgVLBR1ks0iwkdkB5rGSpJyHQ7nXw3wqdG6eIgUqYk4In6dyIlodbD0DedIYG+nvfG4jKvlUBw1U65jBNgkk4XBYnAEOFxVLjLFaMghoYQqri5FdM+MUmBCTRrQnDnX14k9ULevcgX7ou50vUsjgw6RifoDLnoEpXQLaqgGqLoCb2gN/RuPVuv1of1OW1dsWYzR+gfrO9fpF2i3Q==</latexit>
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Quenches from T>TMCT

⌧ =
T � TMCT

TMCT
<latexit sha1_base64="HNtmpPs40ta9Cs6THRZmZYvkPJ0=">AAACHXicbVDLSgNBEJz1GeNr1aOXwSB4MezGgB4UArl4ESLkBdkQZiezyZDZ2WWmVwxLfsSLv+LFgyIevIh/4+Rx0CQFDUVVN91dfiy4Bsf5sVZW19Y3NjNb2e2d3b19++CwrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMflMd+44EpzSNZhWHM2iHpSR5wSsBIHbvoAUluvEARmlbPqx0P2COkHnA5xHfl6miULtE6ds7JOxPgReLOSA7NUOnYX143oknIJFBBtG65TgztlCjgVLBR1ks0iwkdkB5rGSpJyHQ7nXw3wqdG6eIgUqYk4In6dyIlodbD0DedIYG+nvfG4jKvlUBw1U65jBNgkk4XBYnAEOFxVLjLFaMghoYQqri5FdM+MUmBCTRrQnDnX14k9ULevcgX7ou50vUsjgw6RifoDLnoEpXQLaqgGqLoCb2gN/RuPVuv1of1OW1dsWYzR+gfrO9fpF2i3Q==</latexit>
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A broader range of temperatures
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• Hessian spectrum is a  
shifted semicircle law  
 
minima have           and saddles have


• Main difference between pure and mixed models 
 
 
 
pure model marginal states concentrate at  
 
mixed model has marginal states at different energies!

Radial reaction    determines the local stability
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Radial reaction in the (3+4)-spin
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Radial reaction in the (3+4)-spin
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Most materials attain a glassy state at low temperatures under
suitable methods of preparation. This state exhibits the mech-
anical properties of a solid, but shows microscopic structural
disorder1,2. A comprehensive understanding of the glassy state is,
however, still lacking3. A widespread assumption is that the non-

exponential relaxation processes observed in the dynamics of
glasses—and also in protein dynamics, protein folding and
population dynamics—are (in common with other manifesta-
tions of complex dynamics) strongly influenced by the underlying
energy landscape associated with the structural configurations
that the system may adopt. But concrete evidence for this in
studies of glass formation has been scarce. Here we present such
evidence, obtained from computer simulations of a model glass-
forming liquid. We demonstrate that the onset of non-exponential
relaxation corresponds to a well defined temperature below
which the depth of the potential-energy minima explored by
the liquid increases with decreasing temperature, and above
which it does not. At lower temperatures, we observe a sharp
transition when the liquid gets trapped in the deepest accessible
energy basin. This transition temperature depends on the cool-
ing rate, in a manner analogous to the experimental glass
transition. We also present evidence that the barrier heights
separating potential-energy minima sampled by the liquid
increase abruptly at a temperature above the glass transition
but well below the onset of non-exponential relaxation. This
identification of a relationship between static, topographic
features of the energy landscape and complex dynamics holds
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Figure 1 Molecular dynamics simulations of a binary Lennard–Jones mixture21.

80% of the particles are of type A, 20% are type B, and Lennard–Jones parameters

are eAA ¼ 1:0, eAB ¼ 1:5, eBB ¼ 0:5, jAA ¼ 1:0, jAB ¼ 0:8 and jBB ¼ 0:88. All quantities

are in reduced units: length in units of jAA, temperature in units of eAA/kB, and time

in units of (j2
AAm/eAA)

1/2, where m is the mass of the particles. The density r in all

cases is 1.2. The calculated pressures for the system remain positive except for

T , 0:06, much below temperatures where the system forms a glass in all cases

studied. The Lennard–Jones potential, with a quadratic cut-off and shifting of the

potential at rab
c ¼ 2:5jab (ref. 29), a; b [ A; B is used.Our cut-off procedure results in

a potential minimum value which is ,4% smaller than that in ref. 21. The time step

is dt ¼ 0:003. Each run was initialized by equilibration at a high temperature,

followed by equilibration and data collection runs at a series of temperatures. The

run length at each temperature, together with the number of temperatures

chosen, determines the cooling rate. Equilibration was done at constant tem-

perature by periodic rescaling of the velocities of particles. Data collection runs

were done at constant energy. Local-energy minimization was performed for a

subset of configurations generated at each temperature. Data, as well as those in

Figs 3 and 4, are from simulations of 256 particles. a, The average of the minimum

energies per particle. Each data point represents an average over 100 inherent

structures, except for cooling rate 8:33 3 102 5,

where 60 configurations were used. The three

lower cooling-rate data were obtained from a

single run; for the highest cooling rate, the data

were averaged over four different cooling runs

(25 inherent structures were sampled in each

case) to reduce the noise. For temperatures

T ¼ 3:0, 4.0 and 5.0, the average energies

are −6.868, −6.872 and −6.867 respectively, con-

firming that at high temperatures (T . 1:0) the

inherent-structure energies reach a constant

value independent of temperature. b, Individual

minimum energies for the configurations at

cooling rate 8:33 3 102 5. At high and inter-

mediate temperatures, these individual ener-

gies cover a broad range, and only show a

gradual trend towards lower values as the tem-

perature is lowered. A qualitative difference is

apparent at low temperatures, with the sampled

energies becoming narrowly distributed around

the average values. The statistical indepen-

dence of individual points, however, varies

strongly with temperature, particularly as these

data represent a single cooling run.0.0 20.0 40.0 60.0
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Correlation with the initial configuration
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Aging for T>TSF
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T=0 fluctuation-dissipation plot

• parametric plot in t’ at fixed t  

• marginality at T=0  

• memoryless solution has

�(t, t0) =

Z t

t0
R(t, s)ds vs. C(t, t0)
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III. ASYMPTOTIC SOLUTIONS

In Ref. [3] it was shown that the asymptotic solution to the dynamical equations assuming a simple memorious aging
within a state with a unique e↵ective temperature has parameters �, q0, q12 and y that satisfy the same equations that
can the obtained extremizing the Franz-Parisi (FP) potential computed in the one step replica symmetry breaking
(1RSB) scenario, provided that the parameter y, is fixed by a marginality condition.

In our case the 1RSB FP potential has to be computed at zero temperature (Tf = 0), while the reference configu-
ration is in equilibrium at temperature T = 1/�

� 2V1RSB(q12,�, q0, y) = �f
0(1) + y(f(1)� f(q0)) +
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The saddle point equations and the marginality condition thus read
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We notice en passant that equations in (4) do not always select minima of the FP potential, because for that one
needs to set to zero the total derivative with respect to q12 and not the partial derivative. The energy and the radial
reaction are given respectively by

E = ��f
0(1)� y
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�
� �f(q12) , µ = �f

00(1) + (�+ y)f 0(1)� yq0f
0(q0) + �q12f

0(q12) . (5)

The equations in (4) always admit the solution with q12 = q0 = 0, representing the memoryless or ‘amnesic’ aging
solution with parameters

� = �th ⌘ 1p
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, y = y0 ⌘ f
00(1)� f

0(1)

f 0(1)
p

f 00(1)
=
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f 00(1)

f 0(1)
� �th , (6)

and consequently energy and radial reaction are given by

E = Eth ⌘ ��thf
0(1)� y0f(1) , µ = µth ⌘ 2

p
f 00(1) . (7)

For the (3+4)-spin model the numerical values are �th = 1/3, y0 = 11/21 ' 0.52381, Eth = �71/42 ' �1.69048 and
µth = 6.

FIG. 7. Aging solution with memory of the initial configuration as predicted by the derivative of the Franz-Parisi potential

for the (3+4)-spin model. q0 (blue line), q12 (orange line) and y (green line) as a function of T . The temperature range in the

plot is between TSF = 0.7982754 and T0 = 0.8031557 (marked by a dashed vertical line). Notice that in this solution we have

y ⇡ 0.3 quite far from the value y ⇡ 0.52 that we observe in the numerical solution to the dynamical equations. Also notice

that q12 and q0 have finite values when the solution appears at T0.

A non trivial ‘memorious’ aging solution with strictly positive values for q12 and q0, disconnected from the amnesic
aging solution, exists only for temperatures below T0. Moreover at an even lower temperature TSF we have that q0 ! 1
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Search for the asymptotic solution
• Our approximated ansatz 

 
 
Linear relation between q12 and q0

µ = µth � = �th y =

⇢
0 q12 < C < q0
y0 q0 < C < 1
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Search for the asymptotic solution
• Our approximated ansatz predicts a non-zero q12 for 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and (q12,SF,�th). We notice that the dash-dotted curve has a continuous first derivative at the point (q12,SF,�th), as
can be easily checked by taking derivatives.

Our asymptotic ansatz thus implies a very simple relation between the overlaps describing the asymptotic aging
regime, namely

q12 = q12,SFq0 , (15)

and plugging this relation inside Eq. (13) it is easily to find that a solution with q12 > 0 can exists only if
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where k is defined by f(q) / q
k for q ! 0 (in the 3+4-model Tonset = 0.91). Despite this is not an exact solution of

the asymptotic equations, it is a strong indication that there is a phase transition between a memoryless phase where
dynamics decorrelate from the initial condition and falls over the ‘usual’ threshold states with E = Eth and a phase
where aging takes place in a confined space, with an asymptotic energy below threshold and depending on �.

FIG. 10. Comparison between asymptotic aging parameters extrapolated from the numerical solution of the dynamical equations

(data with errors), the analytical prediction obtained via the semi-empirical approximation derived in Sec. IV (full curves) and

the standard RSB aging solution derived in Sec. III (dashed curves).

In Fig. 10 we report an even stronger evidence that this approximate solution provides a very good description of the
asymptotic dynamics obtained by numerically integrating the dynamical equations. We plot numerically extrapolated
values as data points with errors, while full lines are prediction from the approximate solution presented in this
Section and dashed lines correspond to the standard 1RSB aging solution discussed in the previous Section. Needless
to comment on which one is better in describing the asymptotic dynamics.

V. COUNTING THE MINIMA

In this section we ask then if we can understand the attractors of the dynamics in terms of typical marginal saddles
and minima that lie close to the initial configuration. Let us consider the stationary points of the Hamiltonian H[�]
on the sphere

P
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We can predict the asymptotic energy



A new phase in mixed models
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Can we predict the dynamics asymptotic  
via a static complexity computation?

• Zero temperature relaxation dynamics goes to local minima


• Count the mean logarithm of the number of local minima 
at fixed overlap q12 to an equilibrium configuration at T


• Good candidates for describing the dynamics at large times 
are marginal stationary points of the energy function

⌃(q12, T, E, µ) = EJ

Z
D�

0
e
�HJ (�

0)/T

log

Z
D� �

⇣
� · �0 � q12N

⌘
�

⇣
HJ(�)� E

⌘
�

⇣
rHJ(�) + µ�

⌘��� det(H(HJ(�)) + µI)
���
�
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Complexity in the mixed model
in the (3+4)-spin µth = 6
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Complexity in the mixed model
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Complexity in the mixed model
Σ(E,q12) at T=TMCT
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Complexity in the mixed model
Σ(E,q12) at T=TMCT
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Satisfied with the constrained complexity?

• Explains well why marginals states closer to the initial 
configuration (q12>0) have lower energies


• Predicts too low values for y and q0
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Possible explanation:  
- dynamics gets trapped and makes

  aging in just one marginal manifold 
  (large q0)

- static complexity counts them all 
  (small q0)



Conclusions
• Unexpected new dynamical regime: aging with memory


• the configuration at initial or short time is not forgotten 
(strong ergodicity breaking)


• long time dynamics takes place in a restricted marginal 
manifold


• in this regime the model reproduces important features of  
glass formers


• The statics-dynamics connection should be rethought: 
predicting the long time behavior of Langevin dynamics is an 
open problem for mixed (i.e. realistic) models


• More details can be found in arXiv:1903.01421



How it goes below the threshold?
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How it goes below the threshold?

-0.95

-0.9

-0.85

-0.8

-0.75

-0.7

-0.65

-0.6

-0.55

0.01 0.1 1 10 100 1000

E3
(t)

E4
(t)

t

(3+4)-spin
τ = 0.001
τ = 0.05
τ = ∞

for τ=0.05 N = 100
N = 200
N = 300



How it goes below the threshold?

⌧ =
1
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Ising SG on a sparse RRG
• Random 4-regular graph,


• Quench from T0=∞ to T=0.8 TC


• Expected aging behavior 
based on previous experiments & numerics

Jij = ±1
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Slow Dynamics and Aging in Spin Glasses 3

2 Experimental Evidence for Non-Stationary Dynamics

2.1 Magnetization Relaxation in Response to a Field Change

In a measurement of the relaxation of the “thermo-remanent magnetization”
(TRM), the system is cooled in a small field from above Tg down to some T0 <
Tg; it then “waits” in the field at T0 during a time tw, after which the field
is cut, and the subsequent decrease of the TRM from the field-cooled (FC)
value is recorded as a function of t. Following an “immediate fall-off” of the
magnetization (depending on the sample and on temperature, of the order of 50
to 90 %), a slow logarithmic-like relaxation takes place; it is believed to head
towards zero, although never reaching an end at laboratory time scales.

These endless-like relaxation processes and, more crucially, the existence of
“aging” phenomena [1, 2, 3] are a salient feature of spin-glass dynamics: for
different values of the waiting time tw, different TRM-decay curves are obtained,
as is evidenced in Fig. 1.a.
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Fig. 1. a. Thermo-remanent magnetization M , normalized by the field-cooled value
Mfc, vs. t(s) (log10 scale) for the Ag : Mn2.6% sample, at T = 9K = 0.87Tg . The
sample has been cooled in a 0.1 Oe field from above Tg = 10.4K to 9K; after waiting
tw, the field has been cut at t = 0, and the decaying magnetization recorded.

The dynamics depends on two independent time-scales, t (“observation time”)
and tw (“waiting time”). This dynamics is non-stationary: the response at t+ tw
to an excitation at tw depends on t+ tw and tw, and not only on t (breakdown
of time-translational invariance). Qualitatively, one can see in Fig. 1.a that the



Finite size effects under control
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Safe extrapolation

to the large N limit

We work in the 
regime of very 
long times (t>>1) 
and very small 
correlations (C<<1)



Non-zero large times limit
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Non-zero large times limit

Aging in a

more and more

confined space?
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Main (unexpected) results

• Spherical mixed p-spin model:  
- T=0 dynamics goes below the threshold energy!  
- positive correlation with the initial configuration  
- complexity gives only a qualitative explanation  
  of the asymptotic dynamics


• Viana-Bray model (SG on a RRG):  
the dynamics with T<Tc does not decorrelate from  
the initial random configuration
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Weak ergodicity breaking
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