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Outline
• Introduction to inference problems on sparse random 

graphs and trees

• Motivations for running long numerical experiments on 

given random inference problems

• New phases in sparse inference problems

• Numerical results (published and unpublished)


• BP for planted random hypergraph bicoloring

• BP for asymmetric stochastic block model

• Monte Carlo based algorithms for planted random coloring


• Simulated Annealing

• Replicated Simulated Annealing

• Parallel Tempering



Bayesian inference

• Teacher-student scenario

• the teacher chooses a ground truth    from the prior 

and a probabilistic model to generate the data

• the teacher provides the student with the prior       ,  

the model          and the data

• the student uses Bayes formula to compute the  

posterior probability distribution


• student problem is then sampling or maximizing  
the posterior probability distribution
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P (x|y) = Pm(y|x)Pp(x)

Z(y)
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Bayesian inference

• Statistical estimators are given in terms  
of marginal probabilities  
 

•                        minimizes the MSE

•                        maximizes the MO


• Computing marginal probabilities is as hard as  
computing the partition function


• In random sparse inference problems  
-> estimate log(Z) via the Bethe approximation

µi(xi) =
X

x\xi

P (x|y)
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bxi = argmax µi(xi)
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bxi =
P

xi
xiµi(xi)
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Hidden partition model or 
stochastic block model (SBM)

• Random benchmark for the community detection problem


• Generate a partition of   nodes: e.g.    groups of size


• Add independently edges between any pair of nodes 
according to the following probability


• Assortative model 
Disassortative model

P[(ij) 2 E] =

⇢
cin/n same group
cout/n di↵erent groups

q n/qn

cin > cout
cin < cout



The hidden partition model

n

n/2

cin/n

cout/n

cin > cout
Assortative model:

Stochastic block  
model (SBM)

with

P[(ij) 2 E] =

⇢
cin/n same group
cout/n di↵erent groups

q = 2



The hidden partition model

Colors are not provided !



The hidden partition model

The right ordering neither !!



The hidden partition model

Hidden (true) partition ->

Estimated partition ->


Accuracy of inference     

is related to similarity ->

Infer the  
hidden


partition

Given only the

adjacency matrix

i 6= j. The function (i) returns the cluster vertex i belongs to. Conditioned on the partition
{Vk}k=1,...,q, edges are drawn independent with

P
h
(i, j) 2 E

���{Vk}
i
=

⇢
cin/n if (i) = (j) ,
cout/n if (i) 6= (j) .

The resulting random graph is sparse and has a mean degree equal to c = [cin + (q � 1)cout]/q.
We will be mainly concerned with the assortative case, where cin > cout holds strictly. The goal
is to detect the partition {Vk} given the graph G.

The Bayesian approach [5] predicts the existence of a threshold at

cin � cout = q
p
c ,

for q  4, separating a phase where detecting the partition is impossible from a phase where the
detection can be achieved, using the best possible algorithms. We defined the signal-to-noise
ratio as

� =
cin � cout

q
p
c

,

such that the phase transition for q  4 takes place at �c = 1. We will mainly be interested in
the q = 2 case, where the existence of the threshold at �c = 1 has been proved rigorously [15, 13].
In this case the planted partition can be conveniently coded in a vector x0 2 {+1,�1}n, and,
calling x̂(G) the estimate of the partition in graph G obtained by any inference procedure, we
can quantify the success of the detection algorithm computing the overlap with respect to the
planted partition (i.e. the absolute value of the normalized scalar product)

Q =
1

n
|hx̂(G),x0i| .

Eventually we can consider also its average value over the ensemble of random graphs, E[Q].
For the SBM Ref. [6] proposed a belief-propagation message-passing algorithm to find the Bayes
optimal estimator, which has indeed a non-zero overlap with the planted partition as soon as
� > �c = 1.

Spectral methods based on the Laplacian (unnormalized or normalized) are known to be
sub-optimal, since they have a threshold which is strictly larger than the optimal one [11], i.e.
�Lap
c =

p
c/(c� 1) > 1. However, a new spectral method based on the non-backtracking matrix

introduced in Ref. [12] achieves optimality in the detection of the planted partition in the SBM,
at the cost of computing the complex spectrum of a non symmetric matrix. Later, such a
spectral method has been strongly simplified by showing its similarity to the computation of the
spectrum of the so-called Bethe Hessian matrix [17], which is a n⇥ n symmetric matrix defined
as

H(r) = (r2 � 1)1� rA�D ,

where A is the adjacency matrix, Aij = Aji = I[(ij) 2 E], and D is a diagonal matrix with
entries equal to the vertex degrees di. In the assortative SBM with q = 2, the planted partition
is detected by computing the negative eigenvalues of H(

p
c) [17] and the best estimator x̂BH(G)

turns out to be given by the vector of signs of the components of the eigenvector corresponding
to the second largest (in absolute value) eigenvalue.

2. Spectral methods versus optimization methods

Although the partition detection based on the Bethe Hessian is optimal for the SBM, it turns
out to be not very robust if the generative model departs even slightly from the random graph

bx(A)
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<latexit sha1_base64="MIV8QlTOmC6B2OJD4n5cA8LPjEI=">AAAB/nicbZDLSgMxFIbP1Futt6pLN8EiiIsy40Z3Fty4rGAv0NaSSTNtaJIZkoxYhwGfwa2u3YlbH8CXcNk3MdN2YVt/CHz85xzOye9HnGnjuj9ObmV1bX0jv1nY2t7Z3SvuH9R1GCtCayTkoWr6WFPOJK0ZZjhtRopi4XPa8IfXWb3xQJVmobwzo4h2BO5LFjCCjbWabV8kj+n9WbdYcsvuRGgZvBmUrr6fxhUAqHaL43YvJLGg0hCOtW55bmQ6CVaGEU7TQjvWNMJkiPu0ZVFiQXUnmdybohPr9FAQKvukQRP370SChdYj4dtOgc1AL9Yy879aKzbBZSdhMooNlWS6KIg5MiHKPo96TFFi+MgCJorZWxEZYIWJsRHNbfFFajPxFhNYhvp52bN865UqWTKZ8nAEx3AKHlxABW6gCjUgwOEFXuHNeXbenQ/nc9qac2YzhzAn5+sXfJSZHA==</latexit><latexit sha1_base64="tfWWuqjg5vIJfnGbtxEFukLA3us=">AAAB/nicbZDLSgMxFIbPeK31Vi87N8EiiIsy40Z3FlzosoK9QFtLJs20oUlmSDJiHQZ8Bre6dqdufQBfwmXfxPSysK0/BD7+cw7n5PcjzrRx3R9nYXFpeWU1s5Zd39jc2s7t7FZ0GCtCyyTkoar5WFPOJC0bZjitRYpi4XNa9XuXw3r1nirNQnlr+hFtCtyRLGAEG2vVGr5IHtK7k1Yu7xbckdA8eBPIX3w/Dq4+9pNSKzdotEMSCyoN4VjruudGpplgZRjhNM02Yk0jTHq4Q+sWJRZUN5PRvSk6sk4bBaGyTxo0cv9OJFho3Re+7RTYdPVsbWj+V6vHJjhvJkxGsaGSjBcFMUcmRMPPozZTlBjet4CJYvZWRLpYYWJsRFNbfJHaTLzZBOahclrwLN94+WIRxsrAARzCMXhwBkW4hhKUgQCHZ3iBV+fJeXPenc9x64IzmdmDKTlfv0DHmmA=</latexit><latexit sha1_base64="tfWWuqjg5vIJfnGbtxEFukLA3us=">AAAB/nicbZDLSgMxFIbPeK31Vi87N8EiiIsy40Z3FlzosoK9QFtLJs20oUlmSDJiHQZ8Bre6dqdufQBfwmXfxPSysK0/BD7+cw7n5PcjzrRx3R9nYXFpeWU1s5Zd39jc2s7t7FZ0GCtCyyTkoar5WFPOJC0bZjitRYpi4XNa9XuXw3r1nirNQnlr+hFtCtyRLGAEG2vVGr5IHtK7k1Yu7xbckdA8eBPIX3w/Dq4+9pNSKzdotEMSCyoN4VjruudGpplgZRjhNM02Yk0jTHq4Q+sWJRZUN5PRvSk6sk4bBaGyTxo0cv9OJFho3Re+7RTYdPVsbWj+V6vHJjhvJkxGsaGSjBcFMUcmRMPPozZTlBjet4CJYvZWRLpYYWJsRFNbfJHaTLzZBOahclrwLN94+WIRxsrAARzCMXhwBkW4hhKUgQCHZ3iBV+fJeXPenc9x64IzmdmDKTlfv0DHmmA=</latexit><latexit sha1_base64="YC3tTkGD2/chxpSA23XTUqddRp4=">AAAB/nicbZDLSgMxFIbP1Futt6pLN8EiiIsy40aXBTcuK9gLtGPJpJk2NMkMSUYsw4DP4FbX7sStr+LSNzGdzsK2/hD4+M85nJM/iDnTxnW/ndLa+sbmVnm7srO7t39QPTxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbmb1ziNVmkXy3kxj6gs8kixkBBtrdfuBSJ+yh4tBtebW3VxoFbwCalCoOaj+9IcRSQSVhnCsdc9zY+OnWBlGOM0q/UTTGJMJHtGeRYkF1X6a35uhM+sMURgp+6RBuft3IsVC66kIbKfAZqyXazPzv1ovMeG1nzIZJ4ZKMl8UJhyZCM0+j4ZMUWL41AImitlbERljhYmxES1sCURmM/GWE1iF9mXds3zn1RqNIp0ynMApnIMHV9CAW2hCCwhweIFXeHOenXfnw/mct5acYuYYFuR8/QLLqZZ+</latexit>

hbx,x⇤i
<latexit sha1_base64="4OLWvXeF7/dFWU7/yhMSED1F2Xc=">AAACH3icbZDLSgMxFIbPeK33qks3wSKKSJlxo8uCG5ctWBU6tWTS0zY0yQxJRi3DPIIP4TO41bU7cdud7nwM09aFtwMhH/9/Dif5o0RwY31/6E1Nz8zOzRcWFpeWV1bXiusb5yZONcM6i0WsLyNqUHCFdcutwMtEI5WRwIuofzLyL65RGx6rMztIsClpV/EOZ9Q6qVXcDQVVXYHhDW9jj9osjGR2m+cHk/tqP9Rjv1Us+WV/XOQvBF9QqpDaxxsAVFvF97Ads1SiskxQYxqBn9hmRrXlTGC+GKYGE8r6tIsNh4pKNM1s/KGc7DilTTqxdkdZMla/T2RUGjOQkeuU1PbMb28k/uc1Uts5bmZcJalFxSaLOqkgNiajdEiba2RWDBxQprl7K2E9qimzLsMfWyKZu0yC3wn8hfPDcuC4FpQqFZhUAbZgG/YggCOowClUoQ4M7uABHuHJu/eevRfvddI65X3NbMKP8oafTL2nAw==</latexit><latexit sha1_base64="6fVuwCe5qLBU0H+usOpsg5+92Ss=">AAACH3icbZDLSgMxFIYz3lrrrerSTbCIIlJmBNFlwY3LFuwFOrVk0tM2NMkMSUYtwzyCD+EzuNW1O3HbpRvxMUwvC60eCPn4/3M4yR9EnGnjuiNnYXFpeSWTXc2trW9sbuW3d2o6jBWFKg15qBoB0cCZhKphhkMjUkBEwKEeDC7Hfv0WlGahvDbDCFqC9CTrMkqMldr5Q58T2ePg37EO9IlJ/EAk92l6Mr1vjn018dv5glt0J4X/gjeDQglXvj6zmbNyO//hd0IaC5CGcqJ103Mj00qIMoxySHN+rCEidEB60LQoiQDdSiYfSvGBVTq4Gyp7pMET9edEQoTWQxHYTkFMX897Y/E/rxmb7kUrYTKKDUg6XdSNOTYhHqeDO0wBNXxogVDF7Fsx7RNFqLEZ/toSiNRm4s0n8Bdqp0XPcsUrlEpoWlm0h/bREfLQOSqhK1RGVUTRA3pCz+jFeXRenTfnfdq64MxmdtGvckbfs86nTQ==</latexit><latexit sha1_base64="6fVuwCe5qLBU0H+usOpsg5+92Ss=">AAACH3icbZDLSgMxFIYz3lrrrerSTbCIIlJmBNFlwY3LFuwFOrVk0tM2NMkMSUYtwzyCD+EzuNW1O3HbpRvxMUwvC60eCPn4/3M4yR9EnGnjuiNnYXFpeSWTXc2trW9sbuW3d2o6jBWFKg15qBoB0cCZhKphhkMjUkBEwKEeDC7Hfv0WlGahvDbDCFqC9CTrMkqMldr5Q58T2ePg37EO9IlJ/EAk92l6Mr1vjn018dv5glt0J4X/gjeDQglXvj6zmbNyO//hd0IaC5CGcqJ103Mj00qIMoxySHN+rCEidEB60LQoiQDdSiYfSvGBVTq4Gyp7pMET9edEQoTWQxHYTkFMX897Y/E/rxmb7kUrYTKKDUg6XdSNOTYhHqeDO0wBNXxogVDF7Fsx7RNFqLEZ/toSiNRm4s0n8Bdqp0XPcsUrlEpoWlm0h/bREfLQOSqhK1RGVUTRA3pCz+jFeXRenTfnfdq64MxmdtGvckbfs86nTQ==</latexit><latexit sha1_base64="6+JvGLiwkYmsmM9Y+eLk0amPKw8=">AAACH3icbZC7TsMwFIadcivlFmBkiagQCKEqYYGxEgtjkehFakrluKetVduJbAeoojwCD8EzsMLMhlg78ia4aQbaciTLn/7/HB37DyJGlXbdiVVYWV1b3yhulra2d3b37P2DhgpjSaBOQhbKVoAVMCqgrqlm0IokYB4waAajm6nffASpaCju9TiCDscDQfuUYG2krn3qMywGDPwn2oMh1okf8OQ5TS9m98O5LzO/a5fdipuVswxeDmWUV61r//i9kMQchCYMK9X23Eh3Eiw1JQzSkh8riDAZ4QG0DQrMQXWS7EOpc2KUntMPpTlCO5n6dyLBXKkxD0wnx3qoFr2p+J/XjnX/upNQEcUaBJkt6sfM0aEzTcfpUQlEs7EBTCQ1b3XIEEtMtMlwbkvAU5OJt5jAMjQuK57hO69crebpFNEROkZnyENXqIpuUQ3VEUEv6A29ow/r1fq0vqzvWWvBymcO0VxZk1/R6KSK</latexit>



Conjectured phases in the symmetric SBMConjectured phase transitions for the symmetric SBM

[Decelle, Krzakala, Moore, Zdeborova 11]

q = 2,3

 0

cKS

a

c

a*
aalg

impossible / easy

q ≥ 5

0

csp cIT cKS=calg
a

c

a*
aalg

impossible / hard / easy

optimal (Bayes) easily achievable (BP)

Kesten-Stigum (KS) and Information Theoretic (IT) transitions
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A lucky situation!

• Bayes optimality (student knows prior and model)  
-> noise in the data = noise assumed in doing inference  
-> Nishimori condition in statistical physics  
-> replica symmetry (or dynamical 1RSB)  
-> Belief Propagation (BP) returns the right marginals!  
    (if properly initialized)


• BP algorithmic threshold seems to coincide with the 
KS bound (analytically known)  
-> algorithm behavior is predictable!



The (robust) tree reconstruction problem

• Draw the root label x 
according to the prior


• Broadcast it (with noise) 
along the tree


• Observe the labels on the leaves

• Is it possible to infer x in the          limit ?


• Robust version:

• observe a fraction    of labels on the leaves

• infer root label in the limit         first and then

t ! 1
<latexit sha1_base64="hf2DZYp5d2ntPvjXrmcb57DzE7E=">AAACAHicbZA9T8MwEIYv5auUrwIjS0SFxFQlLLBRiYWxSPRDtFHluE5r1XEi+4IUoi78BlaY2RArM3+Csf8Ep+1AW17J0qP37nTn148F1+g4P1ZhbX1jc6u4XdrZ3ds/KB8eNXWUKMoaNBKRavtEM8ElayBHwdqxYiT0BWv5o5u83npkSvNI3mMaMy8kA8kDTgka6wG7GHW5DDDtlStO1ZnKXgV3DpXr76dJDQDqvfKk249oEjKJVBCtO64To5cRhZwKNi51E81iQkdkwDoGJQmZ9rLpxWP7zDh9O4iUeRLtqft3IiOh1mnom86Q4FAv13Lzv1onweDKy7iME2SSzhYFibAxsvPv232uGEWRGiBUcXOrTYdEEYompIUtfjg2mbjLCaxC86LqGr5zK7U8mVxFOIFTOAcXLqEGt1CHBlCQ8AKv8GY9W+/Wh/U5ay1Y85ljWJD19QuDb5pG</latexit><latexit sha1_base64="+2bUni0KB/Kjq+c0wySdmTNolCo=">AAACAHicbZC5TgMxEIa9nCFc4ehoLCIkqmiXBjoiUUAZJHKIZBV5HW9ixWuv7FmkZZWGZ6CFmgpES81LUOZNcI6CJPySpU//zGjGfxALbsB1f5yl5ZXVtfXcRn5za3tnt7C3XzMq0ZRVqRJKNwJimOCSVYGDYI1YMxIFgtWD/tWoXn9g2nAl7yCNmR+RruQhpwSsdQ8tUC0uQ0jbhaJbcsfCi+BNoXj5/Ti8fj/MKu3CsNVRNImYBCqIMU3PjcHPiAZOBRvkW4lhMaF90mVNi5JEzPjZ+OIBPrFOB4dK2ycBj92/ExmJjEmjwHZGBHpmvjYy/6s1Ewgv/IzLOAEm6WRRmAgMCo++jztcMwoitUCo5vZWTHtEEwo2pJktQTSwmXjzCSxC7azkWb71iuUymiiHjtAxOkUeOkdldIMqqIookugZvaBX58l5cz6cz0nrkjOdOUAzcr5+AUeim4o=</latexit><latexit sha1_base64="+2bUni0KB/Kjq+c0wySdmTNolCo=">AAACAHicbZC5TgMxEIa9nCFc4ehoLCIkqmiXBjoiUUAZJHKIZBV5HW9ixWuv7FmkZZWGZ6CFmgpES81LUOZNcI6CJPySpU//zGjGfxALbsB1f5yl5ZXVtfXcRn5za3tnt7C3XzMq0ZRVqRJKNwJimOCSVYGDYI1YMxIFgtWD/tWoXn9g2nAl7yCNmR+RruQhpwSsdQ8tUC0uQ0jbhaJbcsfCi+BNoXj5/Ti8fj/MKu3CsNVRNImYBCqIMU3PjcHPiAZOBRvkW4lhMaF90mVNi5JEzPjZ+OIBPrFOB4dK2ycBj92/ExmJjEmjwHZGBHpmvjYy/6s1Ewgv/IzLOAEm6WRRmAgMCo++jztcMwoitUCo5vZWTHtEEwo2pJktQTSwmXjzCSxC7azkWb71iuUymiiHjtAxOkUeOkdldIMqqIookugZvaBX58l5cz6cz0nrkjOdOUAzcr5+AUeim4o=</latexit><latexit sha1_base64="cXisKdDWTfQen1oC8TXv9FXWEew=">AAACAHicbZC7SgNBFIZn4y3GW9TSZjAIVmHXRsuAjWUEc8HsEmYns8mQuSwzZ4UlpPEZbLW2E1vfxNI3cZJsYRJ/GPj4zzmcM3+cCm7B97+90sbm1vZOebeyt39weFQ9PmlbnRnKWlQLbboxsUxwxVrAQbBuahiRsWCdeHw7q3eemLFcqwfIUxZJMlQ84ZSAsx4hBB1ylUDer9b8uj8XXoeggBoq1OxXf8KBpplkCqgg1vYCP4VoQgxwKti0EmaWpYSOyZD1HCoimY0m84un+MI5A5xo454CPHf/TkyItDaXseuUBEZ2tTYz/6v1MkhuoglXaQZM0cWiJBMYNJ59Hw+4YRRE7oBQw92tmI6IIRRcSEtbYjl1mQSrCaxD+6oeOL4Pao1GkU4ZnaFzdIkCdI0a6A41UQtRpNALekVv3rP37n14n4vWklfMnKIleV+/0oSXqA==</latexit>

The (robust) reconstruction problem on trees

[Janson, Mossel 04, Mézard, Montanari 06, Sly 08]

Draw the label τ of the root of a tree
with proba η

Broadcast on each edge with Markov
transition probability Mττ ′

Assumption : M is reversible with respect to η, irreducible, aperiodic

Observations: the labels at distance t from the root, τVt

Can one guess τ as t → ∞ better than with η ?

i.e. does τVt
carry information on τ ?
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t
<latexit sha1_base64="ndn0Kt/5stSI2Lpt6Q0DwuGYVnM=">AAAB93icbZC7SgNBFIbPxluMt6ilzWAQrMKujXYGbCwTMBdIljA7OZsMmdldZmaFNeQJbLW2E1vfwZewzJs4m6Qw0R8GPv5zDufMHySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvsvr7UdUmsfRg8kS9CUdRjzkjBprNUy/XHGr7lzkL3hLqNx+Pc1qAFDvl2e9QcxSiZFhgmrd9dzE+BOqDGcCp6VeqjGhbEyH2LUYUYnan8wPnZIL6wxIGCv7IkPm7u+JCZVaZzKwnZKakV6v5eZ/tW5qwht/wqMkNRixxaIwFcTEJP81GXCFzIjMAmWK21sJG1FFmbHZrGwJ5NRm4q0n8BdaV1XPcsOr1PJkchXhDM7hEjy4hhrcQx2awADhGV7g1cmcN+fd+Vi0FpzlzCmsyPn8ATRglic=</latexit><latexit sha1_base64="ptDS8s3WoE4J3OClFV0MU2/q6PM=">AAAB93icbZDLSgMxFIYz9VbrrV52boJFcFVm3OjOggtdtmAv0A4lk2ba0CQzJGeEcegTuNW1O3El+A6+hMu+iellYVt/CHz85xzOyR/Eghtw3R8nt7a+sbmV3y7s7O7tHxQPjxomSjRldRqJSLcCYpjgitWBg2CtWDMiA8GawfB2Um8+Mm14pB4gjZkvSV/xkFMC1qpBt1hyy+5UeBW8OZRuvp/Gd58nWbVbHHd6EU0kU0AFMabtuTH4GdHAqWCjQicxLCZ0SPqsbVERyYyfTQ8d4XPr9HAYafsU4Kn7dyIj0phUBrZTEhiY5drE/K/WTiC89jOu4gSYorNFYSIwRHjya9zjmlEQqQVCNbe3YjogmlCw2SxsCeTIZuItJ7AKjcuyZ7nmlSoVNFMenaIzdIE8dIUq6B5VUR1RxNAzekGvTuq8Oe/Ox6w158xnjtGCnK9f+ISXaw==</latexit><latexit sha1_base64="ptDS8s3WoE4J3OClFV0MU2/q6PM=">AAAB93icbZDLSgMxFIYz9VbrrV52boJFcFVm3OjOggtdtmAv0A4lk2ba0CQzJGeEcegTuNW1O3El+A6+hMu+iellYVt/CHz85xzOyR/Eghtw3R8nt7a+sbmV3y7s7O7tHxQPjxomSjRldRqJSLcCYpjgitWBg2CtWDMiA8GawfB2Um8+Mm14pB4gjZkvSV/xkFMC1qpBt1hyy+5UeBW8OZRuvp/Gd58nWbVbHHd6EU0kU0AFMabtuTH4GdHAqWCjQicxLCZ0SPqsbVERyYyfTQ8d4XPr9HAYafsU4Kn7dyIj0phUBrZTEhiY5drE/K/WTiC89jOu4gSYorNFYSIwRHjya9zjmlEQqQVCNbe3YjogmlCw2SxsCeTIZuItJ7AKjcuyZ7nmlSoVNFMenaIzdIE8dIUq6B5VUR1RxNAzekGvTuq8Oe/Ox6w158xnjtGCnK9f+ISXaw==</latexit><latexit sha1_base64="UsvVgPdzEhVD58x0ZuIK+q4WvxQ=">AAAB93icbZA9TwJBEIbn8AvxC7W02UhMrMidjZYkNpaQCJjAhewtc7Bhd++yu2dyIfwCW63tjK0/x9J/4gJXCPgmmzx5ZyYz+0ap4Mb6/rdX2tre2d0r71cODo+OT6qnZx2TZJphmyUi0U8RNSi4wrblVuBTqpHKSGA3mtzP691n1IYn6tHmKYaSjhSPOaPWWS07qNb8ur8Q2YSggBoUag6qP/1hwjKJyjJBjekFfmrDKdWWM4GzSj8zmFI2oSPsOVRUogmni0Nn5Mo5QxIn2j1lycL9OzGl0phcRq5TUjs267W5+V+tl9n4LpxylWYWFVsuijNBbELmvyZDrpFZkTugTHN3K2FjqimzLpuVLZGcuUyC9QQ2oXNTDxy3glqjUaRThgu4hGsI4BYa8ABNaAMDhBd4hTcv9969D+9z2VryiplzWJH39QuDdZOJ</latexit>

t ! 1
<latexit sha1_base64="TXxt3RbDXmiisjCRCQfkywjBLSk=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdi10UIwYGMZwVwwCWF2MpsMmZ1dZs4Ky5JG8A1stbYTWzsfw9Lal3ByKUziDwMf/zmHc+b3YykMuu6Xs7S8srq2ntvIb25t7+wW9vZrJko041UWyUg3fGq4FIpXUaDkjVhzGvqS1/3B1ahev+faiEjdYhrzdkh7SgSCUbTWHbYwagkVYNopFN2SOxZZBG8KxcvPn0cCAJVO4bvVjVgScoVMUmOanhtjO6MaBZN8mG8lhseUDWiPNy0qGnLTzsYXD8mxdbokiLR9CsnY/TuR0dCYNPRtZ0ixb+ZrI/O/WjPB4LydCRUnyBWbLAoSSTAio++TrtCcoUwtUKaFvZWwPtWUoQ1pZosfDm0m3nwCi1A7LXmWb7xi+QImysEhHMEJeHAGZbiGClSBgYIneIYX58F5dd6c90nrkjOdOYAZOR+/bxaaNA==</latexit><latexit sha1_base64="CsSc6RD2+aMxEwx8evn3w0l/ejw=">AAACAHicbZC7SgNBFIZnvcZ4i1oKshgEq7Bro4VgwMYyAXPB7BJmJ7PJkNmZZeassCxpBN/AVms7sRM7H8PSWh/CyaUwiT8MfPznHM6ZP4g50+A4n9bC4tLyympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa8CA02asKI4CThtB/3JYb9xSpZkU15DG1I9wV7CQEQzGugEPpMdECGm7UHRKzkj2PLgTKF58fN8fvFV/Ku3Cl9eRJImoAMKx1i3XicHPsAJGOB3kvUTTGJM+7tKWQYEjqv1sdPHAPjJOxw6lMk+APXL/TmQ40jqNAtMZYejp2drQ/K/WSiA88zMm4gSoIONFYcJtkPbw+3aHKUqApwYwUczcapMeVpiACWlqSxANTCbubALzUD8puYarbrF8jsbKoX10iI6Ri05RGV2hCqohggR6QI/oybqznq0X63XcumBNZvbQlKz3XybqnCc=</latexit><latexit sha1_base64="CsSc6RD2+aMxEwx8evn3w0l/ejw=">AAACAHicbZC7SgNBFIZnvcZ4i1oKshgEq7Bro4VgwMYyAXPB7BJmJ7PJkNmZZeassCxpBN/AVms7sRM7H8PSWh/CyaUwiT8MfPznHM6ZP4g50+A4n9bC4tLyympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa8CA02asKI4CThtB/3JYb9xSpZkU15DG1I9wV7CQEQzGugEPpMdECGm7UHRKzkj2PLgTKF58fN8fvFV/Ku3Cl9eRJImoAMKx1i3XicHPsAJGOB3kvUTTGJM+7tKWQYEjqv1sdPHAPjJOxw6lMk+APXL/TmQ40jqNAtMZYejp2drQ/K/WSiA88zMm4gSoIONFYcJtkPbw+3aHKUqApwYwUczcapMeVpiACWlqSxANTCbubALzUD8puYarbrF8jsbKoX10iI6Ri05RGV2hCqohggR6QI/oybqznq0X63XcumBNZvbQlKz3XybqnCc=</latexit><latexit sha1_base64="tnkKmnytxCl4oKc+XBO9TEO7Zso=">AAACAHicbZC7SgNBFIZnvcZ4i1raDAbBKuzaaGERsLGMYC6YXcLsZDYZMpdl5qwQljQ+g63WdmLrm1j6Jk6SLUziDwMf/zmHc+aPU8Et+P63t7a+sbm1Xdop7+7tHxxWjo5bVmeGsibVQptOTCwTXLEmcBCskxpGZCxYOx7dTuvtJ2Ys1+oBximLJBkonnBKwFmPEIIOuUpg3KtU/Zo/E16FoIAqKtToVX7CvqaZZAqoINZ2Az+FKCcGOBVsUg4zy1JCR2TAug4VkcxG+eziCT53Th8n2rinAM/cvxM5kdaOZew6JYGhXa5Nzf9q3QyS6yjnKs2AKTpflGQCg8bT7+M+N4yCGDsg1HB3K6ZDYggFF9LCllhOXCbBcgKr0LqsBY7vg2r9pkinhE7RGbpAAbpCdXSHGqiJKFLoBb2iN+/Ze/c+vM9565pXzJygBXlfv9FQl6Q=</latexit>

"
<latexit sha1_base64="L6HPqN9VyBxThYrB7Dlhl3OK+jU=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdi10UIwYGMZwVxgE8LsZDYZMpdlZjYQllTiI9hqbSe2Vj6GpbUv4eRSmMQfBj7+cw7nzB8lnBnr+1/eyura+sZmbiu/vbO7t184OKwZlWpCq0RxpRsRNpQzSauWWU4biaZYRJzWo/7NuF4fUG2Ykvd2mNCWwF3JYkawdVbYHGBNE8O4ku1C0S/5E6FlCGZQvP78eUQAUGkXvpsdRVJBpSUcGxMGfmJbGdaWEU5H+WZqaIJJH3dp6FBiQU0rm5w8QqfO6aBYafekRRP370SGhTFDEblOgW3PLNbG5n+1MLXxZStjMkktlWS6KE45sgqN/486TFNi+dABJpq5WxHpYY2JdSnNbYnEyGUSLCawDLXzUuD4LiiWr2CqHBzDCZxBABdQhluoQBUIKHiCZ3jxHrxX7817n7aueLOZI5iT9/ELOMiapA==</latexit><latexit sha1_base64="H0n56PGULr9FWJcxHnWGdyGauxA=">AAACAXicbZC7SgNBFIZnvcZ4i1oKshgEq7Bro4VgwMYyAXOBZAmzk7PJkLksM7OBsKQSH8FWazuxEqx8DEtrfQgnl8Ik/jDw8Z9zOGf+MGZUG8/7dJaWV1bX1jMb2c2t7Z3d3N5+VctEEagQyaSqh1gDowIqhhoG9VgB5iGDWti7HtVrfVCaSnFrBjEEHHcEjSjBxlqNZh8riDVlUrRyea/gjeUugj+F/NXH9/3RW/mn1Mp9NduSJByEIQxr3fC92AQpVoYSBsNsM9EQY9LDHWhYFJiDDtLxyUP3xDptN5LKPmHcsft3IsVc6wEPbSfHpqvnayPzv1ojMdFFkFIRJwYEmSyKEuYa6Y7+77apAmLYwAImitpbXdLFChNjU5rZEvKhzcSfT2ARqmcF33LZzxcv0UQZdIiO0Sny0TkqohtUQhVEkEQP6BE9OXfOs/PivE5al5zpzAGakfP+C/CNnJc=</latexit><latexit sha1_base64="H0n56PGULr9FWJcxHnWGdyGauxA=">AAACAXicbZC7SgNBFIZnvcZ4i1oKshgEq7Bro4VgwMYyAXOBZAmzk7PJkLksM7OBsKQSH8FWazuxEqx8DEtrfQgnl8Ik/jDw8Z9zOGf+MGZUG8/7dJaWV1bX1jMb2c2t7Z3d3N5+VctEEagQyaSqh1gDowIqhhoG9VgB5iGDWti7HtVrfVCaSnFrBjEEHHcEjSjBxlqNZh8riDVlUrRyea/gjeUugj+F/NXH9/3RW/mn1Mp9NduSJByEIQxr3fC92AQpVoYSBsNsM9EQY9LDHWhYFJiDDtLxyUP3xDptN5LKPmHcsft3IsVc6wEPbSfHpqvnayPzv1ojMdFFkFIRJwYEmSyKEuYa6Y7+77apAmLYwAImitpbXdLFChNjU5rZEvKhzcSfT2ARqmcF33LZzxcv0UQZdIiO0Sny0TkqohtUQhVEkEQP6BE9OXfOs/PivE5al5zpzAGakfP+C/CNnJc=</latexit><latexit sha1_base64="lzxWwbYmxcgRGpTNF0omIb0nsAU=">AAACAXicbZC7TgJBFIbP4g3xhlraTCQmVmTXRgsLEhtLTARMlg2ZHWZhwlw2M7MkZEPlM9hqbWdsfRJL38QBthDwTyb58p9zcs78ccqZsb7/7ZU2Nre2d8q7lb39g8Oj6vFJ26hME9oiiiv9FGNDOZO0ZZnl9CnVFIuY0048upvVO2OqDVPy0U5SGgk8kCxhBFtnhd0x1jQ1jCvZq9b8uj8XWoeggBoUavaqP92+Ipmg0hKOjQkDP7VRjrVlhNNppZsZmmIywgMaOpRYUBPl85On6MI5fZQo7Z60aO7+ncixMGYiYtcpsB2a1drM/K8WZja5iXIm08xSSRaLkowjq9Ds/6jPNCWWTxxgopm7FZEh1phYl9LSllhMXSbBagLr0L6qB44fglrjtkinDGdwDpcQwDU04B6a0AICCl7gFd68Z+/d+/A+F60lr5g5hSV5X7+bApgU</latexit>

" ! 0
<latexit sha1_base64="JHoYPzesvh9Qx9L2G4Rmf8Ks3GY=">AAACCHicbZC7SgNBFIbPeo3xtmppMxgEq7Bro4VgwMYygrlAdgmzk9lkyOzMMjMbCEtKG5/BVms7sdS3sLT2JZxcCpP4w8DHf87hnPmjlDNtPO/LWVldW9/YLGwVt3d29/bdg8O6lpkitEYkl6oZYU05E7RmmOG0mSqKk4jTRtS/GdcbA6o0k+LeDFMaJrgrWMwINtZqu24wwIqmmnEpAiOR13ZLXtmbCC2DP4PS9cfPAwKAatv9DjqSZAkVhnCsdcv3UhPmWBlGOB0Vg0zTFJM+7tKWRYETqsN8cvkInVqng2Kp7BMGTdy/EzlOtB4mke1MsOnpxdrY/K/Wykx8GeZMpJmhgkwXxRlH9ovjGFCHKUoMH1rARDF7KyI9rDAxNqy5LVEyspn4iwksQ/287Fu+80uVK5iqAMdwAmfgwwVU4BaqUAMCA3iCZ3hxHp1X5815n7auOLOZI5iT8/kL+tOclg==</latexit><latexit sha1_base64="TN/u5qXgcv++tLiKXWbPmphJm6U=">AAACCHicbZC7SgNBFIZnvcZ4W7UUZDAIVmHXRgvBgI1lAuYC2SXMTmaTIXNZZmYDYUlp4zPYam2nlvoWltb6EE4uhUn8YeDjP+dwzvxRwqg2nvfpLC2vrK6t5zbym1vbO7vu3n5Ny1RhUsWSSdWIkCaMClI11DDSSBRBPGKkHvWuR/V6nyhNpbg1g4SEHHUEjSlGxlot1w36SJFEUyZFYCT0Wm7BK3pjwUXwp1C4ev++O3qt/JRb7lfQljjlRBjMkNZN30tMmCFlKGZkmA9STRKEe6hDmhYF4kSH2fjyITyxThvGUtknDBy7fycyxLUe8Mh2cmS6er42Mv+rNVMTX4QZFUlqiMCTRXHKoP3iKAbYpopgwwYWEFbU3gpxFymEjQ1rZkvEhzYTfz6BRaidFX3LFb9QugQT5cAhOAanwAfnoARuQBlUAQZ98AAewZNz7zw7L87bpHXJmc4cgBk5H7+yp56J</latexit><latexit sha1_base64="TN/u5qXgcv++tLiKXWbPmphJm6U=">AAACCHicbZC7SgNBFIZnvcZ4W7UUZDAIVmHXRgvBgI1lAuYC2SXMTmaTIXNZZmYDYUlp4zPYam2nlvoWltb6EE4uhUn8YeDjP+dwzvxRwqg2nvfpLC2vrK6t5zbym1vbO7vu3n5Ny1RhUsWSSdWIkCaMClI11DDSSBRBPGKkHvWuR/V6nyhNpbg1g4SEHHUEjSlGxlot1w36SJFEUyZFYCT0Wm7BK3pjwUXwp1C4ev++O3qt/JRb7lfQljjlRBjMkNZN30tMmCFlKGZkmA9STRKEe6hDmhYF4kSH2fjyITyxThvGUtknDBy7fycyxLUe8Mh2cmS6er42Mv+rNVMTX4QZFUlqiMCTRXHKoP3iKAbYpopgwwYWEFbU3gpxFymEjQ1rZkvEhzYTfz6BRaidFX3LFb9QugQT5cAhOAanwAfnoARuQBlUAQZ98AAewZNz7zw7L87bpHXJmc4cgBk5H7+yp56J</latexit><latexit sha1_base64="vQT+axNrQ122Xz1PuP3oTw8ziEw=">AAACCHicbZC7SgNBFIZn4y3G26qlzWAQrMKujRYWARvLCCYRskuYnZxNhsxlmZkNhJAX8BlstbYTW9/C0jdxkmxhEn8Y+PjPOZwzf5JxZmwQfHuljc2t7Z3ybmVv/+DwyD8+aRmVawpNqrjSTwkxwJmEpmWWw1OmgYiEQzsZ3s3q7RFow5R8tOMMYkH6kqWMEuusru9HI6IhM4wrGVmFg65fDWrBXHgdwgKqqFCj6/9EPUVzAdJSTozphEFm4wnRllEO00qUG8gIHZI+dBxKIsDEk/nlU3zhnB5OlXZPWjx3/05MiDBmLBLXKYgdmNXazPyv1sltehNPmMxyC5IuFqU5x+6Lsxhwj2mglo8dEKqZuxXTAdGEWhfW0pZETF0m4WoC69C6qoWOH8Jq/bZIp4zO0Dm6RCG6RnV0jxqoiSgaoRf0it68Z+/d+/A+F60lr5g5RUvyvn4BXRyaBg==</latexit>

x



Graph-tree connection

• The analytical solution is derived on an infinite tree

• Population Dynamics solves equations on an infinite tree


• The inference problem is defined on a given random 
graph of large but finite size (loops and non-edges)


• The 2 problems are locally equivalent  
…but global graph-tree connection is delicate:

• loopy BP is run for a time much larger than the girth of  

the graph, i.e. loopy BP messages run along cycles  
many many times before reaching convergence


• BP on a given graph has no information at all about the 
planted configuration and has to amplify the initial noise



Two classes of algorithms 
(and motivations for studying it)

• Belief Propagation run on a specific graph:

• Bayes optimal (if properly initialized), but not very robust on  

non-random graphs coming from real world applications

• Is fully predictable from the analytic solution derived on a 

tree and solved via the Population Dynamics algorithm ?

• Monte Carlo based algorithms:


• (Replicated) Simulated Annealing, Parallel Tempering, …

• Very robust

• Their limits are mostly unknown (working in the regime of 

times scaling linearly in the system size)

• Previous conjectures probably need to be improved



Planted random hypergraph bicoloring

•    binary variables           (black/white)

• Planted config.         for           and           for

•            constraints involving    variables each

• Solution = all constraints are non-monochromatic

• Hypergraph built s.t. the planted config. is solution

• Given the hypergraph, write the posterior probability 

and use BP to compute marginals

N
<latexit sha1_base64="BAIWYqoRYb27DYLgaGSC5Xrfx6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetKvZ7HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPpfeM0A==</latexit><latexit sha1_base64="BAIWYqoRYb27DYLgaGSC5Xrfx6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetKvZ7HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPpfeM0A==</latexit><latexit sha1_base64="BAIWYqoRYb27DYLgaGSC5Xrfx6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetKvZ7HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPpfeM0A==</latexit><latexit sha1_base64="BAIWYqoRYb27DYLgaGSC5Xrfx6U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zetKvZ7HUYQzOIdL8KAGdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPpfeM0A==</latexit>

M = ↵N
<latexit sha1_base64="yAM1+XgTLQSXzMRyOgewKCfhqU8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OJFqWA/sA1lst20SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84JEcG1c99sprKyurW8UN0tb2zu7e+X9g6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ99VtPTGkeywczTpgf4UDykFM0Vnq8veqiSIZI7nrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WeziyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrz0My6T1DBJ54vCVBATk+n7pM8Vo0aMLUGquL2V0CEqpMaGVLIheIsvL5PmWdVzq979eaVWy+MowhEcwyl4cAE1uIE6NICChGd4hTdHOy/Ou/Mxby04+cwh/IHz+QOgKpA2</latexit><latexit sha1_base64="yAM1+XgTLQSXzMRyOgewKCfhqU8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OJFqWA/sA1lst20SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84JEcG1c99sprKyurW8UN0tb2zu7e+X9g6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ99VtPTGkeywczTpgf4UDykFM0Vnq8veqiSIZI7nrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WeziyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrz0My6T1DBJ54vCVBATk+n7pM8Vo0aMLUGquL2V0CEqpMaGVLIheIsvL5PmWdVzq979eaVWy+MowhEcwyl4cAE1uIE6NICChGd4hTdHOy/Ou/Mxby04+cwh/IHz+QOgKpA2</latexit><latexit sha1_base64="yAM1+XgTLQSXzMRyOgewKCfhqU8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OJFqWA/sA1lst20SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84JEcG1c99sprKyurW8UN0tb2zu7e+X9g6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ99VtPTGkeywczTpgf4UDykFM0Vnq8veqiSIZI7nrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WeziyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrz0My6T1DBJ54vCVBATk+n7pM8Vo0aMLUGquL2V0CEqpMaGVLIheIsvL5PmWdVzq979eaVWy+MowhEcwyl4cAE1uIE6NICChGd4hTdHOy/Ou/Mxby04+cwh/IHz+QOgKpA2</latexit><latexit sha1_base64="yAM1+XgTLQSXzMRyOgewKCfhqU8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OJFqWA/sA1lst20SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84JEcG1c99sprKyurW8UN0tb2zu7e+X9g6aOU0VZg8YiVu0ANRNcsobhRrB2ohhGgWCtYHQ99VtPTGkeywczTpgf4UDykFM0Vnq8veqiSIZI7nrlilt1ZyDLxMtJBXLUe+Wvbj+macSkoQK17nhuYvwMleFUsEmpm2qWIB3hgHUslRgx7WeziyfkxCp9EsbKljRkpv6eyDDSehwFtjNCM9SL3lT8z+ukJrz0My6T1DBJ54vCVBATk+n7pM8Vo0aMLUGquL2V0CEqpMaGVLIheIsvL5PmWdVzq979eaVWy+MowhEcwyl4cAE1uIE6NICChGd4hTdHOy/Ou/Mxby04+cwh/IHz+QOgKpA2</latexit>

K
<latexit sha1_base64="jomu0B089MN9MLw/O6+9sf9vtYc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9XoeRxHO4BwuwYMa1OEOGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/oWuMzQ==</latexit><latexit sha1_base64="jomu0B089MN9MLw/O6+9sf9vtYc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9XoeRxHO4BwuwYMa1OEOGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/oWuMzQ==</latexit><latexit sha1_base64="jomu0B089MN9MLw/O6+9sf9vtYc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9XoeRxHO4BwuwYMa1OEOGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/oWuMzQ==</latexit><latexit sha1_base64="jomu0B089MN9MLw/O6+9sf9vtYc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF8FLC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW36i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6aV9VPbfqNa8r9XoeRxHO4BwuwYMa1OEOGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/oWuMzQ==</latexit>

�i = ±1
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VI. NUMERICAL EXPERIMENTS ON SINGLE SAMPLES

This Section is devoted to a study of the behaviour of the Belief Propagation (BP) algorithm run on given instances
of two inference problems defined and studied analytically in the previous Sections, namely the planted hypergraph
bicoloring and the asymmetric SBM with two groups. As a matter of fact, most of the analytical results presented
in the rest of the paper directly apply to (infinite) tree reconstruction problems, their interpretation in terms of
inference on (large but) finite size graphs relying on delicate conjectures of the cavity method, as briefly discussed
in Sec. III C 2. The experiments reported in this Section will allow us to test this connection, and to confront
quantitatively the predictions of the tree reconstruction problem, studied numerically via the population dynamics
algorithm, and the results of BP on single large instances. Because of the local convergence of the graph problems
towards trees it is quite simple to see that a finite number of iterations of BP can be described analytically, in the
thermodynamic limit, by a finite number of the tree distributional iterations (15,16). There are, however, two aspects
that make the graph-tree connection much less trivial and justify these numerical tests: (i) on finite graphs BP can
be run until convergence to a fixed point (FP), i.e. for a number of iterations much larger than the girth of the graph,
this regime cannot a priori be described in terms of tree-like local properties and could be sensitive to the long cycles
of the graph; (ii) in the graph problems there is initially no observation of the labels on the vertices, the infinitesimal
information of the tree robust reconstruction problem must thus arise from the amplification of noise in the initial
condition of BP.

A. Generation of planted problems, BP equations and observables

The models that we study numerically, namely random hypergraph bicoloring and asymmetric SBM with 2 groups,
have been already defined in detail in Sec. III A. Here we just give additional informations about the generation of
the instances with a planted solution, and about the BP equations and the way we solve them, for the convenience of
the reader who would like to repeat our numerical tests. Both models have Ising (i.e. binary) variables �i 2 {�1, 1},
and thus the marginals can be written in terms of a single scalar variable.

1. Random hypergraph bicoloring

The random ensemble of hypergraph bicoloring problems has three parameters: the number of variables N , the
number of constraints M = ↵N , and the degree of the factor nodes k (i.e. the number of variables per constraint).
The N variables are divided in 2 groups of equal size and the planted configuration is defined as �⇤

i
= 1 in the first

group and �⇤
i
= �1 in the second one. For each of the M constraints we extract k variables uniformly at random,

conditional on the k variables not belonging all to the same group (we implemented this condition by a rejection
method). The random graph thus obtained can be described by the set E of edges (ia) connecting variables nodes
and factor nodes (1  i  N , 1  a  M and |E| = KM).

One can write the posterior distribution of � given the observation of the graph and treat this probability measure
with the BP algorithm, that can be put after some simplifications under the form of messages ⌘i!a and ⌘̂a!i passed
between variables and interactions obeying the following equations:
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where @i = {a : (ia) 2 E} and @a = {i : (ia) 2 E} are the local neighborhoods of variable and factor nodes
respectively, and � is a damping factor set to 0.5 in most of our numerical simulations. The BP messages ⌘i!a and
⌘̂a!i represent the probability that variable i belongs to a given group (say the first group) in a modified graph where
some of the edges have been removed: in particular ⌘i!a considers the graph where constraint a has been removed,
while ⌘̂a!i considers the graph where constraints in @i \ a have been removed.

BP messages are initialized in the following way: with probability q0 we set ⌘̂(0)
a!i

= ⌘(0)
i!a

= I[�⇤
i
= 1] and with

probability 1 � q0 we set ⌘̂(0)
a!i

= 0.5 and ⌘(0)
i!a

2 [0.45, 0.55] uniformly at random. The parameter q0 (the q0 and q
of this Section should not be confused with the number of states of the Potts model of the rest of the paper) thus
controls the amount of direct information on the planted configuration we use in this initial condition. Of course only

damping factor

� = 0.5
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• To solve the inference problem with no information on 
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<latexit sha1_base64="T1Y54Jz1sG0hM8a5dJIFh16QHhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQQ8eCl48VjC10Iay2U7apZtN3N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UVlbX1jfKm5Wt7Z3dver+QUsnmWLos0Qkqh1SjYJL9A03AtupQhqHAh/C0c3Uf3hCpXki7804xSCmA8kjzqixku+dPfbcXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezYCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9HPS5wqZEWNLKFPc3krYkCrKjM2nYkPwFl9eJq3zuufWvbuLWuO6iKMMR3AMp+DBJTTgFprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB9dJjgQ=</latexit><latexit sha1_base64="T1Y54Jz1sG0hM8a5dJIFh16QHhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQQ8eCl48VjC10Iay2U7apZtN3N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UVlbX1jfKm5Wt7Z3dver+QUsnmWLos0Qkqh1SjYJL9A03AtupQhqHAh/C0c3Uf3hCpXki7804xSCmA8kjzqixku+dPfbcXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezYCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9HPS5wqZEWNLKFPc3krYkCrKjM2nYkPwFl9eJq3zuufWvbuLWuO6iKMMR3AMp+DBJTTgFprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB9dJjgQ=</latexit><latexit sha1_base64="T1Y54Jz1sG0hM8a5dJIFh16QHhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQQ8eCl48VjC10Iay2U7apZtN3N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UVlbX1jfKm5Wt7Z3dver+QUsnmWLos0Qkqh1SjYJL9A03AtupQhqHAh/C0c3Uf3hCpXki7804xSCmA8kjzqixku+dPfbcXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezYCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9HPS5wqZEWNLKFPc3krYkCrKjM2nYkPwFl9eJq3zuufWvbuLWuO6iKMMR3AMp+DBJTTgFprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB9dJjgQ=</latexit><latexit sha1_base64="T1Y54Jz1sG0hM8a5dJIFh16QHhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQQ8eCl48VjC10Iay2U7apZtN3N0IJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UVlbX1jfKm5Wt7Z3dver+QUsnmWLos0Qkqh1SjYJL9A03AtupQhqHAh/C0c3Uf3hCpXki7804xSCmA8kjzqixku+dPfbcXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezYCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9HPS5wqZEWNLKFPc3krYkCrKjM2nYkPwFl9eJq3zuufWvbuLWuO6iKMMR3AMp+DBJTTgFprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB9dJjgQ=</latexit>

q0
<latexit sha1_base64="XkJb0B2qG3oOiVHxIIe0NMTqU6Y=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zVyyZG/vsrsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2aSoB/RgeQhZ9RY6WHcc3vlilt15yCrxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7WfzU6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDaz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2nZINwVt+eZU0L6qeW/XuLyu1mzyOIpzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFoLTj5zDH/gfP4A/aWNkg==</latexit><latexit sha1_base64="XkJb0B2qG3oOiVHxIIe0NMTqU6Y=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zVyyZG/vsrsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2aSoB/RgeQhZ9RY6WHcc3vlilt15yCrxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7WfzU6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDaz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2nZINwVt+eZU0L6qeW/XuLyu1mzyOIpzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFoLTj5zDH/gfP4A/aWNkg==</latexit><latexit sha1_base64="XkJb0B2qG3oOiVHxIIe0NMTqU6Y=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zVyyZG/vsrsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2aSoB/RgeQhZ9RY6WHcc3vlilt15yCrxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7WfzU6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDaz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2nZINwVt+eZU0L6qeW/XuLyu1mzyOIpzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFoLTj5zDH/gfP4A/aWNkg==</latexit><latexit sha1_base64="XkJb0B2qG3oOiVHxIIe0NMTqU6Y=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZ0XxAcoS9zVyyZG/vsrsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWj2aSoB/RgeQhZ9RY6WHcc3vlilt15yCrxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXYslTRC7WfzU6fkzCp9EsbKljRkrv6eyGik9SQKbGdEzVAvezPxP6+TmvDaz7hMUoOSLRaFqSAmJrO/SZ8rZEZMLKFMcXsrYUOqKDM2nZINwVt+eZU0L6qeW/XuLyu1mzyOIpzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFoLTj5zDH/gfP4A/aWNkg==</latexit>

⌘̂(0)a!i = ⌘(0)i!a = I[�⇤
i = 1]

<latexit sha1_base64="jCG449Dzdy0g9BAHkUbNs833A8Y="></latexit><latexit sha1_base64="jCG449Dzdy0g9BAHkUbNs833A8Y="></latexit><latexit sha1_base64="jCG449Dzdy0g9BAHkUbNs833A8Y="></latexit><latexit sha1_base64="jCG449Dzdy0g9BAHkUbNs833A8Y="></latexit>

⌘̂(0)a!i = 0.5 , ⌘(0)i!a 2 [0.45, 0.55]
<latexit sha1_base64="tkFA1KANMEJDmyjNFCDEe2l5K+w="></latexit><latexit sha1_base64="tkFA1KANMEJDmyjNFCDEe2l5K+w="></latexit><latexit sha1_base64="tkFA1KANMEJDmyjNFCDEe2l5K+w="></latexit><latexit sha1_base64="tkFA1KANMEJDmyjNFCDEe2l5K+w="></latexit>

⌘̂ = ⌘ = 0.5
<latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit>

q0 = 0
<latexit sha1_base64="FkqJW+2rzuP+zAoWPmbhcf/DOJ8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789hPThiv5YCcpCxMylDzmlFgnBY99fIP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rjUYRRxlO4BTOwYcraMAdNCEAChye4RXePOm9eO/ex6K15BUzx/AH3ucP8CuOFw==</latexit><latexit sha1_base64="FkqJW+2rzuP+zAoWPmbhcf/DOJ8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789hPThiv5YCcpCxMylDzmlFgnBY99fIP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rjUYRRxlO4BTOwYcraMAdNCEAChye4RXePOm9eO/ex6K15BUzx/AH3ucP8CuOFw==</latexit><latexit sha1_base64="FkqJW+2rzuP+zAoWPmbhcf/DOJ8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789hPThiv5YCcpCxMylDzmlFgnBY99fIP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rjUYRRxlO4BTOwYcraMAdNCEAChye4RXePOm9eO/ex6K15BUzx/AH3ucP8CuOFw==</latexit><latexit sha1_base64="FkqJW+2rzuP+zAoWPmbhcf/DOJ8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh4MVjBbcttEvJptk2NJusSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6WCG4vxt1daW9/Y3CpvV3Z29/YPqodHLaMyTVlAlVC6ExHDBJcssNwK1kk1I0kkWDsa38789hPThiv5YCcpCxMylDzmlFgnBY99fIP71Rqu4znQKvELUoMCzX71qzdQNEuYtFQQY7o+Tm2YE205FWxa6WWGpYSOyZB1HZUkYSbM58dO0ZlTBihW2pW0aK7+nshJYswkiVxnQuzILHsz8T+vm9n4Osy5TDPLJF0sijOBrEKzz9GAa0atmDhCqObuVkRHRBNqXT4VF4K//PIqaV3UfVz37y9rjUYRRxlO4BTOwYcraMAdNCEAChye4RXePOm9eO/ex6K15BUzx/AH3ucP8CuOFw==</latexit>

⌘̂ = ⌘ = 0.5
<latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit><latexit sha1_base64="SprCuoqaQLiRQVypIGpxoU+O8QI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchUQU3QgFNy4r2Ac0oUymk3boZBJmbpQS+yluXCji1i9x5984TbPQ1gP3cjjnXubOCVPBNbjut7Wyura+sVnZqm7v7O7t27WDtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wfDPzOw9MaZ7Ie5ikLIjJUPKIUwJG6ts1f0TAZ0Cui+Y6F3277jpuAbxMvJLUUYlm3/7yBwnNYiaBCqJ1z3NTCHKigFPBplU/0ywldEyGrGeoJDHTQV6cPsUnRhngKFGmJOBC/b2Rk1jrSRyayZjASC96M/E/r5dBdBXkXKYZMEnnD0WZwJDgWQ54wBWjICaGEKq4uRXTEVGEgkmrakLwFr+8TNpnjuc63t15vdEo46igI3SMTpGHLlED3aImaiGKHtEzekVv1pP1Yr1bH/PRFavcOUR/YH3+AP1IkyU=</latexit>

q0
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• At the fixed point                we compute  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q0 = 0 should be considered if we want to study BP as an inference algorithm that does not use any information on
the hidden labels. It is, however, useful to allow arbitrary values of q0 as a tool to investigate the connections between
the tree and graph problems. The choice of distributing the messages in the interval [0.45, 0.55] for the non-informed
vertices is made to avoid the trivial fixed point with all messages ⌘ = ⌘̂ = 0.5.

BP messages are not updated all in parallel, as the time indices in Eqs. (194,195) may suggest. In each step of
BP we visit all the variables once in a random order: for each variable i we compute all the outgoing messages ⌘i!a

according to Eq. (194) and immediately we update all the BP messages leaving neighbouring factor nodes according
to Eq. (195). By these tricks (and the use of damping) we avoid any undesirable oscillation and improve convergence
to fixed points. Convergence is declared achieved if, in a given step of BP, all messages change by less than a pre-fixed

threshold, i.e. |⌘(t+1)
i!a

� ⌘(t)
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| < 10�8.
At a fixed point {⌘?
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} of the BP equations, the local magnetizations are given by
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Because of the global spin-flip symmetry of the model the mean magnetization m =
P

i
m?

i
/N is zero, while detection

of the planted solution is signalled by the following order parameters: the staggered magnetizationms (i.e. the absolute
value of the mean overlap with the planted configuration), the magnetization variance m2 (recall that m = 0 here),
that equals the mean overlap between two real replicas, and the maximum overlap q with the planted configuration,
defined as
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The Bethe (replica symmetric) entropy is given by the following expression
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that reduces to Spara =
⇥
log(2) + ↵ log(1 � 21�k)

⇤
on the paramagnetic (trivial) BP fixed point, where all messages

are non-informative ⌘̂?
a!i

= ⌘?
i!a

= 1/2.

2. Asymmetric two groups SBM

An instance of the asymmetric SBM with 2 groups is generated using the following 4 parameters: the number of
variables N , the mean degree d, the asymmetry m and the parameter ✓ related to the SNR. The N variables are
divided in 2 groups of sizes N1 = 1+m

2 N and N2 = 1�m

2 N , such that the planted configuration is �⇤
i
= 1 in the first

group and �⇤
i
= �1 in the second group. Then the edge set E of the interaction graph between the variable nodes is

generated by selecting uniformly at random M11 = N
2
1
2

c++

N
edges among variables in the first group, M22 = N

2
2
2

c��
N

edges among variables in the second group and M12 = N1N2
c+�
N

edges joining variables in di↵erent groups, where

c�⌧ = d(1 + ✓ (��m)(⌧�m)
1�m2 ). It is easy to check that M11
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+ M12

2N1
= M22

N2
+ M12

2N2
= d

2 , i.e. the mean degree in each group
is the same. It is worth noticing that these rules define a “microcanonical” ensemble of random graphs having a fixed
number of edges. In the “canonical” ensemble of random graphs, each possible edge is chosen independently with
a given probability and thus the number of edges is a random variable. The di↵erence between the two ensemble
vanishes in the large N limit, and produces fluctuations of order O(1/

p
N) in intensive observables measured in finite

graphs. The BP equations for the posterior measure of the SBM were written in the general case in [8, 9], we reproduce
here this derivation for the asymmetric two group model.

We shall rewrite the posterior probability as the Gibbs measure of an Ising model
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q0 = 0 should be considered if we want to study BP as an inference algorithm that does not use any information on
the hidden labels. It is, however, useful to allow arbitrary values of q0 as a tool to investigate the connections between
the tree and graph problems. The choice of distributing the messages in the interval [0.45, 0.55] for the non-informed
vertices is made to avoid the trivial fixed point with all messages ⌘ = ⌘̂ = 0.5.

BP messages are not updated all in parallel, as the time indices in Eqs. (194,195) may suggest. In each step of
BP we visit all the variables once in a random order: for each variable i we compute all the outgoing messages ⌘i!a

according to Eq. (194) and immediately we update all the BP messages leaving neighbouring factor nodes according
to Eq. (195). By these tricks (and the use of damping) we avoid any undesirable oscillation and improve convergence
to fixed points. Convergence is declared achieved if, in a given step of BP, all messages change by less than a pre-fixed
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Because of the global spin-flip symmetry of the model the mean magnetization m =
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of the planted solution is signalled by the following order parameters: the staggered magnetizationms (i.e. the absolute
value of the mean overlap with the planted configuration), the magnetization variance m2 (recall that m = 0 here),
that equals the mean overlap between two real replicas, and the maximum overlap q with the planted configuration,
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The Bethe (replica symmetric) entropy is given by the following expression
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that reduces to Spara =
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An instance of the asymmetric SBM with 2 groups is generated using the following 4 parameters: the number of
variables N , the mean degree d, the asymmetry m and the parameter ✓ related to the SNR. The N variables are
divided in 2 groups of sizes N1 = 1+m
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is the same. It is worth noticing that these rules define a “microcanonical” ensemble of random graphs having a fixed
number of edges. In the “canonical” ensemble of random graphs, each possible edge is chosen independently with
a given probability and thus the number of edges is a random variable. The di↵erence between the two ensemble
vanishes in the large N limit, and produces fluctuations of order O(1/
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N) in intensive observables measured in finite

graphs. The BP equations for the posterior measure of the SBM were written in the general case in [8, 9], we reproduce
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m?
i = ms = m2 = q = 0
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Finding the unstable fixed point via BP
Hard (impossible?) to do via PopDyn
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2 [0.2, 0.29]
<latexit sha1_base64="TklcyEHiELMpKNKO9nh4mPeV2uA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg4SkFNRbwYvHCvYD0lA22027dLOJu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXpBwprTjfFuljc2t7Z3ybmVv/+DwqHp80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnL/e6USsVi8ahnCfUjPBIsZARrI/l9JjzHrl+ZuvUH1ZpjOwugdeIWpAYFWoPqV38YkzSiQhOOlfJcJ9F+hqVmhNN5pZ8qmmAywSPqGSpwRJWfLY6eowujDFEYS1NCo4X6eyLDkVKzKDCdEdZjterl4n+el+rwxs+YSFJNBVkuClOOdIzyBNCQSUo0nxmCiWTmVkTGWGKiTU4VE4K7+vI66dRt17Hdh0at2SjiKMMZnMMluHANTbiHFrSBwBM8wyu8WVPrxXq3PpatJauYOYU/sD5/ADSDkF4=</latexit><latexit sha1_base64="TklcyEHiELMpKNKO9nh4mPeV2uA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg4SkFNRbwYvHCvYD0lA22027dLOJu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXpBwprTjfFuljc2t7Z3ybmVv/+DwqHp80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnL/e6USsVi8ahnCfUjPBIsZARrI/l9JjzHrl+ZuvUH1ZpjOwugdeIWpAYFWoPqV38YkzSiQhOOlfJcJ9F+hqVmhNN5pZ8qmmAywSPqGSpwRJWfLY6eowujDFEYS1NCo4X6eyLDkVKzKDCdEdZjterl4n+el+rwxs+YSFJNBVkuClOOdIzyBNCQSUo0nxmCiWTmVkTGWGKiTU4VE4K7+vI66dRt17Hdh0at2SjiKMMZnMMluHANTbiHFrSBwBM8wyu8WVPrxXq3PpatJauYOYU/sD5/ADSDkF4=</latexit><latexit sha1_base64="TklcyEHiELMpKNKO9nh4mPeV2uA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg4SkFNRbwYvHCvYD0lA22027dLOJu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXpBwprTjfFuljc2t7Z3ybmVv/+DwqHp80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnL/e6USsVi8ahnCfUjPBIsZARrI/l9JjzHrl+ZuvUH1ZpjOwugdeIWpAYFWoPqV38YkzSiQhOOlfJcJ9F+hqVmhNN5pZ8qmmAywSPqGSpwRJWfLY6eowujDFEYS1NCo4X6eyLDkVKzKDCdEdZjterl4n+el+rwxs+YSFJNBVkuClOOdIzyBNCQSUo0nxmCiWTmVkTGWGKiTU4VE4K7+vI66dRt17Hdh0at2SjiKMMZnMMluHANTbiHFrSBwBM8wyu8WVPrxXq3PpatJauYOYU/sD5/ADSDkF4=</latexit><latexit sha1_base64="TklcyEHiELMpKNKO9nh4mPeV2uA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg4SkFNRbwYvHCvYD0lA22027dLOJu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXpBwprTjfFuljc2t7Z3ybmVv/+DwqHp80lFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnL/e6USsVi8ahnCfUjPBIsZARrI/l9JjzHrl+ZuvUH1ZpjOwugdeIWpAYFWoPqV38YkzSiQhOOlfJcJ9F+hqVmhNN5pZ8qmmAywSPqGSpwRJWfLY6eowujDFEYS1NCo4X6eyLDkVKzKDCdEdZjterl4n+el+rwxs+YSFJNBVkuClOOdIzyBNCQSUo0nxmCiWTmVkTGWGKiTU4VE4K7+vI66dRt17Hdh0at2SjiKMMZnMMluHANTbiHFrSBwBM8wyu8WVPrxXq3PpatJauYOYU/sD5/ADSDkF4=</latexit>
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Asymmetric SBM

• 2 hidden communities (         ) of sizes

• Random graph with              edges in each group  

and        between the groups


• Each group has the same mean degree

•   is the SNR:  

       single random graph 
       two disconnected random graphs  

�i = ±1
<latexit sha1_base64="dZcJq0axPpt0bTG3ysh7kes08dM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9CIUvHisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLZNkmrImTUSiOxExTHDFmpZbwTqpZkRGgrWj0d3Mb4+ZNjxRj3aSslCSgeIxp8Q6KQwMH0jS47dBKnGvUvVr/hxoleCCVKFAo1f5CvoJzSRTlgpiTBf7qQ1zoi2ngk3LQWZYSuiIDFjXUUUkM2E+P3qKzp3SR3GiXSmL5urviZxIYyYycp2S2KFZ9mbif143s/FNmHOVZpYpulgUZwLZBM0SQH2uGbVi4gihmrtbER0STah1OZVdCHj55VXSuqxhv4Yfrqr1ehFHCU7hDC4AwzXU4R4a0AQKT/AMr/Dmjb0X7937WLSuecXMCfyB9/kDZ4+R1g==</latexit><latexit sha1_base64="dZcJq0axPpt0bTG3ysh7kes08dM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9CIUvHisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLZNkmrImTUSiOxExTHDFmpZbwTqpZkRGgrWj0d3Mb4+ZNjxRj3aSslCSgeIxp8Q6KQwMH0jS47dBKnGvUvVr/hxoleCCVKFAo1f5CvoJzSRTlgpiTBf7qQ1zoi2ngk3LQWZYSuiIDFjXUUUkM2E+P3qKzp3SR3GiXSmL5urviZxIYyYycp2S2KFZ9mbif143s/FNmHOVZpYpulgUZwLZBM0SQH2uGbVi4gihmrtbER0STah1OZVdCHj55VXSuqxhv4Yfrqr1ehFHCU7hDC4AwzXU4R4a0AQKT/AMr/Dmjb0X7937WLSuecXMCfyB9/kDZ4+R1g==</latexit><latexit sha1_base64="dZcJq0axPpt0bTG3ysh7kes08dM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9CIUvHisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLZNkmrImTUSiOxExTHDFmpZbwTqpZkRGgrWj0d3Mb4+ZNjxRj3aSslCSgeIxp8Q6KQwMH0jS47dBKnGvUvVr/hxoleCCVKFAo1f5CvoJzSRTlgpiTBf7qQ1zoi2ngk3LQWZYSuiIDFjXUUUkM2E+P3qKzp3SR3GiXSmL5urviZxIYyYycp2S2KFZ9mbif143s/FNmHOVZpYpulgUZwLZBM0SQH2uGbVi4gihmrtbER0STah1OZVdCHj55VXSuqxhv4Yfrqr1ehFHCU7hDC4AwzXU4R4a0AQKT/AMr/Dmjb0X7937WLSuecXMCfyB9/kDZ4+R1g==</latexit><latexit sha1_base64="dZcJq0axPpt0bTG3ysh7kes08dM=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KhsR9CIUvHisYD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLZNkmrImTUSiOxExTHDFmpZbwTqpZkRGgrWj0d3Mb4+ZNjxRj3aSslCSgeIxp8Q6KQwMH0jS47dBKnGvUvVr/hxoleCCVKFAo1f5CvoJzSRTlgpiTBf7qQ1zoi2ngk3LQWZYSuiIDFjXUUUkM2E+P3qKzp3SR3GiXSmL5urviZxIYyYycp2S2KFZ9mbif143s/FNmHOVZpYpulgUZwLZBM0SQH2uGbVi4gihmrtbER0STah1OZVdCHj55VXSuqxhv4Yfrqr1ehFHCU7hDC4AwzXU4R4a0AQKT/AMr/Dmjb0X7937WLSuecXMCfyB9/kDZ4+R1g==</latexit>

N± = N
1±m

2
<latexit sha1_base64="t155IsJYfRy+DEdskg15z8iM9cM=">AAACCnicbVBLS8NAGNz4rPUV9eglWgRPJSmCXoSCF0+lgn1AE8Jmu2mX7iPsboQScvbiX/HiQRGv/gJv/hs3bQ7aOrAwzMy3u99ECSVKu+63tbK6tr6xWdmqbu/s7u3bB4ddJVKJcAcJKmQ/ggpTwnFHE01xP5EYsojiXjS5KfzeA5aKCH6vpwkOGBxxEhMEtZFC+6QV+gm7bvmxhCjzDPeFyRfXZSzPs0Ye2jW37s7gLBOvJDVQoh3aX/5QoJRhrhGFSg08N9FBBqUmiOK86qcKJxBN4AgPDOWQYRVks1Vy58woQycW0hyunZn6eyKDTKkpi0ySQT1Wi14h/ucNUh1fBRnhSaoxR/OH4pQ6WjhFL86QSIw0nRoCkSTmrw4aQ1OKNu1VTQne4srLpNuoe27du7uoNZtlHRVwDE7BOfDAJWiCW9AGHYDAI3gGr+DNerJerHfrYx5dscqZI/AH1ucP79+bDQ==</latexit><latexit sha1_base64="t155IsJYfRy+DEdskg15z8iM9cM=">AAACCnicbVBLS8NAGNz4rPUV9eglWgRPJSmCXoSCF0+lgn1AE8Jmu2mX7iPsboQScvbiX/HiQRGv/gJv/hs3bQ7aOrAwzMy3u99ECSVKu+63tbK6tr6xWdmqbu/s7u3bB4ddJVKJcAcJKmQ/ggpTwnFHE01xP5EYsojiXjS5KfzeA5aKCH6vpwkOGBxxEhMEtZFC+6QV+gm7bvmxhCjzDPeFyRfXZSzPs0Ye2jW37s7gLBOvJDVQoh3aX/5QoJRhrhGFSg08N9FBBqUmiOK86qcKJxBN4AgPDOWQYRVks1Vy58woQycW0hyunZn6eyKDTKkpi0ySQT1Wi14h/ucNUh1fBRnhSaoxR/OH4pQ6WjhFL86QSIw0nRoCkSTmrw4aQ1OKNu1VTQne4srLpNuoe27du7uoNZtlHRVwDE7BOfDAJWiCW9AGHYDAI3gGr+DNerJerHfrYx5dscqZI/AH1ucP79+bDQ==</latexit><latexit sha1_base64="t155IsJYfRy+DEdskg15z8iM9cM=">AAACCnicbVBLS8NAGNz4rPUV9eglWgRPJSmCXoSCF0+lgn1AE8Jmu2mX7iPsboQScvbiX/HiQRGv/gJv/hs3bQ7aOrAwzMy3u99ECSVKu+63tbK6tr6xWdmqbu/s7u3bB4ddJVKJcAcJKmQ/ggpTwnFHE01xP5EYsojiXjS5KfzeA5aKCH6vpwkOGBxxEhMEtZFC+6QV+gm7bvmxhCjzDPeFyRfXZSzPs0Ye2jW37s7gLBOvJDVQoh3aX/5QoJRhrhGFSg08N9FBBqUmiOK86qcKJxBN4AgPDOWQYRVks1Vy58woQycW0hyunZn6eyKDTKkpi0ySQT1Wi14h/ucNUh1fBRnhSaoxR/OH4pQ6WjhFL86QSIw0nRoCkSTmrw4aQ1OKNu1VTQne4srLpNuoe27du7uoNZtlHRVwDE7BOfDAJWiCW9AGHYDAI3gGr+DNerJerHfrYx5dscqZI/AH1ucP79+bDQ==</latexit><latexit sha1_base64="t155IsJYfRy+DEdskg15z8iM9cM=">AAACCnicbVBLS8NAGNz4rPUV9eglWgRPJSmCXoSCF0+lgn1AE8Jmu2mX7iPsboQScvbiX/HiQRGv/gJv/hs3bQ7aOrAwzMy3u99ECSVKu+63tbK6tr6xWdmqbu/s7u3bB4ddJVKJcAcJKmQ/ggpTwnFHE01xP5EYsojiXjS5KfzeA5aKCH6vpwkOGBxxEhMEtZFC+6QV+gm7bvmxhCjzDPeFyRfXZSzPs0Ye2jW37s7gLBOvJDVQoh3aX/5QoJRhrhGFSg08N9FBBqUmiOK86qcKJxBN4AgPDOWQYRVks1Vy58woQycW0hyunZn6eyKDTKkpi0ySQT1Wi14h/ucNUh1fBRnhSaoxR/OH4pQ6WjhFL86QSIw0nRoCkSTmrw4aQ1OKNu1VTQne4srLpNuoe27du7uoNZtlHRVwDE7BOfDAJWiCW9AGHYDAI3gGr+DNerJerHfrYx5dscqZI/AH1ucP79+bDQ==</latexit>

M++,M��
<latexit sha1_base64="h/5eUBs372Xg/1mNYrfx/e5GpBM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosg1JZEBF0W3LgRKtgHtLFMppN26GQSZiZKCfkPNy4Uceu/uPNvnLRZaOuByz2ccy9z53gRZ0rb9rdVWFldW98obpa2tnd298r7B20VxpLQFgl5KLseVpQzQVuaaU67kaQ48DjteJPrzO88UqlYKO71NKJugEeC+YxgbaSH20FSraZnyPRaLR2UK3bdngEtEycnFcjRHJS/+sOQxAEVmnCsVM+xI+0mWGpGOE1L/VjRCJMJHtGeoQIHVLnJ7OoUnRhliPxQmhIazdTfGwkOlJoGnpkMsB6rRS8T//N6sfav3ISJKNZUkPlDfsyRDlEWARoySYnmU0MwkczcisgYS0y0CapkQnAWv7xM2ud1x647dxeVRiOPowhHcAyn4MAlNOAGmtACAhKe4RXerCfrxXq3PuajBSvfOYQ/sD5/AKMfkUg=</latexit><latexit sha1_base64="h/5eUBs372Xg/1mNYrfx/e5GpBM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosg1JZEBF0W3LgRKtgHtLFMppN26GQSZiZKCfkPNy4Uceu/uPNvnLRZaOuByz2ccy9z53gRZ0rb9rdVWFldW98obpa2tnd298r7B20VxpLQFgl5KLseVpQzQVuaaU67kaQ48DjteJPrzO88UqlYKO71NKJugEeC+YxgbaSH20FSraZnyPRaLR2UK3bdngEtEycnFcjRHJS/+sOQxAEVmnCsVM+xI+0mWGpGOE1L/VjRCJMJHtGeoQIHVLnJ7OoUnRhliPxQmhIazdTfGwkOlJoGnpkMsB6rRS8T//N6sfav3ISJKNZUkPlDfsyRDlEWARoySYnmU0MwkczcisgYS0y0CapkQnAWv7xM2ud1x647dxeVRiOPowhHcAyn4MAlNOAGmtACAhKe4RXerCfrxXq3PuajBSvfOYQ/sD5/AKMfkUg=</latexit><latexit sha1_base64="h/5eUBs372Xg/1mNYrfx/e5GpBM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosg1JZEBF0W3LgRKtgHtLFMppN26GQSZiZKCfkPNy4Uceu/uPNvnLRZaOuByz2ccy9z53gRZ0rb9rdVWFldW98obpa2tnd298r7B20VxpLQFgl5KLseVpQzQVuaaU67kaQ48DjteJPrzO88UqlYKO71NKJugEeC+YxgbaSH20FSraZnyPRaLR2UK3bdngEtEycnFcjRHJS/+sOQxAEVmnCsVM+xI+0mWGpGOE1L/VjRCJMJHtGeoQIHVLnJ7OoUnRhliPxQmhIazdTfGwkOlJoGnpkMsB6rRS8T//N6sfav3ISJKNZUkPlDfsyRDlEWARoySYnmU0MwkczcisgYS0y0CapkQnAWv7xM2ud1x647dxeVRiOPowhHcAyn4MAlNOAGmtACAhKe4RXerCfrxXq3PuajBSvfOYQ/sD5/AKMfkUg=</latexit><latexit sha1_base64="h/5eUBs372Xg/1mNYrfx/e5GpBM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosg1JZEBF0W3LgRKtgHtLFMppN26GQSZiZKCfkPNy4Uceu/uPNvnLRZaOuByz2ccy9z53gRZ0rb9rdVWFldW98obpa2tnd298r7B20VxpLQFgl5KLseVpQzQVuaaU67kaQ48DjteJPrzO88UqlYKO71NKJugEeC+YxgbaSH20FSraZnyPRaLR2UK3bdngEtEycnFcjRHJS/+sOQxAEVmnCsVM+xI+0mWGpGOE1L/VjRCJMJHtGeoQIHVLnJ7OoUnRhliPxQmhIazdTfGwkOlJoGnpkMsB6rRS8T//N6sfav3ISJKNZUkPlDfsyRDlEWARoySYnmU0MwkczcisgYS0y0CapkQnAWv7xM2ud1x647dxeVRiOPowhHcAyn4MAlNOAGmtACAhKe4RXerCfrxXq3PuajBSvfOYQ/sD5/AKMfkUg=</latexit>

M��<latexit sha1_base64="nPMPS3JpPSSqOYijivxi3ZArxRA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgpWVXCnosePEiVLC10C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahuVaspaVAmlOyExTHDJWpZbwTqJZiQOBXsIx9cz/+GJacOVvLeThAUxGUoecUqsk9q3/axanfbLFa/mzYFXiZ+TCuRo9stfvYGiacykpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUliZoJsfu0UnzllgCOlXUmL5+rviYzExkzi0HXGxI7MsjcT//O6qY2ugozLJLVM0sWiKBXYKjx7HQ+4ZtSKiSOEau5uxXRENKHWBVRyIfjLL6+S9kXN92r+Xb3SqOdxFOEETuEcfLiEBtxAE1pA4RGe4RXekEIv6B19LFoLKJ85hj9Anz/uxY6m</latexit><latexit sha1_base64="nPMPS3JpPSSqOYijivxi3ZArxRA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgpWVXCnosePEiVLC10C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahuVaspaVAmlOyExTHDJWpZbwTqJZiQOBXsIx9cz/+GJacOVvLeThAUxGUoecUqsk9q3/axanfbLFa/mzYFXiZ+TCuRo9stfvYGiacykpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUliZoJsfu0UnzllgCOlXUmL5+rviYzExkzi0HXGxI7MsjcT//O6qY2ugozLJLVM0sWiKBXYKjx7HQ+4ZtSKiSOEau5uxXRENKHWBVRyIfjLL6+S9kXN92r+Xb3SqOdxFOEETuEcfLiEBtxAE1pA4RGe4RXekEIv6B19LFoLKJ85hj9Anz/uxY6m</latexit><latexit sha1_base64="nPMPS3JpPSSqOYijivxi3ZArxRA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgpWVXCnosePEiVLC10C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahuVaspaVAmlOyExTHDJWpZbwTqJZiQOBXsIx9cz/+GJacOVvLeThAUxGUoecUqsk9q3/axanfbLFa/mzYFXiZ+TCuRo9stfvYGiacykpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUliZoJsfu0UnzllgCOlXUmL5+rviYzExkzi0HXGxI7MsjcT//O6qY2ugozLJLVM0sWiKBXYKjx7HQ+4ZtSKiSOEau5uxXRENKHWBVRyIfjLL6+S9kXN92r+Xb3SqOdxFOEETuEcfLiEBtxAE1pA4RGe4RXekEIv6B19LFoLKJ85hj9Anz/uxY6m</latexit><latexit sha1_base64="nPMPS3JpPSSqOYijivxi3ZArxRA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgpWVXCnosePEiVLC10C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48ahuVaspaVAmlOyExTHDJWpZbwTqJZiQOBXsIx9cz/+GJacOVvLeThAUxGUoecUqsk9q3/axanfbLFa/mzYFXiZ+TCuRo9stfvYGiacykpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUliZoJsfu0UnzllgCOlXUmL5+rviYzExkzi0HXGxI7MsjcT//O6qY2ugozLJLVM0sWiKBXYKjx7HQ+4ZtSKiSOEau5uxXRENKHWBVRyIfjLL6+S9kXN92r+Xb3SqOdxFOEETuEcfLiEBtxAE1pA4RGe4RXekEIv6B19LFoLKJ85hj9Anz/uxY6m</latexit>

M++
<latexit sha1_base64="UixTwOUdPDJA5XeXaqygVgu/xMc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgFMquFPRY8OJFqGBroV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3FjP+0aFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0JimOCStSy3gnUSzUgcCvYQjq9n/sMT04YreW8nCQtiMpQ84pRYJ7Vv+1m1Ou2XK17NmwOvEj8nFcjR7Je/egNF05hJSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzATZ/NopPnPKAEdKu5IWz9XfExmJjZnEoeuMiR2ZZW8m/ud1UxtdBRmXSWqZpItFUSqwVXj2Oh5wzagVE0cI1dzdiumIaEKtC6jkQvCXX14l7Yua79X8u3qlUc/jKMIJnMI5+HAJDbiBJrSAwiM8wyu8IYVe0Dv6WLQWUD5zDH+APn8A6K+Oog==</latexit><latexit sha1_base64="UixTwOUdPDJA5XeXaqygVgu/xMc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgFMquFPRY8OJFqGBroV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3FjP+0aFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0JimOCStSy3gnUSzUgcCvYQjq9n/sMT04YreW8nCQtiMpQ84pRYJ7Vv+1m1Ou2XK17NmwOvEj8nFcjR7Je/egNF05hJSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzATZ/NopPnPKAEdKu5IWz9XfExmJjZnEoeuMiR2ZZW8m/ud1UxtdBRmXSWqZpItFUSqwVXj2Oh5wzagVE0cI1dzdiumIaEKtC6jkQvCXX14l7Yua79X8u3qlUc/jKMIJnMI5+HAJDbiBJrSAwiM8wyu8IYVe0Dv6WLQWUD5zDH+APn8A6K+Oog==</latexit><latexit sha1_base64="UixTwOUdPDJA5XeXaqygVgu/xMc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgFMquFPRY8OJFqGBroV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3FjP+0aFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0JimOCStSy3gnUSzUgcCvYQjq9n/sMT04YreW8nCQtiMpQ84pRYJ7Vv+1m1Ou2XK17NmwOvEj8nFcjR7Je/egNF05hJSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzATZ/NopPnPKAEdKu5IWz9XfExmJjZnEoeuMiR2ZZW8m/ud1UxtdBRmXSWqZpItFUSqwVXj2Oh5wzagVE0cI1dzdiumIaEKtC6jkQvCXX14l7Yua79X8u3qlUc/jKMIJnMI5+HAJDbiBJrSAwiM8wyu8IYVe0Dv6WLQWUD5zDH+APn8A6K+Oog==</latexit><latexit sha1_base64="UixTwOUdPDJA5XeXaqygVgu/xMc=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIsgFMquFPRY8OJFqGBroV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3FjP+0aFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0JimOCStSy3gnUSzUgcCvYQjq9n/sMT04YreW8nCQtiMpQ84pRYJ7Vv+1m1Ou2XK17NmwOvEj8nFcjR7Je/egNF05hJSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzATZ/NopPnPKAEdKu5IWz9XfExmJjZnEoeuMiR2ZZW8m/ud1UxtdBRmXSWqZpItFUSqwVXj2Oh5wzagVE0cI1dzdiumIaEKtC6jkQvCXX14l7Yua79X8u3qlUc/jKMIJnMI5+HAJDbiBJrSAwiM8wyu8IYVe0Dv6WLQWUD5zDH+APn8A6K+Oog==</latexit>

N+
<latexit sha1_base64="LtBUkJKx7c2BsnRQHe+R3fHlblw=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UQhDCJoa27ghtXUtE+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsll7nfuqVQsFnd6mlA/wiPBQkawNtLt9eBsUK4g+6Jedb0qRDZCNcd1cuLWvHMPOkbJUQFLNAfl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj91Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkO637GRJJqKshiUZhyqGOY/w2HTFKi+dQQTCQzt0IyxhITbdIpmRC+PoX/k7ZrO8h2brxKw1vGUQRH4BicAgfUQANcgSZoAQJG4AE8gWeLW4/Wi/W6aC1Yy5lD8APW2ycedY2k</latexit><latexit sha1_base64="LtBUkJKx7c2BsnRQHe+R3fHlblw=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UQhDCJoa27ghtXUtE+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsll7nfuqVQsFnd6mlA/wiPBQkawNtLt9eBsUK4g+6Jedb0qRDZCNcd1cuLWvHMPOkbJUQFLNAfl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj91Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkO637GRJJqKshiUZhyqGOY/w2HTFKi+dQQTCQzt0IyxhITbdIpmRC+PoX/k7ZrO8h2brxKw1vGUQRH4BicAgfUQANcgSZoAQJG4AE8gWeLW4/Wi/W6aC1Yy5lD8APW2ycedY2k</latexit><latexit sha1_base64="LtBUkJKx7c2BsnRQHe+R3fHlblw=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UQhDCJoa27ghtXUtE+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsll7nfuqVQsFnd6mlA/wiPBQkawNtLt9eBsUK4g+6Jedb0qRDZCNcd1cuLWvHMPOkbJUQFLNAfl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj91Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkO637GRJJqKshiUZhyqGOY/w2HTFKi+dQQTCQzt0IyxhITbdIpmRC+PoX/k7ZrO8h2brxKw1vGUQRH4BicAgfUQANcgSZoAQJG4AE8gWeLW4/Wi/W6aC1Yy5lD8APW2ycedY2k</latexit><latexit sha1_base64="LtBUkJKx7c2BsnRQHe+R3fHlblw=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UQhDCJoa27ghtXUtE+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpRG6MMqrKyurW8UN0tb2zu7e+X9g7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsll7nfuqVQsFnd6mlA/wiPBQkawNtLt9eBsUK4g+6Jedb0qRDZCNcd1cuLWvHMPOkbJUQFLNAfl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj91Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkO637GRJJqKshiUZhyqGOY/w2HTFKi+dQQTCQzt0IyxhITbdIpmRC+PoX/k7ZrO8h2brxKw1vGUQRH4BicAgfUQANcgSZoAQJG4AE8gWeLW4/Wi/W6aC1Yy5lD8APW2ycedY2k</latexit>

N�<latexit sha1_base64="F5tPNwM8yWyNNCmmNngZGJnTf8w=">AAAB6nicdVDJSgNBEK1xjXGLevTSGAQvDj0xjskt4MWTRDQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/ERwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+U8WppKxBYxHLtk8UEzxiDc21YO1EMhL6grX80eXUb90zqXgc3elxwryQDCIecEq0kW6ve6e9QhHb1SouOy7C9jnGJbdqCD4rVVwXOTaeoQgL1HuF924/pmnIIk0FUarj4ER7GZGaU8Em+W6qWELoiAxYx9CIhEx52ezUCTo2Sh8FsTQVaTRTv09kJFRqHPqmMyR6qH57U/Evr5PqoOJlPEpSzSI6XxSkAukYTf9GfS4Z1WJsCKGSm1sRHRJJqDbp5E0IX5+i/0mzZDvYdm7KxVp5EUcODuEITsCBC6jBFdShARQG8ABP8GwJ69F6sV7nrUvWYuYAfsB6+wQvd42w</latexit><latexit sha1_base64="F5tPNwM8yWyNNCmmNngZGJnTf8w=">AAAB6nicdVDJSgNBEK1xjXGLevTSGAQvDj0xjskt4MWTRDQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/ERwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+U8WppKxBYxHLtk8UEzxiDc21YO1EMhL6grX80eXUb90zqXgc3elxwryQDCIecEq0kW6ve6e9QhHb1SouOy7C9jnGJbdqCD4rVVwXOTaeoQgL1HuF924/pmnIIk0FUarj4ER7GZGaU8Em+W6qWELoiAxYx9CIhEx52ezUCTo2Sh8FsTQVaTRTv09kJFRqHPqmMyR6qH57U/Evr5PqoOJlPEpSzSI6XxSkAukYTf9GfS4Z1WJsCKGSm1sRHRJJqDbp5E0IX5+i/0mzZDvYdm7KxVp5EUcODuEITsCBC6jBFdShARQG8ABP8GwJ69F6sV7nrUvWYuYAfsB6+wQvd42w</latexit><latexit sha1_base64="F5tPNwM8yWyNNCmmNngZGJnTf8w=">AAAB6nicdVDJSgNBEK1xjXGLevTSGAQvDj0xjskt4MWTRDQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/ERwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+U8WppKxBYxHLtk8UEzxiDc21YO1EMhL6grX80eXUb90zqXgc3elxwryQDCIecEq0kW6ve6e9QhHb1SouOy7C9jnGJbdqCD4rVVwXOTaeoQgL1HuF924/pmnIIk0FUarj4ER7GZGaU8Em+W6qWELoiAxYx9CIhEx52ezUCTo2Sh8FsTQVaTRTv09kJFRqHPqmMyR6qH57U/Evr5PqoOJlPEpSzSI6XxSkAukYTf9GfS4Z1WJsCKGSm1sRHRJJqDbp5E0IX5+i/0mzZDvYdm7KxVp5EUcODuEITsCBC6jBFdShARQG8ABP8GwJ69F6sV7nrUvWYuYAfsB6+wQvd42w</latexit><latexit sha1_base64="F5tPNwM8yWyNNCmmNngZGJnTf8w=">AAAB6nicdVDJSgNBEK1xjXGLevTSGAQvDj0xjskt4MWTRDQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/ERwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+U8WppKxBYxHLtk8UEzxiDc21YO1EMhL6grX80eXUb90zqXgc3elxwryQDCIecEq0kW6ve6e9QhHb1SouOy7C9jnGJbdqCD4rVVwXOTaeoQgL1HuF924/pmnIIk0FUarj4ER7GZGaU8Em+W6qWELoiAxYx9CIhEx52ezUCTo2Sh8FsTQVaTRTv09kJFRqHPqmMyR6qH57U/Evr5PqoOJlPEpSzSI6XxSkAukYTf9GfS4Z1WJsCKGSm1sRHRJJqDbp5E0IX5+i/0mzZDvYdm7KxVp5EUcODuEITsCBC6jBFdShARQG8ABP8GwJ69F6sV7nrUvWYuYAfsB6+wQvd42w</latexit>

2M+�
<latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit>

2M+�
<latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit><latexit sha1_base64="3P70iBZOduyyl/jSrlynu0ESAj4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSBD0WvHgRKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSu3afT+7uJz2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m587JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ72QgNGcoJ5ZQpoW9lbAR1ZShTahkQ/CWX14lrVrVc6vew1WlXs/jKMIJnMI5eHANdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fYUaO7A==</latexit>M�⌧ =

N�N⌧

2N
d

✓
1 + ✓

(� �m)(⌧ �m)

1�m2

◆

<latexit sha1_base64="jTsD9oHJrcJuJLgvGTPeAaUeXHw="></latexit><latexit sha1_base64="jTsD9oHJrcJuJLgvGTPeAaUeXHw="></latexit><latexit sha1_base64="jTsD9oHJrcJuJLgvGTPeAaUeXHw="></latexit><latexit sha1_base64="jTsD9oHJrcJuJLgvGTPeAaUeXHw="></latexit>

✓
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Asymmetric SBM
• Posterior distribution -> Ising model on a sparse graph


• BP equations would involve O(N2) messages due to the 
green global constraint, but they can be simplified to 
take into account only the O(N) messages running on the 
sparse graph
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where here and in the following / denotes proportionality up to a constant independent of the spin variables. Indeed
the prior is given by
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while the likelihood is proportional to
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where c is the a�nity matrix with which the edges have been generated. We have approximated the product over the
non-edges (i.e. pairs of vertices not connected by an edge) with a sum over all pairs of variables, the di↵erence being
a correction of order O(1/N) in the large N limit. The following algebraic relation that holds for �, ⌧ 2 {�1, 1}
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allows to rewrite the first term of the likelihood in exponential form
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The second term of the likelihood (the one given by all the edges, including those absent from the graph) provides a
term proportional to
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So the posterior distribution that we have to study is given by the following expression
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that corresponds to an Ising model with local fields and couplings given by
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The corresponding BP equations are very well known

ui!j = atanh
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Unfortunately these BP equations involve N(N � 1) messages ui!j with i 6= j (we assume ui!i = 0) and we need
to simplify the if we want BP to run in a time linear in the system size. The main observation to achieve such a
simplification is that BP messages running along the non-edges, i.e. sent between vertices not connected in E, are
O(1/N) and thus very small. The following equations hold up to terms of order O(1/N) if (ij) /2 E:

ui!j = Jij tanh
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H = atanh(m)
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Asymmetric SBM
• Simplified BP equations


• Local magnetizations (marginals)

• Convergence criterion

• BP initialized close to a configuration     with


• Uninformative fixed point has all messages 
It becomes locally unstable at ✓KS = 1/

p
d
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where the first equality comes from Jij being O(1/N), while the second one from ignoring uj!i ⇠ O(1/N) in the
definition of local magnetization
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Eliminating BP messages on non-edges via the substitution ui!j = �d✓mi/((1�m2)N) we end up working only with
the O(N) BP messages running on the edges in E. These are updated according to the following iterative equations
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where @i = {j : (ij) 2 E} and we have redefined the local fields including also the e↵ect of the non-edges
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The local magnetizations are defined via
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We solve equations (213) starting from a set of BP messages strongly biased towards a configuration ⌧0, that is

u(0)
i!j

= L⌧0
i
, where L is a large number (we fix L = 100 in our simulations, but the results are independent on L).

Again we call q0 the similarity between the starting configuration and the planted one, that is the components of ⌧0

are independent random variables distributed according to

P[⌧0
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BP messages are updated in a random order and convergence is determined by the condition
���m(t+1)

i
�m(t)

i

��� < 10�8 8i . (217)

At the BP fixed point, the local magnetizations are given by
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The parameters ms, m2 and q defined in Eq. (197) signal again the detection of the planted configuration (for m 6= 0
the absolute value in the definition of ms is not strictly required, but keeping it is not an error). It is worth noticing
that in this case the non-informative fixed point is characterized by the BP messages u?

i!j
= K and by the order

parameters ms = m2 = m2 and m2 = m, due to the asymmetry in the model.
With a little bit of algebra, the Bethe RS free-entropy can be simplified to the following form,
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B. Results for random hypergraph bicoloring

We present results for k = 3, 4, 5 and system size N = 106 (some samples of size N = 105 are shown just for the
scaling of the convergence time). Every time we present three plots in a row, the left one refers to k = 3, the central
one to k = 4 and the right one to k = 5.
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The parameters ms, m2 and q defined in Eq. (197) signal again the detection of the planted configuration (for m 6= 0
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B. Results for random hypergraph bicoloring

We present results for k = 3, 4, 5 and system size N = 106 (some samples of size N = 105 are shown just for the
scaling of the convergence time). Every time we present three plots in a row, the left one refers to k = 3, the central
one to k = 4 and the right one to k = 5.
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the absolute value in the definition of ms is not strictly required, but keeping it is not an error). It is worth noticing
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49

where the first equality comes from Jij being O(1/N), while the second one from ignoring uj!i ⇠ O(1/N) in the
definition of local magnetization

mi ⌘ tanh

✓
Hi +

X

k

uk!i

◆
. (212)

Eliminating BP messages on non-edges via the substitution ui!j = �d✓mi/((1�m2)N) we end up working only with
the O(N) BP messages running on the edges in E. These are updated according to the following iterative equations

u(t+1)
i!j

= �u(t)
i!j

+ (1� �)atanh

2

4tanh(J) tanh
✓
eH(t)
i

+
X

k2@i\j

u(t)
k!i

◆3

5 , (213)

where @i = {j : (ij) 2 E} and we have redefined the local fields including also the e↵ect of the non-edges

eH(t)
i

= H � diK +
d✓

1�m2

✓
m� 1

N

X

`

m(t)
`

◆
. (214)

The local magnetizations are defined via

m(t)
i

= tanh

 
eH(t)
i

+
X

k2@i

u(t)
k!i

!
. (215)

We solve equations (213) starting from a set of BP messages strongly biased towards a configuration ⌧0, that is

u(0)
i!j

= L⌧0
i
, where L is a large number (we fix L = 100 in our simulations, but the results are independent on L).

Again we call q0 the similarity between the starting configuration and the planted one, that is the components of ⌧0

are independent random variables distributed according to

P[⌧0
i
= s] = q0 �s,�⇤

i
+ (1� q0)

1 +ms

2
. (216)

BP messages are updated in a random order and convergence is determined by the condition
���m(t+1)

i
�m(t)

i

��� < 10�8 8i . (217)

At the BP fixed point, the local magnetizations are given by

m?

i
= tanh

✓
eH?

i
+
X

j2@i

u?

j!i

◆
. (218)

The parameters ms, m2 and q defined in Eq. (197) signal again the detection of the planted configuration (for m 6= 0
the absolute value in the definition of ms is not strictly required, but keeping it is not an error). It is worth noticing
that in this case the non-informative fixed point is characterized by the BP messages u?

i!j
= K and by the order

parameters ms = m2 = m2 and m2 = m, due to the asymmetry in the model.
With a little bit of algebra, the Bethe RS free-entropy can be simplified to the following form,

log(Z) = N(1� d) log(2)�
X

i

1� di
2

log
⇣
1� (m?

i
)2
⌘
+

d✓

2(1�m2)N

✓X

i

m?

i

◆2

+

X

(ij)2E

log
X

�i,�j

exp

⇣
eH?

i
+
X

k2@i\j

u?

k!i

⌘
�i +

⇣
eH?

j
+
X

k2@j\i

u?

k!j

⌘
�j + J�i�j

�
. (219)
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where the first equality comes from Jij being O(1/N), while the second one from ignoring uj!i ⇠ O(1/N) in the
definition of local magnetization

mi ⌘ tanh

✓
Hi +

X

k

uk!i

◆
. (212)

Eliminating BP messages on non-edges via the substitution ui!j = �d✓mi/((1�m2)N) we end up working only with
the O(N) BP messages running on the edges in E. These are updated according to the following iterative equations

u(t+1)
i!j

= �u(t)
i!j

+ (1� �)atanh
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4tanh(J) tanh
✓
eH(t)
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+
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5 , (213)

where @i = {j : (ij) 2 E} and we have redefined the local fields including also the e↵ect of the non-edges
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The local magnetizations are defined via

m(t)
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= tanh
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. (215)

We solve equations (213) starting from a set of BP messages strongly biased towards a configuration ⌧0, that is

u(0)
i!j

= L⌧0
i
, where L is a large number (we fix L = 100 in our simulations, but the results are independent on L).

Again we call q0 the similarity between the starting configuration and the planted one, that is the components of ⌧0

are independent random variables distributed according to

P[⌧0
i
= s] = q0 �s,�⇤

i
+ (1� q0)

1 +ms

2
. (216)

BP messages are updated in a random order and convergence is determined by the condition
���m(t+1)

i
�m(t)

i

��� < 10�8 8i . (217)

At the BP fixed point, the local magnetizations are given by

m?

i
= tanh
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. (218)

The parameters ms, m2 and q defined in Eq. (197) signal again the detection of the planted configuration (for m 6= 0
the absolute value in the definition of ms is not strictly required, but keeping it is not an error). It is worth noticing
that in this case the non-informative fixed point is characterized by the BP messages u?

i!j
= K and by the order

parameters ms = m2 = m2 and m2 = m, due to the asymmetry in the model.
With a little bit of algebra, the Bethe RS free-entropy can be simplified to the following form,

log(Z) = N(1� d) log(2)�
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B. Results for random hypergraph bicoloring

We present results for k = 3, 4, 5 and system size N = 106 (some samples of size N = 105 are shown just for the
scaling of the convergence time). Every time we present three plots in a row, the left one refers to k = 3, the central
one to k = 4 and the right one to k = 5.

u?
i!j = K
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Asymmetric SBM: more BP fixed points
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We show in Figure 15 a comparison of the properties of the fixed-point reached by BP on single samples with the
results of the population dynamics study of the tree problem, concentrating on values of ✓ close to the Kesten-Stigum
transition, where fluctuations become more significant. In the left panel we show data for m = 0.4 where the transition
is continuous: we report both the values of ms and m2 at the fixed point in order to show how well the Nishimori
condition is satisfied on a given sample. For each sample (we run BP on 3 di↵erent samples for each ✓ value) both
the runs with q0 = 0 and q0 = 1 converge to exactly the same fixed point or did not converge within the maximum
number of iterations tmax = 104 (the latter happened for all the 3 samples at ✓ = 0.5 and for one sample at ✓ = 0.502).
We conclude that the main e↵ects of being close to the critical point are the lack of convergence and some visible
sample-to-sample fluctuations (remember we run BP on samples of size N = 107). Nevertheless the prediction coming
from population dynamics is accurate even in the vicinity of ✓KS.

In the right panel of Figure 15 we show data for the overlap with the planted configuration ms measured in 3
samples of size N = 107 and asymmetry m = 0.8 > mc. Starting from an non-informative initial condition (q0 = 0)
the planted configuration can be detected only for ✓ � ✓KS, while with an informative initial condition (q0 = 1) the
planted configuration can be detected for ✓ � ✓sp. The Nishimori condition m2 = ms is verified with such a good
accuracy that we do not plot the data for m2, the points being almost perfectly superimposed. The prediction of the
population dynamics is faithful, although sample-to-sample fluctuations are still clearly visible, even for such large
sizes. The quantity that mostly changes from sample to sample is the location of the spinodal point ✓sp, where the
informative fixed point first appears: given ✓sp, the rest of the curve is pretty well conserved and sample-independent.

One may wonder how we can ‘follow’ a sample varying ✓ (see right panel in Figure 15) given that at di↵erent ✓
values the graph has a di↵erent number of links within and between the communities. The construction of the graph
for each value of ✓ is a random process and we identify the sample with the random seed used by the algorithm.
The stochastic algorithm that builds the graph is such that when it is run with the same seed (and so with the same
sequence of pseudo-random numbers) and two not too di↵erent ✓ values most of the links are in common between the
two graphs. This is the reason why we can ‘follow’ a sample in ✓.
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FIG. 16: Di↵erent fixed points reached by BP run with a non-informative initial condition on samples of the asymmetric SBM
(d = 4, m = 0.4, N = 107). Red full points refer to the dominating fixed point having the largest log(Z), while blue empty
points refer to the sub-dominating fixed point.

The very good agreement between the BP results and the population dynamics shown in Fig. 15 actually hides
a subtle point that we shall now explain in the case m = 0.4, for which the transition at ✓KS is continuous. We
have indeed observed that, with the non-informative initial condition (q0 = 0), di↵erent runs of BP on the same
sample converge to two di↵erent fixed points when ✓ > ✓KS, with comparable probability (as soon as q0 > 0 this

d = 4 , m = 0.4 , N = 107
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• The sub-dominating fixed point does not satisfy the 
Bayes/Nishimori condition  
-> may undergo a transition to a RSB phase  
-> BP does not converge anymore…


• From the algorithmic/dynamic point of view the 
asymmetric SBM seems more complex than expected

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

0.1

1

10

 0  100  200  300  400  500  600  700  800  900  1000

m
ax

D
iff

t

asymm SBM  d=4  N=1e6  theta=0.6

mBar=0.1
mBar=0.2

mBar=0.3
mBar=0.35

mBar=0.4
mBar=0.45

mBar=0.5

Asymmetric SBM: RSB states?

✓ = 0.6 > ✓KS
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<latexit sha1_base64="J7LxHyAcc2iNKv3anr7xEA5gSw0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcBUSEXWjFNwIbiraCzQhTKaTdujkwsyJUELBja/ixoUibn0Jd76N0zYLbf1h4OM/53Dm/EEquALb/jZKC4tLyyvl1cra+sbmlrm901RJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGFyN660HJhVP4nsYpsyLSC/mIacEtOWbey70GZAL2zq9nKKfuzLCN3cj36zalj0RngengCoqVPfNL7eb0CxiMVBBlOo4dgpeTiRwKtio4maKpYQOSI91NMYkYsrLJzeM8KF2ujhMpH4x4In7eyInkVLDKNCdEYG+mq2Nzf9qnQzCcy/ncZoBi+l0UZgJDAkeB4K7XDIKYqiBUMn1XzHtE0ko6NgqOgRn9uR5aB5bjm05tyfVWq2Io4z20QE6Qg46QzV0jeqogSh6RM/oFb0ZT8aL8W58TFtLRjGzi/7I+PwBwriW8A==</latexit><latexit sha1_base64="J7LxHyAcc2iNKv3anr7xEA5gSw0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcBUSEXWjFNwIbiraCzQhTKaTdujkwsyJUELBja/ixoUibn0Jd76N0zYLbf1h4OM/53Dm/EEquALb/jZKC4tLyyvl1cra+sbmlrm901RJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGFyN660HJhVP4nsYpsyLSC/mIacEtOWbey70GZAL2zq9nKKfuzLCN3cj36zalj0RngengCoqVPfNL7eb0CxiMVBBlOo4dgpeTiRwKtio4maKpYQOSI91NMYkYsrLJzeM8KF2ujhMpH4x4In7eyInkVLDKNCdEYG+mq2Nzf9qnQzCcy/ncZoBi+l0UZgJDAkeB4K7XDIKYqiBUMn1XzHtE0ko6NgqOgRn9uR5aB5bjm05tyfVWq2Io4z20QE6Qg46QzV0jeqogSh6RM/oFb0ZT8aL8W58TFtLRjGzi/7I+PwBwriW8A==</latexit><latexit sha1_base64="J7LxHyAcc2iNKv3anr7xEA5gSw0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcBUSEXWjFNwIbiraCzQhTKaTdujkwsyJUELBja/ixoUibn0Jd76N0zYLbf1h4OM/53Dm/EEquALb/jZKC4tLyyvl1cra+sbmlrm901RJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGFyN660HJhVP4nsYpsyLSC/mIacEtOWbey70GZAL2zq9nKKfuzLCN3cj36zalj0RngengCoqVPfNL7eb0CxiMVBBlOo4dgpeTiRwKtio4maKpYQOSI91NMYkYsrLJzeM8KF2ujhMpH4x4In7eyInkVLDKNCdEYG+mq2Nzf9qnQzCcy/ncZoBi+l0UZgJDAkeB4K7XDIKYqiBUMn1XzHtE0ko6NgqOgRn9uR5aB5bjm05tyfVWq2Io4z20QE6Qg46QzV0jeqogSh6RM/oFb0ZT8aL8W58TFtLRjGzi/7I+PwBwriW8A==</latexit><latexit sha1_base64="J7LxHyAcc2iNKv3anr7xEA5gSw0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcBUSEXWjFNwIbiraCzQhTKaTdujkwsyJUELBja/ixoUibn0Jd76N0zYLbf1h4OM/53Dm/EEquALb/jZKC4tLyyvl1cra+sbmlrm901RJJilr0EQksh0QxQSPWQM4CNZOJSNRIFgrGFyN660HJhVP4nsYpsyLSC/mIacEtOWbey70GZAL2zq9nKKfuzLCN3cj36zalj0RngengCoqVPfNL7eb0CxiMVBBlOo4dgpeTiRwKtio4maKpYQOSI91NMYkYsrLJzeM8KF2ujhMpH4x4In7eyInkVLDKNCdEYG+mq2Nzf9qnQzCcy/ncZoBi+l0UZgJDAkeB4K7XDIKYqiBUMn1XzHtE0ko6NgqOgRn9uR5aB5bjm05tyfVWq2Io4z20QE6Qg46QzV0jeqogSh6RM/oFb0ZT8aL8W58TFtLRjGzi/7I+PwBwriW8A==</latexit>

m
<latexit sha1_base64="WtX3M/5yoBzqnUtQgV+g6oZ3oCI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5cV7AM6Q8mkmTY0jyHJCGXob7hxoYhbf8adf2OmnYW2HggczrmHe3PilDNjff/bq2xsbm3vVHdre/sHh0f145OuUZkmtEMUV7ofY0M5k7RjmeW0n2qKRcxpL57eFX7viWrDlHy0s5RGAo8lSxjB1klhqJxZZHMxH9YbftNfAK2ToCQNKNEe1r/CkSKZoNISjo0ZBH5qoxxrywin81qYGZpiMsVjOnBUYkFNlC9unqMLp4xQorR70qKF+juRY2HMTMRuUmA7MateIf7nDTKb3EY5k2lmqSTLRUnGkVWoKACNmKbE8pkjmGjmbkVkgjUm1tVUcyUEq19eJ92rZuA3g4frRqtV1lGFMziHSwjgBlpwD23oAIEUnuEV3rzMe/HevY/laMUrM6fwB97nD64pkhU=</latexit><latexit sha1_base64="WtX3M/5yoBzqnUtQgV+g6oZ3oCI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5cV7AM6Q8mkmTY0jyHJCGXob7hxoYhbf8adf2OmnYW2HggczrmHe3PilDNjff/bq2xsbm3vVHdre/sHh0f145OuUZkmtEMUV7ofY0M5k7RjmeW0n2qKRcxpL57eFX7viWrDlHy0s5RGAo8lSxjB1klhqJxZZHMxH9YbftNfAK2ToCQNKNEe1r/CkSKZoNISjo0ZBH5qoxxrywin81qYGZpiMsVjOnBUYkFNlC9unqMLp4xQorR70qKF+juRY2HMTMRuUmA7MateIf7nDTKb3EY5k2lmqSTLRUnGkVWoKACNmKbE8pkjmGjmbkVkgjUm1tVUcyUEq19eJ92rZuA3g4frRqtV1lGFMziHSwjgBlpwD23oAIEUnuEV3rzMe/HevY/laMUrM6fwB97nD64pkhU=</latexit><latexit sha1_base64="WtX3M/5yoBzqnUtQgV+g6oZ3oCI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5cV7AM6Q8mkmTY0jyHJCGXob7hxoYhbf8adf2OmnYW2HggczrmHe3PilDNjff/bq2xsbm3vVHdre/sHh0f145OuUZkmtEMUV7ofY0M5k7RjmeW0n2qKRcxpL57eFX7viWrDlHy0s5RGAo8lSxjB1klhqJxZZHMxH9YbftNfAK2ToCQNKNEe1r/CkSKZoNISjo0ZBH5qoxxrywin81qYGZpiMsVjOnBUYkFNlC9unqMLp4xQorR70qKF+juRY2HMTMRuUmA7MateIf7nDTKb3EY5k2lmqSTLRUnGkVWoKACNmKbE8pkjmGjmbkVkgjUm1tVUcyUEq19eJ92rZuA3g4frRqtV1lGFMziHSwjgBlpwD23oAIEUnuEV3rzMe/HevY/laMUrM6fwB97nD64pkhU=</latexit><latexit sha1_base64="WtX3M/5yoBzqnUtQgV+g6oZ3oCI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5cV7AM6Q8mkmTY0jyHJCGXob7hxoYhbf8adf2OmnYW2HggczrmHe3PilDNjff/bq2xsbm3vVHdre/sHh0f145OuUZkmtEMUV7ofY0M5k7RjmeW0n2qKRcxpL57eFX7viWrDlHy0s5RGAo8lSxjB1klhqJxZZHMxH9YbftNfAK2ToCQNKNEe1r/CkSKZoNISjo0ZBH5qoxxrywin81qYGZpiMsVjOnBUYkFNlC9unqMLp4xQorR70qKF+juRY2HMTMRuUmA7MateIf7nDTKb3EY5k2lmqSTLRUnGkVWoKACNmKbE8pkjmGjmbkVkgjUm1tVUcyUEq19eJ92rZuA3g4frRqtV1lGFMziHSwjgBlpwD23oAIEUnuEV3rzMe/HevY/laMUrM6fwB97nD64pkhU=</latexit>



Monte Carlo based algorithms
• Aim: minimize       = number of violated constraints

• In planted models

• Run MCMC sampling from

• Send         and try to find the ground state

• Simulated Annealing (SA)


• Replicated Simulated Annealing (RSA)


• Parallel Tempering (PT)

E(�)
<latexit sha1_base64="ZFCqGoLaa0uBWa0iXq81SLmWKaw=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiQi6LIggssK9gFNKJPJpB06MwkzEyGU+ituXCji1g9x5984abPQ1gMXDufcO3PvCVNGlXbdb2ttfWNza7uyU93d2z84tI+OuyrJJCYdnLBE9kOkCKOCdDTVjPRTSRAPGemFk5vC7z0SqWgiHnSekoCjkaAxxUgbaWjXbht+JiIiiwd8RUccnQ/tutt053BWiVeSOpRoD+0vP0pwxonQmCGlBp6b6mCKpKaYkVnVzxRJEZ6gERkYKhAnKpjOl585Z0aJnDiRpoR25urviSniSuU8NJ0c6bFa9grxP2+Q6fg6mFKRZpoIvPgozpijE6dIwomoJFiz3BCEJTW7OniMJMLa5FU1IXjLJ6+S7kXTc5ve/WW91SrjqMAJnEIDPLiCFtxBGzqAIYdneIU368l6sd6tj0XrmlXO1OAPrM8fVX6UjA==</latexit><latexit sha1_base64="ZFCqGoLaa0uBWa0iXq81SLmWKaw=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiQi6LIggssK9gFNKJPJpB06MwkzEyGU+ituXCji1g9x5984abPQ1gMXDufcO3PvCVNGlXbdb2ttfWNza7uyU93d2z84tI+OuyrJJCYdnLBE9kOkCKOCdDTVjPRTSRAPGemFk5vC7z0SqWgiHnSekoCjkaAxxUgbaWjXbht+JiIiiwd8RUccnQ/tutt053BWiVeSOpRoD+0vP0pwxonQmCGlBp6b6mCKpKaYkVnVzxRJEZ6gERkYKhAnKpjOl585Z0aJnDiRpoR25urviSniSuU8NJ0c6bFa9grxP2+Q6fg6mFKRZpoIvPgozpijE6dIwomoJFiz3BCEJTW7OniMJMLa5FU1IXjLJ6+S7kXTc5ve/WW91SrjqMAJnEIDPLiCFtxBGzqAIYdneIU368l6sd6tj0XrmlXO1OAPrM8fVX6UjA==</latexit><latexit sha1_base64="ZFCqGoLaa0uBWa0iXq81SLmWKaw=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiQi6LIggssK9gFNKJPJpB06MwkzEyGU+ituXCji1g9x5984abPQ1gMXDufcO3PvCVNGlXbdb2ttfWNza7uyU93d2z84tI+OuyrJJCYdnLBE9kOkCKOCdDTVjPRTSRAPGemFk5vC7z0SqWgiHnSekoCjkaAxxUgbaWjXbht+JiIiiwd8RUccnQ/tutt053BWiVeSOpRoD+0vP0pwxonQmCGlBp6b6mCKpKaYkVnVzxRJEZ6gERkYKhAnKpjOl585Z0aJnDiRpoR25urviSniSuU8NJ0c6bFa9grxP2+Q6fg6mFKRZpoIvPgozpijE6dIwomoJFiz3BCEJTW7OniMJMLa5FU1IXjLJ6+S7kXTc5ve/WW91SrjqMAJnEIDPLiCFtxBGzqAIYdneIU368l6sd6tj0XrmlXO1OAPrM8fVX6UjA==</latexit><latexit sha1_base64="ZFCqGoLaa0uBWa0iXq81SLmWKaw=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiQi6LIggssK9gFNKJPJpB06MwkzEyGU+ituXCji1g9x5984abPQ1gMXDufcO3PvCVNGlXbdb2ttfWNza7uyU93d2z84tI+OuyrJJCYdnLBE9kOkCKOCdDTVjPRTSRAPGemFk5vC7z0SqWgiHnSekoCjkaAxxUgbaWjXbht+JiIiiwd8RUccnQ/tutt053BWiVeSOpRoD+0vP0pwxonQmCGlBp6b6mCKpKaYkVnVzxRJEZ6gERkYKhAnKpjOl585Z0aJnDiRpoR25urviSniSuU8NJ0c6bFa9grxP2+Q6fg6mFKRZpoIvPgozpijE6dIwomoJFiz3BCEJTW7OniMJMLa5FU1IXjLJ6+S7kXTc5ve/WW91SrjqMAJnEIDPLiCFtxBGzqAIYdneIU368l6sd6tj0XrmlXO1OAPrM8fVX6UjA==</latexit>

E(�⇤) = 0
<latexit sha1_base64="og6RpUPiDBTbJguOgwVKY0AvKVY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUF2UGRF0IxREcFnBPqAzlkwm04YmmSHJCGXoxl9x40IRt36GO//GTDsLbT1w4XDOvcm9J0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/utVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRte533kkUtFY3OtxQnyOBoJGFCNtpL59cFPzUhESmT/gKTrg6OH05Mrp21Wn7kwBF4lbkCoo0OzbX14Y45QToTFDSvVcJ9F+hqSmmJFJxUsVSRAeoQHpGSoQJ8rPpgdM4LFRQhjF0pTQcKr+nsgQV2rMA9PJkR6qeS8X//N6qY4u/YyKJNVE4NlHUcqgjmGeBgypJFizsSEIS2p2hXiIJMLaZFYxIbjzJy+S9lndderu3Xm10SjiKINDcARqwAUXoAFuQRO0AAYT8AxewZv1ZL1Y79bHrLVkFTP74A+szx98DZWp</latexit><latexit sha1_base64="og6RpUPiDBTbJguOgwVKY0AvKVY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUF2UGRF0IxREcFnBPqAzlkwm04YmmSHJCGXoxl9x40IRt36GO//GTDsLbT1w4XDOvcm9J0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/utVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRte533kkUtFY3OtxQnyOBoJGFCNtpL59cFPzUhESmT/gKTrg6OH05Mrp21Wn7kwBF4lbkCoo0OzbX14Y45QToTFDSvVcJ9F+hqSmmJFJxUsVSRAeoQHpGSoQJ8rPpgdM4LFRQhjF0pTQcKr+nsgQV2rMA9PJkR6qeS8X//N6qY4u/YyKJNVE4NlHUcqgjmGeBgypJFizsSEIS2p2hXiIJMLaZFYxIbjzJy+S9lndderu3Xm10SjiKINDcARqwAUXoAFuQRO0AAYT8AxewZv1ZL1Y79bHrLVkFTP74A+szx98DZWp</latexit><latexit sha1_base64="og6RpUPiDBTbJguOgwVKY0AvKVY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUF2UGRF0IxREcFnBPqAzlkwm04YmmSHJCGXoxl9x40IRt36GO//GTDsLbT1w4XDOvcm9J0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/utVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRte533kkUtFY3OtxQnyOBoJGFCNtpL59cFPzUhESmT/gKTrg6OH05Mrp21Wn7kwBF4lbkCoo0OzbX14Y45QToTFDSvVcJ9F+hqSmmJFJxUsVSRAeoQHpGSoQJ8rPpgdM4LFRQhjF0pTQcKr+nsgQV2rMA9PJkR6qeS8X//N6qY4u/YyKJNVE4NlHUcqgjmGeBgypJFizsSEIS2p2hXiIJMLaZFYxIbjzJy+S9lndderu3Xm10SjiKINDcARqwAUXoAFuQRO0AAYT8AxewZv1ZL1Y79bHrLVkFTP74A+szx98DZWp</latexit><latexit sha1_base64="og6RpUPiDBTbJguOgwVKY0AvKVY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUF2UGRF0IxREcFnBPqAzlkwm04YmmSHJCGXoxl9x40IRt36GO//GTDsLbT1w4XDOvcm9J0gYVdpxvq3S0vLK6lp5vbKxubW9Y+/utVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJRte533kkUtFY3OtxQnyOBoJGFCNtpL59cFPzUhESmT/gKTrg6OH05Mrp21Wn7kwBF4lbkCoo0OzbX14Y45QToTFDSvVcJ9F+hqSmmJFJxUsVSRAeoQHpGSoQJ8rPpgdM4LFRQhjF0pTQcKr+nsgQV2rMA9PJkR6qeS8X//N6qY4u/YyKJNVE4NlHUcqgjmGeBgypJFizsSEIS2p2hXiIJMLaZFYxIbjzJy+S9lndderu3Xm10SjiKINDcARqwAUXoAFuQRO0AAYT8AxewZv1ZL1Y79bHrLVkFTP74A+szx98DZWp</latexit>

PT (�) / exp[�E(�)/T ]
<latexit sha1_base64="RwSRZT8CNbL12rUI0BEZVmNR+AQ=">AAACIXicbVDLSgMxFM3UV62vqks3g0WoC+uMCHZZEMFlhb6gM5RMetuGZpKQZMRS+itu/BU3LhTpTvwZM20X2nrgwuGce5N7TyQZ1cbzvpzM2vrG5lZ2O7ezu7d/kD88amiRKAJ1IphQrQhrYJRD3VDDoCUV4Dhi0IyGt6nffASlqeA1M5IQxrjPaY8SbKzUyZernVoxSHgXVPpEoGk/xueBVEIaEcCTbF/crfqXtbCTL3glbwZ3lfgLUkALVDv5adAVJImBG8Kw1m3fkyYcY2UoYTDJBYkGickQ96FtKccx6HA8u3Dinlml6/aEssWNO1N/T4xxrPUojmxnjM1AL3up+J/XTkyvHI4pl4kBTuYf9RLmGuGmcbldqoAYNrIEE0Xtri4ZYIWJsaHmbAj+8smrpHFV8r2S/3BdqFQWcWTRCTpFReSjG1RB96iK6oigZ/SK3tGH8+K8OZ/OdN6acRYzx+gPnO8f67aj8g==</latexit><latexit sha1_base64="RwSRZT8CNbL12rUI0BEZVmNR+AQ=">AAACIXicbVDLSgMxFM3UV62vqks3g0WoC+uMCHZZEMFlhb6gM5RMetuGZpKQZMRS+itu/BU3LhTpTvwZM20X2nrgwuGce5N7TyQZ1cbzvpzM2vrG5lZ2O7ezu7d/kD88amiRKAJ1IphQrQhrYJRD3VDDoCUV4Dhi0IyGt6nffASlqeA1M5IQxrjPaY8SbKzUyZernVoxSHgXVPpEoGk/xueBVEIaEcCTbF/crfqXtbCTL3glbwZ3lfgLUkALVDv5adAVJImBG8Kw1m3fkyYcY2UoYTDJBYkGickQ96FtKccx6HA8u3Dinlml6/aEssWNO1N/T4xxrPUojmxnjM1AL3up+J/XTkyvHI4pl4kBTuYf9RLmGuGmcbldqoAYNrIEE0Xtri4ZYIWJsaHmbAj+8smrpHFV8r2S/3BdqFQWcWTRCTpFReSjG1RB96iK6oigZ/SK3tGH8+K8OZ/OdN6acRYzx+gPnO8f67aj8g==</latexit><latexit sha1_base64="RwSRZT8CNbL12rUI0BEZVmNR+AQ=">AAACIXicbVDLSgMxFM3UV62vqks3g0WoC+uMCHZZEMFlhb6gM5RMetuGZpKQZMRS+itu/BU3LhTpTvwZM20X2nrgwuGce5N7TyQZ1cbzvpzM2vrG5lZ2O7ezu7d/kD88amiRKAJ1IphQrQhrYJRD3VDDoCUV4Dhi0IyGt6nffASlqeA1M5IQxrjPaY8SbKzUyZernVoxSHgXVPpEoGk/xueBVEIaEcCTbF/crfqXtbCTL3glbwZ3lfgLUkALVDv5adAVJImBG8Kw1m3fkyYcY2UoYTDJBYkGickQ96FtKccx6HA8u3Dinlml6/aEssWNO1N/T4xxrPUojmxnjM1AL3up+J/XTkyvHI4pl4kBTuYf9RLmGuGmcbldqoAYNrIEE0Xtri4ZYIWJsaHmbAj+8smrpHFV8r2S/3BdqFQWcWTRCTpFReSjG1RB96iK6oigZ/SK3tGH8+K8OZ/OdN6acRYzx+gPnO8f67aj8g==</latexit><latexit sha1_base64="RwSRZT8CNbL12rUI0BEZVmNR+AQ=">AAACIXicbVDLSgMxFM3UV62vqks3g0WoC+uMCHZZEMFlhb6gM5RMetuGZpKQZMRS+itu/BU3LhTpTvwZM20X2nrgwuGce5N7TyQZ1cbzvpzM2vrG5lZ2O7ezu7d/kD88amiRKAJ1IphQrQhrYJRD3VDDoCUV4Dhi0IyGt6nffASlqeA1M5IQxrjPaY8SbKzUyZernVoxSHgXVPpEoGk/xueBVEIaEcCTbF/crfqXtbCTL3glbwZ3lfgLUkALVDv5adAVJImBG8Kw1m3fkyYcY2UoYTDJBYkGickQ96FtKccx6HA8u3Dinlml6/aEssWNO1N/T4xxrPUojmxnjM1AL3up+J/XTkyvHI4pl4kBTuYf9RLmGuGmcbldqoAYNrIEE0Xtri4ZYIWJsaHmbAj+8smrpHFV8r2S/3BdqFQWcWTRCTpFReSjG1RB96iK6oigZ/SK3tGH8+K8OZ/OdN6acRYzx+gPnO8f67aj8g==</latexit>
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FIG. 3: (color online) Finite temperature phase diagram of the
planted 5-coloring. At high temperature the liquid is the unique
Gibbs state. Below the higher spinodal line T1 a planted (solid)
Gibbs state appears, and becomes thermodynamically dominant at
the liquid/solid transition. The super-cooled liquid state is locally sta-
ble until the lower spinodal line T2. The liquid undergoes the usual
dynamical and Kauzmann (ideal) glass transitions (data from [20]).
The thick line depicts the algorithmically hard region, the left bound-
ary being the freezing transition [14]. Inset: Energy versus temper-
ature in Monte-Carlo annealing with rate δT = 10

−2, 10−3, 10−4

and 10
−5 per sweep for N = 5.105 at c = 20 > cl. Above cl a slow

enough annealing undergoes a transition towards the planted state.

In [21], however, the liquid state is always stable and finding
the ground state is polynomial since the problem reduces to a
set of linear equations.

The inset of Fig. 3 shows the behavior of Monte-Carlo
annealing for c > cl to illustrate the liquid/glass/solid phe-
nomenology: Upon lowering the temperature, the liquid can
be super-cooled, the solid phase avoided and a glass transition
observed. But with slow enough annealing the system transits
to the solid (planted) state at temperature T2. In this case a
simple simulated annealing is able to find the ground state. If
the system is initialized in the planted solution and the temper-
ature is increased, the solid will melt to the liquid state at tem-
perature T1. For connectivities c ≤ cl the absence of the liquid
spinodal line and the mean field nature of the model (barriers
between states are extensive) makes algorithms based on lo-
cal dynamics unable to find the planted cluster. This gives a
physical interpretation behind the hard/easy transition at cl.
Conclusion — We have discussed the graph coloring

problem on the planted ensemble and showed that quantita-
tive results, explicitly checked via numerical experiments, can
be readily deduced from what is known in the purely ran-
dom ensemble. In particular we showed that for c < cc the
planted ensemble is asymptotically equivalent to the purely
random one. Many works have established the easiness of the
planted ensemble at very large [10, 11, 12] and very small
average degree. We bridged the gap and showed that while
the easy/hard transition in the planted ensemble is similar to
the one in the usual random ensemble, the hard/easy transi-
tion coincides with a local instability of the liquid phase at
cl = (q−1)2. This leaves a large region of very hard problems

with a known hidden solution. We also showed how to create
mean field “glass” models with a solid-like/planted state.

Let us finish by discussing the (large) class of CSPs where
the quiet planting is possible and where our phenomenol-
ogy readily apply. The crucial property that we used when
stating that the natural planting does not change much of
the structural properties was the uniformity of the BP fixed
point in the purely random ensemble (e.g. in coloring ψ =
(1/q, . . . , 1/q)). Many other CSPs actually share this prop-
erty, e.g. all the problems without disordered interactions on
random regular graphs, the hyper-graph bicoloring [23], or the
balanced locked problems of [5]. These last ones are partic-
ularly appealing as hard satisfiable benchmarks. The random
satisfiability problem, however, is a canonical example where
the fixed point of the BP equation is not uniform and where
our results do not apply. It would be interesting to generalize
our approach to plant quiet solutions in such cases.
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FIG. 3: (color online) Finite temperature phase diagram of the
planted 5-coloring. At high temperature the liquid is the unique
Gibbs state. Below the higher spinodal line T1 a planted (solid)
Gibbs state appears, and becomes thermodynamically dominant at
the liquid/solid transition. The super-cooled liquid state is locally sta-
ble until the lower spinodal line T2. The liquid undergoes the usual
dynamical and Kauzmann (ideal) glass transitions (data from [20]).
The thick line depicts the algorithmically hard region, the left bound-
ary being the freezing transition [14]. Inset: Energy versus temper-
ature in Monte-Carlo annealing with rate δT = 10

−2, 10−3, 10−4

and 10
−5 per sweep for N = 5.105 at c = 20 > cl. Above cl a slow

enough annealing undergoes a transition towards the planted state.

In [21], however, the liquid state is always stable and finding
the ground state is polynomial since the problem reduces to a
set of linear equations.

The inset of Fig. 3 shows the behavior of Monte-Carlo
annealing for c > cl to illustrate the liquid/glass/solid phe-
nomenology: Upon lowering the temperature, the liquid can
be super-cooled, the solid phase avoided and a glass transition
observed. But with slow enough annealing the system transits
to the solid (planted) state at temperature T2. In this case a
simple simulated annealing is able to find the ground state. If
the system is initialized in the planted solution and the temper-
ature is increased, the solid will melt to the liquid state at tem-
perature T1. For connectivities c ≤ cl the absence of the liquid
spinodal line and the mean field nature of the model (barriers
between states are extensive) makes algorithms based on lo-
cal dynamics unable to find the planted cluster. This gives a
physical interpretation behind the hard/easy transition at cl.
Conclusion — We have discussed the graph coloring

problem on the planted ensemble and showed that quantita-
tive results, explicitly checked via numerical experiments, can
be readily deduced from what is known in the purely ran-
dom ensemble. In particular we showed that for c < cc the
planted ensemble is asymptotically equivalent to the purely
random one. Many works have established the easiness of the
planted ensemble at very large [10, 11, 12] and very small
average degree. We bridged the gap and showed that while
the easy/hard transition in the planted ensemble is similar to
the one in the usual random ensemble, the hard/easy transi-
tion coincides with a local instability of the liquid phase at
cl = (q−1)2. This leaves a large region of very hard problems

with a known hidden solution. We also showed how to create
mean field “glass” models with a solid-like/planted state.

Let us finish by discussing the (large) class of CSPs where
the quiet planting is possible and where our phenomenol-
ogy readily apply. The crucial property that we used when
stating that the natural planting does not change much of
the structural properties was the uniformity of the BP fixed
point in the purely random ensemble (e.g. in coloring ψ =
(1/q, . . . , 1/q)). Many other CSPs actually share this prop-
erty, e.g. all the problems without disordered interactions on
random regular graphs, the hyper-graph bicoloring [23], or the
balanced locked problems of [5]. These last ones are partic-
ularly appealing as hard satisfiable benchmarks. The random
satisfiability problem, however, is a canonical example where
the fixed point of the BP equation is not uniform and where
our results do not apply. It would be interesting to generalize
our approach to plant quiet solutions in such cases.
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[14] L. Zdeborová and F. Krzakala, Phys. Rev. E 76, 031131 (2007).
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[18] M. Mézard and A. Montanari, J. Stat. Phys. 124, 1317 (2006).
[19] G. Parisi (2002), arXiv:cs.CC/0212047.
[20] F. Krzakala and L. Zdeborová, EPL 81, 57005 (2008).
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SA works for c > cKS
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<latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit>



SA in planted models (q=5 coloring)

T2
<latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit>



SA in planted models (q=5 coloring)

T2
<latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit><latexit sha1_base64="ZR9wMwvyG0oDP0jdnWJuXqSjV6Y=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkgZnMLePEYMS9IljA7mU2GzD6YmRXCkk/w4kERr36RN//G2SSCihY0FFXddHf5iRTaYPzhrK1vbG5tF3aKu3v7B4elo+OOjlPFeJvFMlY9n2ouRcTbRhjJe4niNPQl7/rT69zv3nOlRRy1zCzhXkjHkQgEo8ZKd61hdVgq4wrGmBCCckJqV9iSet2tEheR3LIowwrNYel9MIpZGvLIMEm17hOcGC+jyggm+bw4SDVPKJvSMe9bGtGQay9bnDpH51YZoSBWtiKDFur3iYyGWs9C33aG1Ez0by8X//L6qQlcLxNRkhoeseWiIJXIxCj/G42E4szImSWUKWFvRWxCFWXGplO0IXx9iv4nnWqF4Aq5vSw33FUcBTiFM7gAAjVowA00oQ0MxvAAT/DsSOfReXFel61rzmrmBH7AefsEIFCNqQ==</latexit>



SA in planted models (q=5 coloring)
N = 105 ⌧ = 107

<latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit><latexit sha1_base64="6wUH9zfCFKlqslNyvAxWVbB/AC4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURpW6EghtXUsE+oIllMpm0QyeTOA+hhIK/4saFIm79Dnf+jZM2C209cOHMOfcy954gZVQqx/m2SkvLK6tr5fXKxubW9o69u9eWiRaYtHDCEtENkCSMctJSVDHSTQVBccBIJxhd5X7nkQhJE36nxinxYzTgNKIYKSP17YObS9e5P/ceNAqhp5DOn/W+XXVqzhRwkbgFqYICzb795YUJ1jHhCjMkZc91UuVnSCiKGZlUPC1JivAIDUjPUI5iIv1suv4EHhslhFEiTHEFp+rviQzFUo7jwHTGSA3lvJeL/3k9raILP6M81YpwPPso0gyqBOZZwJAKghUbG4KwoGZXiIdIIKxMYhUTgjt/8iJpn9Zcp+benlUbjSKOMjgER+AEuKAOGuAaNEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gClSZP6</latexit>

ms(T )
<latexit sha1_base64="NmdQdMV6LHqwC/VQVkUDzjZOfyI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHiMkBckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V9jY3NreKe6W9vYPDo/Kxydto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5m/udJ6oNU7JppwkNBR5JFjOCrZPaYmCqzctBueLX/AXQOglyUoEcjUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vw4zJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9lUt8GvBw3WlXs/jKMIZnEMVAriBOtxDA1pA4BGe4RXePOW9eO/ex7K14OUzp/AH3ucPy56OmA==</latexit><latexit sha1_base64="NmdQdMV6LHqwC/VQVkUDzjZOfyI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHiMkBckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V9jY3NreKe6W9vYPDo/Kxydto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5m/udJ6oNU7JppwkNBR5JFjOCrZPaYmCqzctBueLX/AXQOglyUoEcjUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vw4zJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9lUt8GvBw3WlXs/jKMIZnEMVAriBOtxDA1pA4BGe4RXePOW9eO/ex7K14OUzp/AH3ucPy56OmA==</latexit><latexit sha1_base64="NmdQdMV6LHqwC/VQVkUDzjZOfyI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHiMkBckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V9jY3NreKe6W9vYPDo/Kxydto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5m/udJ6oNU7JppwkNBR5JFjOCrZPaYmCqzctBueLX/AXQOglyUoEcjUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vw4zJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9lUt8GvBw3WlXs/jKMIZnEMVAriBOtxDA1pA4BGe4RXePOW9eO/ex7K14OUzp/AH3ucPy56OmA==</latexit><latexit sha1_base64="NmdQdMV6LHqwC/VQVkUDzjZOfyI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvHiMkBckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V9jY3NreKe6W9vYPDo/Kxydto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5m/udJ6oNU7JppwkNBR5JFjOCrZPaYmCqzctBueLX/AXQOglyUoEcjUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vw4zJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9lUt8GvBw3WlXs/jKMIZnEMVAriBOtxDA1pA4BGe4RXePOW9eO/ex7K14OUzp/AH3ucPy56OmA==</latexit>



Picture for SA in planted models

Paramagnetic state

Uninformative f.p.

Bayes/Nishimori ok

Planted state

Informative f.p.


Bayes/Nishimori ok

Glassy state

Uninformative f.p.


Bayes/Nishimori NO

T2
<latexit sha1_base64="2Po9nu08PsALMjVWGlkbRWtPJFA=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KXjxW7Be0S8mmaRuazS5JVihLf4IXD4p49Rd589+YbSuo6IOBx3szzMwLYimMxfjDW1vf2Nzazu3kd/f2Dw4LR8dtEyWa8RaLZKS7ATVcCsVbVljJu7HmNAwk7wTT68zv3HNtRKSadhZzP6RjJUaCUeuku+agPCgUcQljTAhBGSGVK+xIrVYtkyoimeVQhBUag8J7fxixJOTKMkmN6REcWz+l2gom+TzfTwyPKZvSMe85qmjIjZ8uTp2jc6cM0SjSrpRFC/X7REpDY2Zh4DpDaifmt5eJf3m9xI6qfipUnFiu2HLRKJHIRij7Gw2F5szKmSOUaeFuRWxCNWXWpZN3IXx9iv4n7XKJ4BK5vSzW66s4cnAKZ3ABBCpQhxtoQAsYjOEBnuDZk96j9+K9LlvXvNXMCfyA9/YJIriNsQ==</latexit><latexit sha1_base64="2Po9nu08PsALMjVWGlkbRWtPJFA=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KXjxW7Be0S8mmaRuazS5JVihLf4IXD4p49Rd589+YbSuo6IOBx3szzMwLYimMxfjDW1vf2Nzazu3kd/f2Dw4LR8dtEyWa8RaLZKS7ATVcCsVbVljJu7HmNAwk7wTT68zv3HNtRKSadhZzP6RjJUaCUeuku+agPCgUcQljTAhBGSGVK+xIrVYtkyoimeVQhBUag8J7fxixJOTKMkmN6REcWz+l2gom+TzfTwyPKZvSMe85qmjIjZ8uTp2jc6cM0SjSrpRFC/X7REpDY2Zh4DpDaifmt5eJf3m9xI6qfipUnFiu2HLRKJHIRij7Gw2F5szKmSOUaeFuRWxCNWXWpZN3IXx9iv4n7XKJ4BK5vSzW66s4cnAKZ3ABBCpQhxtoQAsYjOEBnuDZk96j9+K9LlvXvNXMCfyA9/YJIriNsQ==</latexit><latexit sha1_base64="2Po9nu08PsALMjVWGlkbRWtPJFA=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KXjxW7Be0S8mmaRuazS5JVihLf4IXD4p49Rd589+YbSuo6IOBx3szzMwLYimMxfjDW1vf2Nzazu3kd/f2Dw4LR8dtEyWa8RaLZKS7ATVcCsVbVljJu7HmNAwk7wTT68zv3HNtRKSadhZzP6RjJUaCUeuku+agPCgUcQljTAhBGSGVK+xIrVYtkyoimeVQhBUag8J7fxixJOTKMkmN6REcWz+l2gom+TzfTwyPKZvSMe85qmjIjZ8uTp2jc6cM0SjSrpRFC/X7REpDY2Zh4DpDaifmt5eJf3m9xI6qfipUnFiu2HLRKJHIRij7Gw2F5szKmSOUaeFuRWxCNWXWpZN3IXx9iv4n7XKJ4BK5vSzW66s4cnAKZ3ABBCpQhxtoQAsYjOEBnuDZk96j9+K9LlvXvNXMCfyA9/YJIriNsQ==</latexit><latexit sha1_base64="2Po9nu08PsALMjVWGlkbRWtPJFA=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KkkR294KXjxW7Be0S8mmaRuazS5JVihLf4IXD4p49Rd589+YbSuo6IOBx3szzMwLYimMxfjDW1vf2Nzazu3kd/f2Dw4LR8dtEyWa8RaLZKS7ATVcCsVbVljJu7HmNAwk7wTT68zv3HNtRKSadhZzP6RjJUaCUeuku+agPCgUcQljTAhBGSGVK+xIrVYtkyoimeVQhBUag8J7fxixJOTKMkmN6REcWz+l2gom+TzfTwyPKZvSMe85qmjIjZ8uTp2jc6cM0SjSrpRFC/X7REpDY2Zh4DpDaifmt5eJf3m9xI6qfipUnFiu2HLRKJHIRij7Gw2F5szKmSOUaeFuRWxCNWXWpZN3IXx9iv4n7XKJ4BK5vSzW66s4cnAKZ3ABBCpQhxtoQAsYjOEBnuDZk96j9+K9LlvXvNXMCfyA9/YJIriNsQ==</latexit>
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FIG. 3: (color online) Finite temperature phase diagram of the
planted 5-coloring. At high temperature the liquid is the unique
Gibbs state. Below the higher spinodal line T1 a planted (solid)
Gibbs state appears, and becomes thermodynamically dominant at
the liquid/solid transition. The super-cooled liquid state is locally sta-
ble until the lower spinodal line T2. The liquid undergoes the usual
dynamical and Kauzmann (ideal) glass transitions (data from [20]).
The thick line depicts the algorithmically hard region, the left bound-
ary being the freezing transition [14]. Inset: Energy versus temper-
ature in Monte-Carlo annealing with rate δT = 10

−2, 10−3, 10−4

and 10
−5 per sweep for N = 5.105 at c = 20 > cl. Above cl a slow

enough annealing undergoes a transition towards the planted state.

In [21], however, the liquid state is always stable and finding
the ground state is polynomial since the problem reduces to a
set of linear equations.

The inset of Fig. 3 shows the behavior of Monte-Carlo
annealing for c > cl to illustrate the liquid/glass/solid phe-
nomenology: Upon lowering the temperature, the liquid can
be super-cooled, the solid phase avoided and a glass transition
observed. But with slow enough annealing the system transits
to the solid (planted) state at temperature T2. In this case a
simple simulated annealing is able to find the ground state. If
the system is initialized in the planted solution and the temper-
ature is increased, the solid will melt to the liquid state at tem-
perature T1. For connectivities c ≤ cl the absence of the liquid
spinodal line and the mean field nature of the model (barriers
between states are extensive) makes algorithms based on lo-
cal dynamics unable to find the planted cluster. This gives a
physical interpretation behind the hard/easy transition at cl.
Conclusion — We have discussed the graph coloring

problem on the planted ensemble and showed that quantita-
tive results, explicitly checked via numerical experiments, can
be readily deduced from what is known in the purely ran-
dom ensemble. In particular we showed that for c < cc the
planted ensemble is asymptotically equivalent to the purely
random one. Many works have established the easiness of the
planted ensemble at very large [10, 11, 12] and very small
average degree. We bridged the gap and showed that while
the easy/hard transition in the planted ensemble is similar to
the one in the usual random ensemble, the hard/easy transi-
tion coincides with a local instability of the liquid phase at
cl = (q−1)2. This leaves a large region of very hard problems

with a known hidden solution. We also showed how to create
mean field “glass” models with a solid-like/planted state.

Let us finish by discussing the (large) class of CSPs where
the quiet planting is possible and where our phenomenol-
ogy readily apply. The crucial property that we used when
stating that the natural planting does not change much of
the structural properties was the uniformity of the BP fixed
point in the purely random ensemble (e.g. in coloring ψ =
(1/q, . . . , 1/q)). Many other CSPs actually share this prop-
erty, e.g. all the problems without disordered interactions on
random regular graphs, the hyper-graph bicoloring [23], or the
balanced locked problems of [5]. These last ones are partic-
ularly appealing as hard satisfiable benchmarks. The random
satisfiability problem, however, is a canonical example where
the fixed point of the BP equation is not uniform and where
our results do not apply. It would be interesting to generalize
our approach to plant quiet solutions in such cases.
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New conjecture:

SA works if T2 > Td
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Replicated SA

• Proposed by Zecchina & co. to sample states of larger 
entropy with higher probability


• Very simple implementation

• R replicas     with

• energy function favours close by replicas


•        in all next plots

a = 1, . . . , R
<latexit sha1_base64="/9Zt+ZEgHh8oG+SNv0XAB5r7PoY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCURQQ8KBS8eq9gPaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOLqd+p0nqjST4tGMUxokeCBYzAg2VvLxjVfzeSSNrj30K1W37s6AlolXkCoUaPYrX34kSZZQYQjHWvc8NzVBjpVhhNNJ2c80TTEZ4QHtWSpwQnWQz26eoFOrRCiWypYwaKb+nshxovU4CW1ngs1QL3pT8T+vl5n4KsiZSDNDBZkvijOOjETTAFDEFCWGjy3BRDF7KyJDrDAxNqayDcFbfHmZtM/rnlv37i+qjesijhIcwwmcgQeX0IA7aEILCKTwDK/w5mTOi/PufMxbV5xi5gj+wPn8AeJqkOc=</latexit><latexit sha1_base64="/9Zt+ZEgHh8oG+SNv0XAB5r7PoY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCURQQ8KBS8eq9gPaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOLqd+p0nqjST4tGMUxokeCBYzAg2VvLxjVfzeSSNrj30K1W37s6AlolXkCoUaPYrX34kSZZQYQjHWvc8NzVBjpVhhNNJ2c80TTEZ4QHtWSpwQnWQz26eoFOrRCiWypYwaKb+nshxovU4CW1ngs1QL3pT8T+vl5n4KsiZSDNDBZkvijOOjETTAFDEFCWGjy3BRDF7KyJDrDAxNqayDcFbfHmZtM/rnlv37i+qjesijhIcwwmcgQeX0IA7aEILCKTwDK/w5mTOi/PufMxbV5xi5gj+wPn8AeJqkOc=</latexit><latexit sha1_base64="/9Zt+ZEgHh8oG+SNv0XAB5r7PoY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCURQQ8KBS8eq9gPaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOLqd+p0nqjST4tGMUxokeCBYzAg2VvLxjVfzeSSNrj30K1W37s6AlolXkCoUaPYrX34kSZZQYQjHWvc8NzVBjpVhhNNJ2c80TTEZ4QHtWSpwQnWQz26eoFOrRCiWypYwaKb+nshxovU4CW1ngs1QL3pT8T+vl5n4KsiZSDNDBZkvijOOjETTAFDEFCWGjy3BRDF7KyJDrDAxNqayDcFbfHmZtM/rnlv37i+qjesijhIcwwmcgQeX0IA7aEILCKTwDK/w5mTOi/PufMxbV5xi5gj+wPn8AeJqkOc=</latexit><latexit sha1_base64="/9Zt+ZEgHh8oG+SNv0XAB5r7PoY=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCURQQ8KBS8eq9gPaELZbDbt0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOLqd+p0nqjST4tGMUxokeCBYzAg2VvLxjVfzeSSNrj30K1W37s6AlolXkCoUaPYrX34kSZZQYQjHWvc8NzVBjpVhhNNJ2c80TTEZ4QHtWSpwQnWQz26eoFOrRCiWypYwaKb+nshxovU4CW1ngs1QL3pT8T+vl5n4KsiZSDNDBZkvijOOjETTAFDEFCWGjy3BRDF7KyJDrDAxNqayDcFbfHmZtM/rnlv37i+qjesijhIcwwmcgQeX0IA7aEILCKTwDK/w5mTOi/PufMxbV5xi5gj+wPn8AeJqkOc=</latexit>

�a
<latexit sha1_base64="5NG4Gm13jBrMVM0lWup0NMGcA+o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6MJFwY3LCvYBTSyTyU07dDIJMxOxhP6KGxeKuPVH3Pk3TtostPXAwOGce7h3TpByprTjfFuVtfWNza3qdm1nd2//wD6sd1WSSQodmvBE9gOigDMBHc00h34qgcQBh14wuSn83iNIxRJxr6cp+DEZCRYxSrSRhnbdy0QIsoh7io1i8kCGdsNpOnPgVeKWpIFKtIf2lxcmNItBaMqJUgPXSbWfE6kZ5TCreZmClNAJGcHAUEFiUH4+v32GT40S4iiR5gmN5+rvRE5ipaZxYCZjosdq2SvE/7xBpqMrP2cizTQIulgUZRzrBBdF4JBJoJpPDSFUMnMrpmMiCdWmrpopwV3+8irpnjddp+neXTRa12UdVXSMTtAZctElaqFb1EYdRNETekav6M2aWS/Wu/WxGK1YZeYI/YH1+QNstJSn</latexit><latexit sha1_base64="5NG4Gm13jBrMVM0lWup0NMGcA+o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6MJFwY3LCvYBTSyTyU07dDIJMxOxhP6KGxeKuPVH3Pk3TtostPXAwOGce7h3TpByprTjfFuVtfWNza3qdm1nd2//wD6sd1WSSQodmvBE9gOigDMBHc00h34qgcQBh14wuSn83iNIxRJxr6cp+DEZCRYxSrSRhnbdy0QIsoh7io1i8kCGdsNpOnPgVeKWpIFKtIf2lxcmNItBaMqJUgPXSbWfE6kZ5TCreZmClNAJGcHAUEFiUH4+v32GT40S4iiR5gmN5+rvRE5ipaZxYCZjosdq2SvE/7xBpqMrP2cizTQIulgUZRzrBBdF4JBJoJpPDSFUMnMrpmMiCdWmrpopwV3+8irpnjddp+neXTRa12UdVXSMTtAZctElaqFb1EYdRNETekav6M2aWS/Wu/WxGK1YZeYI/YH1+QNstJSn</latexit><latexit sha1_base64="5NG4Gm13jBrMVM0lWup0NMGcA+o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6MJFwY3LCvYBTSyTyU07dDIJMxOxhP6KGxeKuPVH3Pk3TtostPXAwOGce7h3TpByprTjfFuVtfWNza3qdm1nd2//wD6sd1WSSQodmvBE9gOigDMBHc00h34qgcQBh14wuSn83iNIxRJxr6cp+DEZCRYxSrSRhnbdy0QIsoh7io1i8kCGdsNpOnPgVeKWpIFKtIf2lxcmNItBaMqJUgPXSbWfE6kZ5TCreZmClNAJGcHAUEFiUH4+v32GT40S4iiR5gmN5+rvRE5ipaZxYCZjosdq2SvE/7xBpqMrP2cizTQIulgUZRzrBBdF4JBJoJpPDSFUMnMrpmMiCdWmrpopwV3+8irpnjddp+neXTRa12UdVXSMTtAZctElaqFb1EYdRNETekav6M2aWS/Wu/WxGK1YZeYI/YH1+QNstJSn</latexit><latexit sha1_base64="5NG4Gm13jBrMVM0lWup0NMGcA+o=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6MJFwY3LCvYBTSyTyU07dDIJMxOxhP6KGxeKuPVH3Pk3TtostPXAwOGce7h3TpByprTjfFuVtfWNza3qdm1nd2//wD6sd1WSSQodmvBE9gOigDMBHc00h34qgcQBh14wuSn83iNIxRJxr6cp+DEZCRYxSrSRhnbdy0QIsoh7io1i8kCGdsNpOnPgVeKWpIFKtIf2lxcmNItBaMqJUgPXSbWfE6kZ5TCreZmClNAJGcHAUEFiUH4+v32GT40S4iiR5gmN5+rvRE5ipaZxYCZjosdq2SvE/7xBpqMrP2cizTQIulgUZRzrBBdF4JBJoJpPDSFUMnMrpmMiCdWmrpopwV3+8irpnjddp+neXTRa12UdVXSMTtAZctElaqFb1EYdRNETekav6M2aWS/Wu/WxGK1YZeYI/YH1+QNstJSn</latexit>
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<latexit sha1_base64="muvhYfay0gDFUNyYigXynJlhAo0="></latexit><latexit sha1_base64="muvhYfay0gDFUNyYigXynJlhAo0="></latexit><latexit sha1_base64="muvhYfay0gDFUNyYigXynJlhAo0="></latexit><latexit sha1_base64="muvhYfay0gDFUNyYigXynJlhAo0="></latexit>

� = 1
<latexit sha1_base64="JIL7Ib/X7HNg4wyHuuCkb04V9Xs=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EIhYGMZwcRAcoS5zSZZsrt37u4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0oEN9b3v73Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3YrQMMEVa1huBWslmqGMBHuIRjdT/+GJacNjdW/HCQslDhTvc4rWSa3OAKXE66BbrvhVfwayTIKcVCBHvVv+6vRimkqmLBVoTDvwExtmqC2ngk1KndSwBOkIB6ztqELJTJjN7p2QE6f0SD/WrpQlM/X3RIbSmLGMXKdEOzSL3lT8z2untn8ZZlwlqWWKzhf1U0FsTKbPkx7XjFoxdgSp5u5WQoeokVoXUcmFECy+vEyaZ9XArwZ355XaVR5HEY7gGE4hgAuowS3UoQEUBDzDK7x5j96L9+59zFsLXj5zCH/gff4Aer2PkQ==</latexit><latexit sha1_base64="JIL7Ib/X7HNg4wyHuuCkb04V9Xs=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EIhYGMZwcRAcoS5zSZZsrt37u4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0oEN9b3v73Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3YrQMMEVa1huBWslmqGMBHuIRjdT/+GJacNjdW/HCQslDhTvc4rWSa3OAKXE66BbrvhVfwayTIKcVCBHvVv+6vRimkqmLBVoTDvwExtmqC2ngk1KndSwBOkIB6ztqELJTJjN7p2QE6f0SD/WrpQlM/X3RIbSmLGMXKdEOzSL3lT8z2untn8ZZlwlqWWKzhf1U0FsTKbPkx7XjFoxdgSp5u5WQoeokVoXUcmFECy+vEyaZ9XArwZ355XaVR5HEY7gGE4hgAuowS3UoQEUBDzDK7x5j96L9+59zFsLXj5zCH/gff4Aer2PkQ==</latexit><latexit sha1_base64="JIL7Ib/X7HNg4wyHuuCkb04V9Xs=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EIhYGMZwcRAcoS5zSZZsrt37u4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0oEN9b3v73Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3YrQMMEVa1huBWslmqGMBHuIRjdT/+GJacNjdW/HCQslDhTvc4rWSa3OAKXE66BbrvhVfwayTIKcVCBHvVv+6vRimkqmLBVoTDvwExtmqC2ngk1KndSwBOkIB6ztqELJTJjN7p2QE6f0SD/WrpQlM/X3RIbSmLGMXKdEOzSL3lT8z2untn8ZZlwlqWWKzhf1U0FsTKbPkx7XjFoxdgSp5u5WQoeokVoXUcmFECy+vEyaZ9XArwZ355XaVR5HEY7gGE4hgAuowS3UoQEUBDzDK7x5j96L9+59zFsLXj5zCH/gff4Aer2PkQ==</latexit><latexit sha1_base64="JIL7Ib/X7HNg4wyHuuCkb04V9Xs=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EIhYGMZwcRAcoS5zSZZsrt37u4J4cifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0oEN9b3v73Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3YrQMMEVa1huBWslmqGMBHuIRjdT/+GJacNjdW/HCQslDhTvc4rWSa3OAKXE66BbrvhVfwayTIKcVCBHvVv+6vRimkqmLBVoTDvwExtmqC2ngk1KndSwBOkIB6ztqELJTJjN7p2QE6f0SD/WrpQlM/X3RIbSmLGMXKdEOzSL3lT8z2untn8ZZlwlqWWKzhf1U0FsTKbPkx7XjFoxdgSp5u5WQoeokVoXUcmFECy+vEyaZ9XArwZ355XaVR5HEY7gGE4hgAuowS3UoQEUBDzDK7x5j96L9+59zFsLXj5zCH/gff4Aer2PkQ==</latexit>



RSA in planted random coloring (q=5)

E(�1)/N
<latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>



RSA in planted random coloring (q=5)

E(�1)/N
<latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>



RSA in planted random coloring (q=5)

E(�1)/N
<latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit><latexit sha1_base64="HxGgOqZ2IA0TDQnIESQbDgJ+GZs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUDd1RgS7LIjgSirYB3TGkslk2tAkMyQZoQzd+CtuXCji1s9w59+YaWeh1QMXDufcm9x7goRRpR3nyyotLa+srpXXKxubW9s79u5eR8WpxKSNYxbLXoAUYVSQtqaakV4iCeIBI91gfJn73QciFY3FnZ4kxOdoKGhEMdJGGtgHVzUvFSGR+QOeokOO7t2T05uBXXXqzgzwL3ELUgUFWg P70wtjnHIiNGZIqb7rJNrPkNQUMzKteKkiCcJjNCR9QwXiRPnZ7IApPDZKCKNYmhIaztSfExniSk14YDo50iO16OXif14/1VHDz6hIUk0Enn8UpQzqGOZpwJBKgjWbGIKwpGZXiEdIIqxNZhUTgrt48l/SOau7Tt29Pa82G0UcZXAIjkANuOACNME1aIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q2ciJW4</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>



Picture for RSA in planted models



Parallel Tempering (PT)

• 30 temperatures equally spaced 
in the range


• very robust method

• practically no optimization

• the only relevant parameter is the lowest temperature


• total running time = 30 * <t> (shown in the next plot)

� = 1/T 2 [0, 6]
<latexit sha1_base64="nD/AhJS3/foM39+22sHGylXAntA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwIDURUS9CwYvHCv2CJJTNdtsu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wE1+A439bK6tr6xmZpq7y9s7u3bx8ctnWcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE47up33lkSvNYNiFLWBCRoeQDTgkYqWdX/JABuXXPm9jnEnvO2VXQs6tOzZkBLxO3IFVUoNGzv/x+TNOISaCCaO25TgJBThRwKtik7KeaJYSOyZB5hkoSMR3ks+Mn+MQofTyIlSkJeKb+nshJpHUWhaYzIjDSi95U/M/zUhjcBDmXSQpM0vmiQSowxHiaBO5zxSiIzBBCFTe3YjoiilAweZVNCO7iy8ukfVFznZr7cFmt14s4SugIHaNT5KJrVEf3qIFaiKIMPaNX9GY9WS/Wu/Uxb12xipkK+gPr8wcIKZMN</latexit><latexit sha1_base64="nD/AhJS3/foM39+22sHGylXAntA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwIDURUS9CwYvHCv2CJJTNdtsu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wE1+A439bK6tr6xmZpq7y9s7u3bx8ctnWcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE47up33lkSvNYNiFLWBCRoeQDTgkYqWdX/JABuXXPm9jnEnvO2VXQs6tOzZkBLxO3IFVUoNGzv/x+TNOISaCCaO25TgJBThRwKtik7KeaJYSOyZB5hkoSMR3ks+Mn+MQofTyIlSkJeKb+nshJpHUWhaYzIjDSi95U/M/zUhjcBDmXSQpM0vmiQSowxHiaBO5zxSiIzBBCFTe3YjoiilAweZVNCO7iy8ukfVFznZr7cFmt14s4SugIHaNT5KJrVEf3qIFaiKIMPaNX9GY9WS/Wu/Uxb12xipkK+gPr8wcIKZMN</latexit><latexit sha1_base64="nD/AhJS3/foM39+22sHGylXAntA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwIDURUS9CwYvHCv2CJJTNdtsu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wE1+A439bK6tr6xmZpq7y9s7u3bx8ctnWcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE47up33lkSvNYNiFLWBCRoeQDTgkYqWdX/JABuXXPm9jnEnvO2VXQs6tOzZkBLxO3IFVUoNGzv/x+TNOISaCCaO25TgJBThRwKtik7KeaJYSOyZB5hkoSMR3ks+Mn+MQofTyIlSkJeKb+nshJpHUWhaYzIjDSi95U/M/zUhjcBDmXSQpM0vmiQSowxHiaBO5zxSiIzBBCFTe3YjoiilAweZVNCO7iy8ukfVFznZr7cFmt14s4SugIHaNT5KJrVEf3qIFaiKIMPaNX9GY9WS/Wu/Uxb12xipkK+gPr8wcIKZMN</latexit><latexit sha1_base64="nD/AhJS3/foM39+22sHGylXAntA=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwIDURUS9CwYvHCv2CJJTNdtsu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0wE1+A439bK6tr6xmZpq7y9s7u3bx8ctnWcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE47up33lkSvNYNiFLWBCRoeQDTgkYqWdX/JABuXXPm9jnEnvO2VXQs6tOzZkBLxO3IFVUoNGzv/x+TNOISaCCaO25TgJBThRwKtik7KeaJYSOyZB5hkoSMR3ks+Mn+MQofTyIlSkJeKb+nshJpHUWhaYzIjDSi95U/M/zUhjcBDmXSQpM0vmiQSowxHiaBO5zxSiIzBBCFTe3YjoiilAweZVNCO7iy8ukfVFznZr7cFmt14s4SugIHaNT5KJrVEf3qIFaiKIMPaNX9GY9WS/Wu/Uxb12xipkK+gPr8wcIKZMN</latexit>



PT in planted random coloring (q=5)
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<latexit sha1_base64="H4RXddGYCowg/Xs1MVGzVYkvbxc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4CkkR7LHgxZNUsB/QxrLZbtqlm82yuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRZIzbXz/29nY3Nre2S3tlfcPDo+O3ZPTlk4zRWiTpDxVnQhrypmgTcMMpx2pKE4iTtvR+HbutydUaZaKRzOVNEzwULCYEWys1HfdnlSpNCm6f8qrnl+b9d2K7/kLoHUSFKQCBRp996s3SEmWUGEIx1p3A1+aMMfKMMLprNzLNJWYjPGQdi0VOKE6zBeXz9ClVQYoTpUtYdBC/T2R40TraRLZzgSbkV715uJ/XjczcS3MmZCZoYIsF8UZR/bTeQxowBQlhk8twUQxeysiI6wwMTassg0hWH15nbSqXuB7wcN1pV4r4ijBOVzAFQRwA3W4gwY0gcAEnuEV3pzceXHenY9l64ZTzJzBHzifP2WWks0=</latexit><latexit sha1_base64="H4RXddGYCowg/Xs1MVGzVYkvbxc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4CkkR7LHgxZNUsB/QxrLZbtqlm82yuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRZIzbXz/29nY3Nre2S3tlfcPDo+O3ZPTlk4zRWiTpDxVnQhrypmgTcMMpx2pKE4iTtvR+HbutydUaZaKRzOVNEzwULCYEWys1HfdnlSpNCm6f8qrnl+b9d2K7/kLoHUSFKQCBRp996s3SEmWUGEIx1p3A1+aMMfKMMLprNzLNJWYjPGQdi0VOKE6zBeXz9ClVQYoTpUtYdBC/T2R40TraRLZzgSbkV715uJ/XjczcS3MmZCZoYIsF8UZR/bTeQxowBQlhk8twUQxeysiI6wwMTassg0hWH15nbSqXuB7wcN1pV4r4ijBOVzAFQRwA3W4gwY0gcAEnuEV3pzceXHenY9l64ZTzJzBHzifP2WWks0=</latexit><latexit sha1_base64="H4RXddGYCowg/Xs1MVGzVYkvbxc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4CkkR7LHgxZNUsB/QxrLZbtqlm82yuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRZIzbXz/29nY3Nre2S3tlfcPDo+O3ZPTlk4zRWiTpDxVnQhrypmgTcMMpx2pKE4iTtvR+HbutydUaZaKRzOVNEzwULCYEWys1HfdnlSpNCm6f8qrnl+b9d2K7/kLoHUSFKQCBRp996s3SEmWUGEIx1p3A1+aMMfKMMLprNzLNJWYjPGQdi0VOKE6zBeXz9ClVQYoTpUtYdBC/T2R40TraRLZzgSbkV715uJ/XjczcS3MmZCZoYIsF8UZR/bTeQxowBQlhk8twUQxeysiI6wwMTassg0hWH15nbSqXuB7wcN1pV4r4ijBOVzAFQRwA3W4gwY0gcAEnuEV3pzceXHenY9l64ZTzJzBHzifP2WWks0=</latexit><latexit sha1_base64="H4RXddGYCowg/Xs1MVGzVYkvbxc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4CkkR7LHgxZNUsB/QxrLZbtqlm82yuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRZIzbXz/29nY3Nre2S3tlfcPDo+O3ZPTlk4zRWiTpDxVnQhrypmgTcMMpx2pKE4iTtvR+HbutydUaZaKRzOVNEzwULCYEWys1HfdnlSpNCm6f8qrnl+b9d2K7/kLoHUSFKQCBRp996s3SEmWUGEIx1p3A1+aMMfKMMLprNzLNJWYjPGQdi0VOKE6zBeXz9ClVQYoTpUtYdBC/T2R40TraRLZzgSbkV715uJ/XjczcS3MmZCZoYIsF8UZR/bTeQxowBQlhk8twUQxeysiI6wwMTassg0hWH15nbSqXuB7wcN1pV4r4ijBOVzAFQRwA3W4gwY0gcAEnuEV3pzceXHenY9l64ZTzJzBHzifP2WWks0=</latexit>

/ N2.36
<latexit sha1_base64="UWp5ex2adeieqBZnOvoTzInLqaI=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwtOxW0R4LXjxJBfsB7VqyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2vj+t7O2vrG5tV3YKe7u7R8cukfHDS1TRWidSC5VK8KaciZo3TDDaStRFMcRp81odDvzm2OqNJPi0UwSGsZ4IFifEWys1HXdTqJkYiS6f8rK3uX1tOuWfM+fA62SICclyFHrul+dniRpTIUhHGvdDvzEhBlWhhFOp8VOqmmCyQgPaNtSgWOqw2x++RSdW6WH+lLZEgbN1d8TGY61nsSR7YyxGeplbyb+57VT06+EGRNJaqggi0X9lCP76SwG1GOKEsMnlmCimL0VkSFWmBgbVtGGECy/vEoaZS/wveDhqlSt5HEU4BTO4AICuIEq3EEN6kBgDM/wCm9O5rw4787HonXNyWdO4A+czx9nHpLO</latexit><latexit sha1_base64="UWp5ex2adeieqBZnOvoTzInLqaI=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwtOxW0R4LXjxJBfsB7VqyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2vj+t7O2vrG5tV3YKe7u7R8cukfHDS1TRWidSC5VK8KaciZo3TDDaStRFMcRp81odDvzm2OqNJPi0UwSGsZ4IFifEWys1HXdTqJkYiS6f8rK3uX1tOuWfM+fA62SICclyFHrul+dniRpTIUhHGvdDvzEhBlWhhFOp8VOqmmCyQgPaNtSgWOqw2x++RSdW6WH+lLZEgbN1d8TGY61nsSR7YyxGeplbyb+57VT06+EGRNJaqggi0X9lCP76SwG1GOKEsMnlmCimL0VkSFWmBgbVtGGECy/vEoaZS/wveDhqlSt5HEU4BTO4AICuIEq3EEN6kBgDM/wCm9O5rw4787HonXNyWdO4A+czx9nHpLO</latexit><latexit sha1_base64="UWp5ex2adeieqBZnOvoTzInLqaI=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwtOxW0R4LXjxJBfsB7VqyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2vj+t7O2vrG5tV3YKe7u7R8cukfHDS1TRWidSC5VK8KaciZo3TDDaStRFMcRp81odDvzm2OqNJPi0UwSGsZ4IFifEWys1HXdTqJkYiS6f8rK3uX1tOuWfM+fA62SICclyFHrul+dniRpTIUhHGvdDvzEhBlWhhFOp8VOqmmCyQgPaNtSgWOqw2x++RSdW6WH+lLZEgbN1d8TGY61nsSR7YyxGeplbyb+57VT06+EGRNJaqggi0X9lCP76SwG1GOKEsMnlmCimL0VkSFWmBgbVtGGECy/vEoaZS/wveDhqlSt5HEU4BTO4AICuIEq3EEN6kBgDM/wCm9O5rw4787HonXNyWdO4A+czx9nHpLO</latexit><latexit sha1_base64="UWp5ex2adeieqBZnOvoTzInLqaI=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwtOxW0R4LXjxJBfsB7VqyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2vj+t7O2vrG5tV3YKe7u7R8cukfHDS1TRWidSC5VK8KaciZo3TDDaStRFMcRp81odDvzm2OqNJPi0UwSGsZ4IFifEWys1HXdTqJkYiS6f8rK3uX1tOuWfM+fA62SICclyFHrul+dniRpTIUhHGvdDvzEhBlWhhFOp8VOqmmCyQgPaNtSgWOqw2x++RSdW6WH+lLZEgbN1d8TGY61nsSR7YyxGeplbyb+57VT06+EGRNJaqggi0X9lCP76SwG1GOKEsMnlmCimL0VkSFWmBgbVtGGECy/vEoaZS/wveDhqlSt5HEU4BTO4AICuIEq3EEN6kBgDM/wCm9O5rw4787HonXNyWdO4A+czx9nHpLO</latexit>

0



Partial conclusions from preliminary data

• When Monte Carlo based algorithms can find  
the planted configuration?

• Simulated Annealing -> strictly above      when 

• Replicated Simulated Annealing -> starting from 

• Parallel Tempering -> even below     ? (finite N)


• The picture seems robust with respect to the model:

• planted random graph coloring (q=5)

• planted random hypergraph bicoloring (K=4 and K=5)

calg
<latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit>

T2 > Td
<latexit sha1_base64="RFokXtaW7C7u4Rc2n8YKV0Hprv4=">AAAB7nicbVBNS8NAEJ2tX7V+VT16WSyCp5IUQQ8iBS8eK/QL2hA2m027dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gF18ZxvlFpY3Nre6e8W9nbPzg8qh6fdHWSKco6NBGJ6gdEM8El6xhuBOunipE4EKwXTO7nfu+JKc0T2TbTlHkxGUkecUqMlXptv3HX9kO/WnPqzgJ4nbgFqUGBll/9GoYJzWImDRVE64HrpMbLiTKcCjarDDPNUkInZMQGlkoSM+3li3Nn+MIqIY4SZUsavFB/T+Qk1noaB7YzJmasV725+J83yEx04+Vcpplhki4XRZnAJsHz33HIFaNGTC0hVHF7K6Zjogg1NqGKDcFdfXmddBt116m7j1e15m0RRxnO4BwuwYVraMIDtKADFCbwDK/whlL0gt7Rx7K1hIqZU/gD9PkDcoGO9A==</latexit><latexit sha1_base64="RFokXtaW7C7u4Rc2n8YKV0Hprv4=">AAAB7nicbVBNS8NAEJ2tX7V+VT16WSyCp5IUQQ8iBS8eK/QL2hA2m027dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gF18ZxvlFpY3Nre6e8W9nbPzg8qh6fdHWSKco6NBGJ6gdEM8El6xhuBOunipE4EKwXTO7nfu+JKc0T2TbTlHkxGUkecUqMlXptv3HX9kO/WnPqzgJ4nbgFqUGBll/9GoYJzWImDRVE64HrpMbLiTKcCjarDDPNUkInZMQGlkoSM+3li3Nn+MIqIY4SZUsavFB/T+Qk1noaB7YzJmasV725+J83yEx04+Vcpplhki4XRZnAJsHz33HIFaNGTC0hVHF7K6Zjogg1NqGKDcFdfXmddBt116m7j1e15m0RRxnO4BwuwYVraMIDtKADFCbwDK/whlL0gt7Rx7K1hIqZU/gD9PkDcoGO9A==</latexit><latexit sha1_base64="RFokXtaW7C7u4Rc2n8YKV0Hprv4=">AAAB7nicbVBNS8NAEJ2tX7V+VT16WSyCp5IUQQ8iBS8eK/QL2hA2m027dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gF18ZxvlFpY3Nre6e8W9nbPzg8qh6fdHWSKco6NBGJ6gdEM8El6xhuBOunipE4EKwXTO7nfu+JKc0T2TbTlHkxGUkecUqMlXptv3HX9kO/WnPqzgJ4nbgFqUGBll/9GoYJzWImDRVE64HrpMbLiTKcCjarDDPNUkInZMQGlkoSM+3li3Nn+MIqIY4SZUsavFB/T+Qk1noaB7YzJmasV725+J83yEx04+Vcpplhki4XRZnAJsHz33HIFaNGTC0hVHF7K6Zjogg1NqGKDcFdfXmddBt116m7j1e15m0RRxnO4BwuwYVraMIDtKADFCbwDK/whlL0gt7Rx7K1hIqZU/gD9PkDcoGO9A==</latexit><latexit sha1_base64="RFokXtaW7C7u4Rc2n8YKV0Hprv4=">AAAB7nicbVBNS8NAEJ2tX7V+VT16WSyCp5IUQQ8iBS8eK/QL2hA2m027dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gF18ZxvlFpY3Nre6e8W9nbPzg8qh6fdHWSKco6NBGJ6gdEM8El6xhuBOunipE4EKwXTO7nfu+JKc0T2TbTlHkxGUkecUqMlXptv3HX9kO/WnPqzgJ4nbgFqUGBll/9GoYJzWImDRVE64HrpMbLiTKcCjarDDPNUkInZMQGlkoSM+3li3Nn+MIqIY4SZUsavFB/T+Qk1noaB7YzJmasV725+J83yEx04+Vcpplhki4XRZnAJsHz33HIFaNGTC0hVHF7K6Zjogg1NqGKDcFdfXmddBt116m7j1e15m0RRxnO4BwuwYVraMIDtKADFCbwDK/whlL0gt7Rx7K1hIqZU/gD9PkDcoGO9A==</latexit>

calg
<latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit>

calg
<latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit><latexit sha1_base64="xVi1/owOQxqLWI8rBOeL8xFzo8U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMZwcRAcoS9zV6yZPf22J0TwpGfYWOhiK2/xs5/4ya5QhMfDDzem2FmXpRKYdH3v73S2vrG5lZ5u7Kzu7d/UD08aludGcZbTEttOhG1XIqEt1Cg5J3UcKoiyR+j8e3Mf3zixgqdPOAk5aGiw0TEglF0Upf1855RhMrhtF+t+XV/DrJKgoLUoECzX/3qDTTLFE+QSWptN/BTDHNqUDDJp5VeZnlK2ZgOedfRhCpuw3x+8pScOWVAYm1cJUjm6u+JnCprJypynYriyC57M/E/r5thfB3mIkkz5AlbLIozSVCT2f9kIAxnKCeOUGaEu5WwETWUoUup4kIIll9eJe2LeuDXg/vLWuOmiKMMJ3AK5xDAFTTgDprQAgYanuEV3jz0Xrx372PRWvKKmWP4A+/zBzQpkSs=</latexit>
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