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Models of interest

e SPIN GLASSES on D-dimensional lattices

H = — Z Jz’jO-z'O'j
(2,7)
disorder (random couplings) A
frustration ?
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What we want to know

e Physical properties:
(free-)energy and correlations
-> nature of low T phase

e Single sample:
site specific Pi(0i) = Dz, e "1 /Z
marginals Pij(0i,05) = X\ pi0, € 112

e Average case: global quantities

f={InZ); m= Zmz g = — ngl)m§2)




Mean field approximations

Variational approach

F=U-TS=) H(&P( +TZP )In P(&)

Short description, few parameters:
magnhetizations

/)
and correlations
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Bethe approximation

e Exact on trees

e Marginalization conditions Z bij(0i,05) = bi(o;)

Oj

tanh(Bu;_;) = tanh(8.J;;) tanh(p3 Z Ule—s 7 )
kedj\1

m; = tanh(f Z Uji—si)
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e Belief Propagation (BP)




BP for SG on a 2D lattice
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Improving BP
(loop corrections)

e Montanari, Rizzo, JSTAT 2005
e Parisi, Slanina, JSTAT 2006

e Chertkov, Chernyak, JSTAT 2006
(loop calculus)

all based on existence of BP fixed point |



Cluster Variation Method

Kikuchi 1951
F =Y H(P( +TZP )In P(&
eanergy (easy) en’rropy (hard)

1 + mM;0;

e Mean field © Puyr(o) Hb Gi :H 2
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e Plaguette CVM o g g:g {bi, bij, biiki}



Region graph approximation
Yedidia Freeman Weiss, IEEE-IT 2005

e Disorder -> heterogeneities

e Choose an arbitrary set of regions
(containing all interactions)

FRGA — Zcr (ZbrEr =+ Zbr lnbr)

reR

e Find an extremum by
Generalized Belief Propagation (GBP)



Square plaquette GBP

e 2 kind of messages . e__o

(marginalizations) Q—@© ;& (U, u1,us)

e 2 kind of self-consistency equations

et EE



Square plaquette GBP

e 2 kind of messages . e__o

(marginalizations) Q@—@® ;& (U, u1,us)
e 2 kind of self-consistency equations
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Single and triple messages
appear together!




GBP for a SG on a 2D lattice

Prob convergence
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Improving GBP convergence

Exploit symmetries: m; =0 = u =10
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Improving GBP convergence

Exploit symmetries: m; =0 = u =10
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Improving GBP convergence

Exploit symmetries: m; =0 = u =10

tanh(8U) = tanh(B8(Jy + Uy)) tanh(B(Js + Us)) tanh(3(J3 + Us))



Improving GBP convergence

Exploit symmetries: m; =0 = u =10

°© o Dual
1 = “Tzl algorithm

tanh(8U) = tanh(B8(Jy + Uy)) tanh(B(Js + Us)) tanh(3(J3 + Us))

Cij — tanh(ﬁ(Jij -+ UL —+ UR)) IE)I UR



teony (S€CONS)

Dual algorithm
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Dual algorithm

Rather accurate results
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Dual algorithm

Not exact (even on the long run)
but very fast and good enough for many applications
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Dual algorithm

Not exact (even on the long run)
but very fast and good enough for many applications
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Improving GBP convergence

LJ//T ]‘?T

D [ l D

@
[

k

Fixing a gauge symmetry



Improving GBP convergence
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GF-GBP does it better
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GF-GBP does it better

= 64
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GF-GBP does it better
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GF-GBP does it better
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GF-GBP does it better
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GF-GBP does it better

...and fas’rer'
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Relevance of SG solutions
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Relevance of SG solutions

~ Z e_BFO‘Pa(ﬁ)

aceGBP {f.p.




Relevance of SG solutions
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Replica CVM

a technical slide :-)

n-replicated B0 — 1N 1nTr<exp(Z 5Jijzn:8?5?)>

free energy nf = .

n-replicated spins i = 1{si,.--;5{'}

energy of regionr ijEr a

E, = —lnH%j(Ui»Uj) - lnnwi(gi)
ij z

n-replicated CVM
free energy . _ Yo (Z byEy + Y by In br)

reR



Replica CVM

a second technical slide :-|
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Replica CVM

a second technical slide :-|
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Replica CVM

a third technical slide :-(

RS ansatz on
the messages

M(O’i,O'j) X /dUdUZ de Q(U, ui,uj)exp

m(Uz‘):/duq(U) exp ﬁuZa? (2 cosh fu)™"
i a=1 i

i n n n T
BUD ofcf+ Bu; y of +Bu; ¥ of
_ a=1 a=1 a=1  _



Replica CVM

a third technical slide :-(

RS ansatz on

the messages m(o;) = /du q(u) exp _ﬁuaz::lai_ (2 cosh fu)™

M(O’i,O'j) X /dUduz de Q(U, ui,uj)exp 5UZO-§LO'? +5ui207€1 +5uj20§7’
B a=1 a=1 a=1

analytic continuation for n->0

k p
o) = [ TLda T]d@u (0(u— a(#))s

R(U, Ug,, Ub) — /duz du] Q(Ua Uy, u])Q(ua o u@)q(ub R uj) —

K P
_ / [T da: T] dQa (5(U — U3 (e — ita (#))5(s — s (#))).




k p
o(w) = [ TLdas T[dQu (5tu— ).

R(U, ug,up) = /duz' duj Q(U, ui, uz)q(ua — wi)q(up — uj) =

K P
— [ 1L da: TT 4@ (6(U = TG#)6(0ta — it (#)) 6w, ~ ()

Very hard to solve:

» convolution in R(U, u,, uy)
* non-positive defined Q(U, u;, u;) O O
* no population dynamics

correlated

Hard to solve because are the right equations...?



Paramagnetic solution
stability analysis
a(w) = 6(w) QU us,u;) = ao(U)d(u1)d(us)

first two moments
m:/q(u)udu, a:/q(u)quu,

M;(U) = //Q(Ua w1, uz) u; du; ai;(U) = //Q(U, w1, ug) u; uj durdus

three phases:

paramagheticP) m=0 a=0
spin glass (SG) m=0 a#0
ferromagnetic (F) m#0 a#0



2D Plaquette Replica CVM

P(J) = pd(J — 1) + (1= p)3(J + 1)

square | triangular
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Replica CVM “explains” the
behavior of GBP on given samples
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Population dynamics for
gauge-fixed messages

o— Choose randomly the external 4-fields

and compute the internal 4-field.

7 Repeat until convergence.

a




Population dynamics for
gauge-fixed messages

/

Choose randomly the external 4-fields

and compute the internal 4-field.
Repeat until convergence.
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Why Tconvand Tevm are close?
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Summary

BP fails on regular lattices...
and so improved methods based on BP

GBP works better...
much better if improved
(dual algorithm, gauge fixing)

SG solutions found by GBP are faithful

Replica CVM improves largely Bethe
(e.g. phase diagrams)
and can “explain” GBP behavior



