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Neutrinos change their “identity” because mass eigenstates are not 
flavour eigenstates
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NEUTRINO OSCILLATIONS
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NEUTRINO OSCILLATIONS

PMNS matrix:
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• There are 6 parameters in the SM which influence oscillations.	
• Various oscillation experiments are sensitive to different parameters 

(we can play with L and E)



EXPERIMENTS
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given by the experimental setup

P↵!� = sin2(2✓) sin2
✓
1.27

�m2L

E

[eV 2][km]

[GeV ]

◆

At the experiment one has to:	
distinguish events that are triggered by different neutrino 
types	
be able to make energy reconstruction to get E (neutrino 
beams are not monoenergetic!)



NEUTRINO PHYSICS - OPEN 
QUESTIONS

STANDARD MODEL	

 	

CP violation phase - still big 
uncertainty	

BEYOND STANDARD 
MODEL	

sterile neutrinos?	

more flavours?

Which model is correct?

Further question: are neutrino 
Majorana particles? 	

But this cannot be answered by 
neutrino oscillation experiments. 8

sin2(2✓13) = 0.093± 0.008

sin2(2✓12) = 0.846± 0.021

sin2(2✓23) > 0.92



EXPERIMENT - THEORY

EXPERIMENT THEORY

Monte Carlo	
event generator

Good knowledge of 	
of neutrino-nucleus	

cross-section	
is needed!

• neutrino flux 
(blured)	

• detector (target): 
carbon, oxygen, 
argon, iron, etc.

• SM parameters 	
or	
• BSM theories



NEUTRINO-NUCLEUS CROSS 
SECTION
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We need a precise model to calculate cross-section for neutrino 
scattering of various nuclei (carbon, oxygen, argon…)

We can check the models for electron scattering instead of neutrino 
scattering (much more data!)

�

e� e� e�⌫e

W+

• different vertex of 
interaction	

• the same nuclear 
response



INCLUSIVE CROSS SECTION 0
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e+12 C ! e+X

We have precise data for 	
the electron scattering

Different dynamic mechanisms

E=560 MeV,  θ=60o
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CROSS SECTION 0
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QUASIELASTIC MECHANISM
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QUASIELASTIC MECHANISM

Impulse Approximation:	
only one interacting	

nucleon

13

lepton

It is correct	
if momentum transfer	

~ inter-nucleons distance	
in nuclei	

1 fm = 200 MeV/c
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giant	
resonances



QE PEAK’S POSITION 0

 2000

 4000

 6000

 8000

 10000

 12000

 0  0.05  0.1  0.15  0.2  0.25  0.3

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.440 60.000 0.16 Barreau:1983ht

 0
 10000
 20000
 30000
 40000
 50000
 60000
 70000
 80000
 90000

 100000
 110000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.480 36.000 0.08 Barreau:1983ht

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 9000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.480 60.000 0.18 Barreau:1983ht

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.500 60.000 0.20 Whitney:1974hr

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.519 60.000 0.21 Barreau:1983ht

 0

 10000

 20000

 30000

 40000

 50000

 60000

 70000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.560 36.000 0.11 Barreau:1983ht

 0

 1000

 2000

 3000

 4000

 5000

 6000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.560 60.000 0.24 Barreau:1983ht

 0

 50
 100

 150
 200

 250
 300

 350
 400

 450
 500

 0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5
d�

/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.560 145.000 0.55 Barreau:1983ht

 5000

 10000

 15000

 20000

 25000

 30000

 35000

 40000

 45000

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.620 36.000 0.13 Barreau:1983ht

 0

 500

 1000

 1500

 2000

 2500

 3000

 3500

 4000

 0  0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.620 60.000 0.29 Barreau:1983ht

 0

 5000

 10000

 15000

 20000

 25000

 30000

 35000

 0  0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.680 36.000 0.16 Barreau:1983ht

 0

 500

 1000

 1500

 2000

 2500

 3000

 0  0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

d�
/d
�

dE
 (

nb
/s

r/
G

eV
)

�(GeV)

6 12 0.680 60.000 0.34 Barreau:1983ht

QUASIELASTIC MECHANISM

Suppose the elementary process 
is eN → eN.

Energy-momentum conservation

14
⌫ =

4E2 sin2 ✓
2

2M + 4E sin2 ✓
2

) ⌫ = 129MeV
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Suppose the elementary process 
is eN → eN.

Energy-momentum conservation

15
⌫ =

4E2 sin2 ✓
2 + 2MB �B2

2M � 2B + 4E sin2 ✓
2

, B = 25MeV ! ⌫ = 150MeV

binding energy
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• Peak’s width arises 
due to Fermi motion	

• Peak's width tells us 
about the Fermi 
momentum
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FERMI GAS

H =
X

i2nucleons

p2i
2M

• The most basic approach: 	
	 statistical correlations + constant binding energy

• We know with a very good precision how describe the 
interaction	

• For neutrinos there is a room for improvement (axial 
form-factor)

17

e� +N ! e� +N



Clearly, it is not possible	
to find a good parametrisation 

(binding energy and Fermi 
momentum)	

in terms of (L)FG

FERMI GAS

18



TURN-ON INTERACTION

we include 	
the SELF-ENERGY	
which is complex

non-relativistic	
propagator:

ImΣ(E,p) - particle	
width

G(E, p, ⇢) =
1

E � p2

2M � ⌃(E, p, ⇢)

• We need to employ a more sophisticated model for 
nucleons in the nuclei.

19



SPECTRAL FUNCTION

It can be shown that hole spectral function is the probability density for 
removing a particle with momentum k, with the removal energy E from 

the ground state.

This is described by means of a spectral function:

20

Sh/p(E, p) = ± 1

⇡

Im⌃(E, p)

[E � p2/2M � Re⌃(E, p)]2 + [Im⌃(E, p)]2

E < µ Sh(E, p) =
1

⇡
ImG(E, p)

E > µ Sp(E, p) = � 1

⇡
ImG(E, p)



E. OSET AND F. DE CORDOBA 
SEMIPHENOMENOLOGICAL MODEL

A simple, semi-phenomenological approach to calculate nucleon 
self-energy in nuclear matter	

We calculate the SF for the infinite nuclear matter at constant 
density.  Then we use LDA (local density approximation), meaning 
we integrate SF with a density profile function to model the 
nucleus.	

• The calculation is non-relativistic which is OK for the hole SF but 
might be poor for the particle SF.



E. OSET AND F. DE CORDOBA 
SEMIPHENOMENOLOGICAL MODEL

calculate the nucleon self-energy by summing Lippmann-Schwinger series	

approximate t matrix with the free NN scattering matrix (average over 
angles -> use NN cross section)	

the density modifications will come	

	 from medium polarization
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ijN l z +
I

a) b) c)

FIG. 1. Diagrams entering electron scattering with nuclei leading to pion production: (a) yN~~N nucleon pole term, (b) Kroll-
Ruderman term, (c) pion pole term, and (d) symbolic representation of all these terms involving the yN~vrN scattering matrix
represented by the dashed circle.

cross section. In Eq. (3) we have used the optical
theorem and the fact that k, =kM/&s, assuming the
nucleons of the Fermi sea to be at rest.
Equation (3) puts an important constraint on X, pro-

viding a model-independent limit which is easy to check.
Most models used in the literature violate this theorem,
at some point, because of the approximate NN potentials
used or because of the approximations used in the solu-
tion of the many-body problem. The work of Refs. [2,3]
is one example. Indeed, relying upon the central part of
the NN interaction and neglecting tensor forces, as one
increases the nucleon energy the NN cross section is pro-
gressively underestimated [7].
The test of Eq. (3) is very useful since it allows us to

have an idea of the accuracy expected from a theory or
the kinematical regions where the results are unreliable.
There is another point worth mentioning. As we see,

in Eq. (3) we have the total NN cross section. At nucleon
momenta beyond 1 GeV/c, the pion production inelastic
channels open up and the NN cross section contains a fair
amount of inelastic cross section. Pion production can
also proceed with only one nucleon, provided we have
off-shell nucleon energies, above the pion mass. While
this channel is considered in evaluations of the b, self-
energy [8], it is usually neglected in evaluations of the nu-
cleon self-energy which rely upon static NN potentials.
Equation (3) certainly requires the inclusion of this chan-
nel as soon as the energy allows it. However, one must be
aware that for some practical applications the inclusion
of this channel might be relatively irrelevant. Indeed, for
pion scattering, the region of energies where pion produc-
tion is allowed is dominated by the 5 resonance and the

I

nucleon pole terms are very small. One might think that
in electronuclear processes, where one can single out the
longitudinal response function and exclude the 5 chan-
nel, the m production channel will be important. While
this is certainly true, the question is that pion excitation
by virtual photons not only proceeds through N ~Nm or
NN~NN~ steps, but there are direct yN~mN terms,
such as the pion pole and Kroll-Ruderman terms, which
are dominant at low pion energies and which cannot be
cast in terms of the nucleon self-energy. This is visual-
ized in Fig. 1. Instead of including pion production in
the nucleon self-energy, it is more practical to look glo-
bally at the pion electroproduction process by means of
the diagram of Fig. 1(d), where the dashed circle stands
for a11 terms contributing to yN~mN. This example
shows us that the input in the nucleon self-energy has to
be looked at in the context of the physical process that
one wants to study. With this in mind, we shall also ex-
clude the pion production channels from our model and
remember that we have to deal explicitly with this degree
of freedom in whichever process we wish to apply the
model.

III. MODEL FOR THE NUCLEON SELF-ENERGY

The diagrammatic meaning of Eq. (1) is given in Fig. 2,
where the Lippmann-Schwinger series leading to the NN
t matrix is shown explicitly. Figure 2(a) does not contrib-
ute to the imaginary part of X, while all the others do. In
order to evaluate it, we concentrate on Fig. 2(b). The
self-energy for this diagram is given by

4

(2m ) k —q —c(k—q)+ i e k —q —c(k—q)—ie

+ +

a} b) c) d}

FIG. 2. Ladder sum for the nucleon self-energy. The dashed lines indicate a NN potential.
(F. de Cordoba, E. Oset, PRC 46, 5)
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ply replacing V(q) in Eq. (6) by the t matrix. Analytical-
ly, this is obtained by means of the relationship

Im( V+ VGV+ VGVGV+ }

=(V+ VGV+ VGVGV+ . )*

X ImG( V+ VGV+ VGVGV+ ), (7)

FIG. 6. Series of Fig. 2 showing the sources of ImX when the
particles cut by the dotted lines are placed on shell in the in-
teg rations.

grams in arrows we generate the t matrix in the upper
part of the cut, while summing over columns we generate
the t matrix in the lower part of the cut. Hence the sum
of all these diagrams is easily taken into account by sim-

where 6 is the only source of the imaginary part, which
in our case corresponds to the Lindhard function. The
only novelty with respect to the conclusion from the di-
agrammatic expansion is that one of the T matrices ap-
pears complex conjugate. This is indeed one of the
prescriptions of the Cutkosky rules which have its roots
in the optical theorem [10].
Hence we obtain for the imaginary part of the nucleon

self-energy the result

ImX(k)= f 3 1—n(k —q} 8(k —E(k—q})—n(k —q)8(e(k —q}—k } .
(2n )

XlmU~(q)g g ~t~

where we have also included the sum and average of
~
t

~

over final and initial polarizations. One of the initial nu-
cleon states is the hole state of the Lindhard function,

and we should sum, not average, over its spin. The factor
of 2 of spin is included in U~ and hence we average

~
t

~
.

So far, the derivation is rigorous. The t matrix corre-
sponds to the diagrammatic series implicit in Fig. 2, with
the nucleon propagators containing both particle and
hole parts, as the curly brackets of Eq. (4). This leads to
a t matrix different than the free one, which is the Gal-
itskii r matrix [11,12]. In most studies in the literature,
only the particle part of the propagator is taken and one
obtains then the Bethe-Goldstone G matrix. However,
the approach of Refs. [2,3] relies upon the Galitskii equa-
tion. One of our approximations is to take t of Eq. (g) as
the free NN t matrix. Another one is to substitute ~t ~ by
its average over angles relating it to the NN cross section
by means of the relationship, based on Eq. (2),

~s 4arf X ~ ~ 4 ~elas p ~elas &M M
(9)

FICz. 7. Reordering of the series of Fig. 6 leading to the last
diagram of the figure where the serrated line indicates the medi-
um t matrix.

where O.,~„is the elastic NN cross section averaged over
isospin, since U~(q) also contains a factor of 2 for iso-
spin. The last step in Eq. (9) is made for consistency with
other nonrelativistic approximations made in the
Lindhard function, etc. At the heart of the replacement
of the Galitskii t matrix by the free t matrix is the fact
that as p~0 they coincide and that by including the con-
tribution of holes the Galitskii equation does not restrict
the phase space so much as the Bethe-Goldstone equation
and leads to closer results to the free t matrix than the
Bethe-Goldstone G matrix. The density modifications to
this formula will come in our approach from the medium
polarization, which at low energies plays a very impor-
tant role.
We have taken the results for 0.,&„from the particle

data tables, and we take it to be dependent on the Man-
delstam variable s.
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At this point we would like to raise a word of caution
not to use Eq. (4), for the second-order diagram, to evalu-
ate the real part of the nucleon self-energy by replacing
V(q) by the r matrix, as we have done to calculate ImX.
This would lead to double counting since two interaction
lines on the upper part of the diagram and one in the
lower will be counted twice when we consider also one in-
teraction line in the upper part and two in the lower.
There was no double counting in the imaginary part be-
cause the cut giving rise to ImX could be placed between
any two interaction lines (see Figs. 6 and 7).
It is instructive to see that our approximation satisfies

exactly the low-density theorem. Indeed, as p~0, we
can take n(n —q) =0 in Eq. (8), and by means of the use-
ful approximation

e(q')lm U„(q)= —~p&(q' —q'/2M )
p~o

(10)

and the change of variable q=q'+k/2, we perform im-
mediately the integral in Eq. (8) with the result given in
Eq. (3) for on-shell nucleons (k =k /2M). The only
difference is that we obtain 0„„instead of o.„„because,
as discussed above we do not attempt to incorporate the
pion production channels in our approach.
Equation (8) gives us ImX(k) also for the case where

the original nucleon is off shell (k Ak /2M). We have
to give a prescription on how to evaluate t when the ini-
tial nucleon is off shell. This requires the knowledge of
the dynamics of the NN interaction. If we think in terms
of meson-exchange models for the interaction, we would
have a form factor F(q) in each of the four vertices in the
diagram of Fig. 2(b). In an off-shell situation, q would
change with respect to the on-shell value q,„,and by mul-
tiplying cr by [F(q)/F(q, „)],we would account for the
off-shell effects due to the vertices. The propagators
would also change. However, it is easy to prove that if
we assume the hole line in the Lindhard function to have
as an average a momentum @2=(m,0), we can also make
an average for the longitudinal component of q along the
k direction which provides qL =k/2. Then we find the
average value of q =Mk and q =q /2M irrespective of
whether (k, k) is on or off shell. We take q =—Mk in
line with the other nonrelativistic approximations. Then
our prescription is the following: For any oF-shell situa-
tion (k, k), we take the cross section 0 corresponding to
the on-shell situation (k =k /2M, k ) and multiply it by
the factor [F(q)/F(q, „)]. We take F(q) of the mono-
pole type F(q) ~ 1/(A —q ) with A = 1300MeV.
The scheme which we have developed has as a main

virtue to satisfy the low-density theorem, but it automati-
cally provides an analytical extrapolation of these results
to finite densities, incorporating Pauli blocking effects
through the Lindhard function and the two terms of Eq.
(8). It also provides an off-shell extrapolation, through
the explicit dependence of Eq. (8) on k and k. This
dependence comes mostly from ImU(q) and to a much
lesser extent from the forxn-factor correction. It has also
the appropriate analytical properties: ImX(k) vanishes at
k =a~ =k~/2M and is negative for k & z~ and positive
for k (e~, as demanded by general theorems [14]. How-

FIG. 8. Self-energy diagram including the effects of the medi-
um polarization.

ever, as shown in Ref. [9], for densities p=po pp/2 (po
normal nuclear matter density), and k =a++85 MeV,
the present scheme provides ImX= —10.4 and —7.2
MeV versus the value —6.5 MeV for both po/2 provided
by the microscopic calculations of Ref. [4]. This reflects
the fact that at higher densities there are quenching
mechanisms beyond Pauli blocking which further reduce
the results from the scheme exposed above.
It is interesting to recall the basic ingredients incor-

porated in the hypernetted chain approach of Ref. [4].
From the diagrammatic point of view, it incorporates
ladder sums, which we have already summed in the t ma-
trix, and polarization sums obtained by allowing the in-
teraction to excite ph components in an iterative way.
This is shown diagrammatically in Fig. 8. We wish to in-
clude these effects in our scheme, and we do this in the
next section.

IV. POLARIZATION EFFECTS

In order to include the polarization effects of Fig. 8, we
must perform the sum of the geometric series implicit in
the figure and there we need the ph interaction. Here
again we adopt a phenomenological approach. At ener-
gies of the nucleon k &a~+50 MeV, the value of q
exceeds 200 MeV/c. These momenta are already bigger
than the pion mass and make the tensor force of the NN
interaction appreciable. Our position here is that at these
energies the ph interaction is dominated by the spin-
isospin effective interaction, and we shall use this one for
the iteration of the ph excitation in Fig. 8. This interac-
tion is given by

V, ;(q)= V&(q)q; qj + V, ( )(q5; q; q, ) cr, o ~ r—, (11.)

with

2 2

m '„(qo)'—q' —m '
(12)

m' (q )'—q' —m'

where F; (q) is the meson-NN form factor which we take
to be of the monopole type F;(q)=(A, —m; )/(A; —q ),
with A = 1300MeV, A = 1400 MeV [15]. C is the ratio



SPECTRAL FUNCTION
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FIG. 11. co mass as a function of k. FIG. 13. Eft'ective mass as a function of k.

0.87. As the momentum increases or decreases, we get
smaller numbers and M*/M approaches values around
0.75-0.7. This is in qualitative agreement with experi-
mental analysis which support values M*=0.7M for en-
ergies ~co—p~ &20 MeV or deeply bound states [1]. The
results in Fig. 13 are also in qualitative agreement with
those of Ref. [4], where the value of the peak is about 0.8.
If we calculate M*/M at po/2, the peak appears now
around the Fermi surface with values around 0.95. The
approach of Ref. [4] obtains values around 1; hence, there
is again some qualitative agreement. We should note that
values around 1, at least for small densities, are called for

from the spacing of the energy levels close to the Fermi
surface [19].
The spectral functions show the characteristic features

of these functions. In Fig. 14 we show S (co, k ) as a func-
tion of co—p for k &kF. We can see that the spectral
function resembles very much a 5-function-like peak
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FIG. 12. k mass as a function of k. FIG. 14. S~(co, k ) for k )kF as a function of ~—p.
(F. de Cordoba, E. Oset, PRC 46, 5)

Particle spectral function at a density 
such that Fermi momentum 	

kF=1.4 fm-1=280 MeV

(kinetic energy) - (Fermi level) 

For a particle of momentum 	
k=1.61 fm-1=320 MeV	

the largest probability is for kinetic 
energy ~17 MeV higher then the 

Fermi level 



SPECTRAL FUNCTIONS IN THE 
CROSS-SECTION

energy 	
transfer

scattering	
angle

lepton	
tensor

hadron	
tensor

d�

d!d⌦
=

Z
d3p

(2⇡)3

Z
dESh(E, ~p)Sp(w � E, ~p+ ~q)Lµ⌫W

µ⌫

e� e�

N

�(!, ~q)

N
~p ~p+ ~q

removal	
energy

nucleon’s	
momentum

For large energy-momentum transfer	
this nucleon becomes relativistic…



SPECTRAL FUNCTIONS IN THE 
CROSS-SECTION
d�

d!d⌦
=

Z
d3p

(2⇡)3

Z
dESh(E, ~p)Sp(w � E, ~p+ ~q)Lµ⌫W

µ⌫

This is difficult to calculate numerically so some approximations can be done, e.g. 

Sh/p(E, p) = ± 1

⇡

Im⌃(E, p)

[E � p2/2M � Re⌃(E, p)]2 + [Im⌃(E, p)]2

Im⌃(E, p) ! 0neglect the width:

Sh / �(E � Ē(p))✓(µ� E)

Ē(p) =
p2

2M
� Re⌃(Ē(p), p)



RESULTS

26

relativistic effects 	
are small

the long tail	
comes from	

imaginary part	
of spectral functions

giant resonances	
not reproduced

(J.E.S. arXiv: 1706.06739)



RESULTS

relativistic effects 	
are huge



RESULTS

relativistic effects 	
are huge

other mechanism	
overlap with the 	

QE peak:	
2p2h + delta prod.

giant resonances	
not visible (large 	

momentum transfer)

(J.E.S. arXiv: 1706.06739)



IDEAS TO TAKE HOME

We need a precise knowledge of neutrino-nucleus interaction.  
Nuclear effects are crucial for the analysis of neutrino 
experimental data 	

First we should see how the models work for electron scattering.	

One has to account for different mechanisms: quasielastic, 2p2h, 
delta excitation…	

The fact that we are dealing with high energy transfer is a 
challenge
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