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FIG. 4. Tidal deformability obtained from the EOSs described
in Sec. II, displayed as a function of the stellar mass. The vertical
bar in the lower panel represents the range of ! for a star of
mass M = 1.4 M!, extracted from the analysis of the GW170817
signal [34].

ordered according to the compactness C, see Eq. (12), are
consistent with Fig. 3.

The authors of Ref. [1] also report the results of an analysis
aimed at pinning down the tidal deformability of the compo-
nents of the binary system !1 and !2.

Assuming a uniform prior on the quantity,

!̃ = 16
13

[
(M1 + 12M2)M4

1!1 + (M2 + 12M1)M4
2!2

]

(M1 + M2)
(13)

determining the GW phase, its value in the low-spin scenario
has been constrained to !̃ ! 800 at 90% confidence level.
The posterior distribution function for !1 and !2 was derived
using this constraint and assuming that both stars in the binary
system can be described using the same EOS.

In order to compare theoretical predictions to these data,
for each EOS, we have generated pairs of stars with masses
M1 and M2, distributed according to the joint probability
distribution reported in Ref. [1] for the low-spin scenario.
Because the initial condition for the integration of the TOV
equations is the central density "0, not the mass of the star, we
have solved the equations for a wide range of central densities
to obtain the function M("0). Interpolation of this function
in the region in which dM/d"0 " 0, corresponding to stable
equilibrium configurations, yields the values of central density
of the stars belonging to the binary system, needed to obtain
their radii and tidal deformabilities.

The radii of NSs with masses M1 and M2 within the ranges
reported by the authors of Ref. [34], obtained using the EOSs
described in Sec. II, are listed in Table I.

The results of our calculations of the tidal deformabilities
!1 and !2 are displayed in Fig. 5 together with the data
resulting from the analysis performed by the LIGO-Virgo
Collaborations [1]. The thick curves corresponding to differ-
ent EOSs are clearly ordered according to compactness and
appear to be all compatible with the data at 90% confidence

TABLE I. Radii of NSs with masses in the ranges estimated
by the authors of Ref. [34]—1.36 ! M1/M! ! 1.58, and 1.18 !
M2/M! ! 1.36—computed using the EOSs considered in this paper.
The first and second rows report the radii extracted from the analyses
of Refs. [34,37], respectively.

EOS R1 (km) R2 (km)

[34] 10.50–13.30 10.50–13.30
[37] 11.98–12.88 11.89–12.98
APR1 12.21–12.28 12.28–12.30
APR2 11.46–11.58 11.58–11.70
BL 12.38–12.52 12.52–12.61
GM3 12.90–13.24 13.24–13.43
LS 12.48–12.82 12.82–13.00

level. However, only those obtained from NMBT fall within
the region bounded by the 50%-confidence-level contour. The
curve corresponding to the APR1 model is not included in the
figure because it turns out to be nearly indistinguishable from
that labeled BL.

V. SUMMARY AND CONCLUSIONS

We have compared the data obtained from the analysis of
the GW170817 event, detected by the LIGO-Virgo Collabora-
tions [1,34], to the predictions of different microscopic mod-
els of nuclear dynamics, based on NMBT and RMFT. For the
sake of completeness, the results of a more phenomenological
approach, derived from the liquid-drop model of the nucleus,
have been also included in our paper.
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FIG. 5. Probability density of the tidal deformability parameters
!1 and !2, obtained from the analysis of the GW170817 signal. The
thick solid lines represent the results of calculations carried out using
the EOSs described in Sec. II. The dashed lines show the boundaries
of the regions enclosing 50% and 90% of the posterior probability
density.
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FIG. 2. Density dependence of the pressure of SNM. The solid
line corresponds to the APR2 model, including the effect of rela-
tivistic boost corrections to the NN potential, whereas the dashed
line represents the results of the APR1 model. The shaded area
corresponds to the region consistent with the experimental data
reported in Ref. [25]. The density is given in units of the equilibrium
density !0 = 0.16 fm−3.

an effective NN potential, including the effects of two- and
three-nucleon forces as well as the density-dependent screen-
ing of nuclear interactions arising from strong correlations
in coordinate space. This effective potential—obtained from
a bare Hamiltonian comprising the Argonne v′

6 [26] and
UIX potentials—is well behaved and allows to describe the
properties of nuclear matter at arbitrary proton fraction us-
ing standard perturbation theory and the basis of Fermi gas
eigenstates [13].

Within RMFT, nucleons are described as Dirac particles
interacting through meson exchange. In the simplest imple-
mentation of this scheme, the dynamics are modeled in terms
of the scalar-isoscalar field σ , that can be identified with a
narrow two-pion resonance and a vector-isoscalar field, the
ω meson [27]. In addition, the GM3 model employed in this
paper includes the vector-isovector ρ meson [14,15]. The
equations of motion obtained from this scheme can only be
solved in the mean-field approximation, which amounts to
treating the meson fields as classical fields. The nuclear matter
EOS can then be obtained in closed form, and the meson
masses and coupling constants appearing in the Lagrangian
density can be determined by fitting the empirical properties
of SNM, that is, the binding energy, equilibrium density, and
compressibility.

The models derived within NMBT suffer from the limi-
tations inherent in the nonrelativistic approximation, leading
to a violation of causality, determined by the stiffness of the
EOS in the ! → ∞ limit. On the other hand, RMFT, although
being relativistically consistent by construction, is based on a
somewhat simplified dynamics and is not constrained by NN
data. Moreover, it is plagued by the uncertainty inherent in the
use of the mean-field approximation, which is long known to
fail in strongly correlated systems [28].

FIG. 3. Mass-radius relations corresponding to the EOSs em-
ployed in this paper. The meaning of the labels is explained in Sec. I.
The box represents the 90%-confidence-level estimate of mass and
radius reported by the LIGO-Virgo Collaborations [34].

The EOS labeled LS corresponds to the bulk component
of the EOS of Lattimer and Swesty [16]. This model, specif-
ically designed for easy implementation in stellar collapse
simulations, has been derived from the liquid drop model of
the nucleus taking into account the constraints from nuclear
phenomenology.

All models considered in our analysis are compatible with
the observation of a neutron star of mass M ! 2 M% [29], see
Fig. 3 below.

III. TIDAL DEFORMATION

A tide is the deformation of a body produced by the gravi-
tational pull of another nearby body. Because the deformation
depends on the body’s internal structure, the observation
of tidal effects in binary neutron-star systems may provide
valuable information on the EOS of neutron-star matter.

The orbital motion of two stars gives rise to the emission
of GWs that carry away energy and angular momentum.
This process leads to a decrease in the orbital radius and,
conversely, to an increase in the orbital frequency.

In the early stage of the inspiral, characterized by large
orbital separation and low frequency, the two stars—of masses
M1 and M2 with M1 ! M2—behave as pointlike bodies, and
the evolution of the frequency is primarily determined by the
chirp mass M, defined as

M = (M1M2)3/5

(M1 + M2)1/5
. (2)

The details of the internal structure become important
as the orbital separation approaches the size of the stars.
The tidal field associated with one of the stars induces a
mass-quadrupole moment on the companion, which, in turn,
generates the same effect on the first star, thus, accelerating
coalescence. This effect is quantified by the tidal deformabil-
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Frequency and damping time of the f-mode
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A numerical experiment
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• select a model polytropic star
(P ∝ εΓ EOS, easily solvable) and
computeM and R

• compute frequency and damping
time of the f-mode and the 1st
w-mode

• plot the four lines corresponding to
the empirical relations

• the intersection of the four lines
gives the correct M and R with a
few percent accuracy

Scuola “Raimondo Anni”. Otranto, 29 Maggio - 4 Giugno 2006. – p. 20/22
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Early attempts within strategy 2

! frequency of the 1st axial w-
mode vs star compactness (OB,
Berti & Ferrari, 1999)

! the pattern of frequencies strictly reflects the (local) stiffness of
the EOS (Γ = d log P/d log ρ). Softer (i.e. lower Γ) EOS
correspond to higher frequencies

! for a given EOS, the frequency depends weakly uponM/R

Scuola “Raimondo Anni”. Otranto, 29 Maggio - 4 Giugno 2006. – p. 21/22



 

 

GW emission and EOS (continued)

-mode frequency as a function of the neutron star mass
(Benhar, Ferrari & Gualtieri, 2004)

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 2.8

 3

 1.2  1.4  1.6  1.8  2  2.2  2.4

ν f
 ( 

KH
z 

)

M/Mo

f-mode frequency

APR2
APRB200
APRB120

BBS1
BBS2
G240

SS1
SS2

stars containing hyperons
and strange stars have much
higher frequencies

KRL, Caltech - November 5, 2004 – p.27/33

GW emission and EOS (continued)

a set of empirical relations linking the mode frequencies to
and can be inferred from the results of theoretical

calculations (Benhar, Ferrari & Gualtieri, 2004)
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